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The low-rank hypothesis of complex systems

Vincent Thibeault    1,2  , Antoine Allard    1,2 & Patrick Desrosiers    1,2,3 

Complex systems are high-dimensional nonlinear dynamical systems 
with heterogeneous interactions among their constituents. To make 
interpretable predictions about their large-scale behaviour, it is typically 
assumed that these dynamics can be reduced to a few equations involving 
a low-rank matrix describing the network of interactions. Our Article 
sheds light on this low-rank hypothesis and questions its validity. Using 
fundamental theorems on singular-value decomposition, we probe the 
hypothesis for various random graphs, either by making explicit their 
low-rank formulation or by demonstrating the exponential decrease of their 
singular values. We verify the hypothesis for real networks by revealing the 
rapid decrease of their singular values, which has major consequences for 
their effective ranks. We then evaluate the impact of the low-rank hypothesis 
for general dynamical systems on networks through an optimal dimension 
reduction. This allows us to prove that recurrent neural networks can be 
exactly reduced, and we can connect the rapidly decreasing singular values 
of real networks to the dimension reduction error of the nonlinear dynamics 
they support. Finally, we prove that higher-order interactions naturally 
emerge from the dimension reduction, thus providing insights into the 
origin of higher-order interactions in complex systems.

Unravelling the emergent phenomena that drive the functions of complex 
systems requires us to bridge microscopic mechanisms with macro-
scopic ones. Rather than decomposing complex systems into as many 
components as possible, dimension reduction seeks a reduced system 
of macrostates or observables with a small enough dimension to get an 
insightful description but large enough to preserve the phenomena of 
interest. Yet, complex systems are characterized by extremely high dimen-
sions—perhaps some sort of curse of dimensionality1–3—and finding such 
reduced systems remains a challenge in several scientific disciplines.

In the paradigm ‘More is different’4,5, it could appear contradictory 
to look for simple representations of complex systems. But ‘simple 
model’ does not mean ‘simple behaviour’. The logistic equation6, cel-
lular automata7,8 and spin glasses9,10 exhibit complex behaviours such 
as chaos, and recurrent neural networks (RNNs) can approximate any 
finite trajectory of N-dimensional dynamical systems11.

In network science, the topology of the interactions among the 
constituents of complex systems is typically simplified to a graph, 

defined by a set of vertices and a set of edges (Fig. 1a,b). Such a rep-
resentation allows us to extract the dominant properties of complex 
networks, such as their organization into modules12. An ongoing 
change of paradigm is to use hypergraphs or simplicial complexes 
rather than graphs to take into account the higher-order interac-
tions observed in some real-world systems13,14. In addition to finding 
an appropriate dimension to describe a complex system, one has to 
uncover the orders of its interactions. As shown later, both problems 
are intertwined.

A graph can always be described as a matrix. This simple, yet 
essential, possibility unlocks several tools from linear algebra that 
can be used to characterize networks. Among them, spectral theory 
can identify the fundamental components of a matrix through matrix 
decomposition. Eigenvalue decomposition has long been used to 
extract key properties of graphs, such as their invariants15, their modu-
lar structure16, the centrality of their vertices17 or the bifurcations of a 
dynamical system represented by a network18.
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truncated SVD yields the best low-rank approximation of a matrix 
(Fig. 1c and Supplementary Theorem 8).

The salient properties of SVD and its close relationship with the 
(effective) rank of a matrix have not yet been completely recognized in 
network science and spectral graph theory, compared to its ubiquity 
in data science (for example, matrix completion22, dynamic mode 
decomposition23 and optimal singular-value shrinkage24), control 
theory (for example, the Kalman criterion25–27), random matrix theory 
(for example, Marčenko–Pastur’s law28) and linear algebra (for exam-
ple, matrix norms19). SVD is not even mentioned in many of the main 
introductory textbooks of network science or spectral graph theory 
(Supplementary Information section IIA).

Throughout the Article, we leverage the key attributes of SVD to 
define and evaluate the impact of the low-rank hypothesis of complex 
systems. Before tackling complex systems as high-dimensional non-
linear dynamical systems, we first describe the theoretical evidence 
supporting the hypothesis for random graphs, which is followed by an 
empirical verification of the hypothesis for real networks.

Evidence supporting the hypothesis for network 
models
It is first instructive to consider random graphs, that is, sets of graphs 
equipped with a probability measure that depends on some properties, 

One pressing challenge in network science is to efficiently adapt 
the tools of spectral theory to directed, weighted and signed (for 
example, excitatory-inhibitory) networks and, hence, to general real 
matrices. Indeed, eigenvalue decomposition yields complex eigenval-
ues and complex-valued eigenvectors in general, potentially causing 
methodological problems (sections IID and IIF in the Supplementary 
Information). Worse still, it is not even guaranteed that the matrix 
representation of a network is diagonalizable. For instance, neither the 
trivial directed graph with two vertices connected by one directed edge 
nor any network whose (real) matrix representation W is rectangular 
is diagonalizable (for example, an incidence matrix or an interlayer 
matrix in multilayer networks).

Yet, the matrices WW⊤ and W⊤W are always square, symmetric 
and, thus, diagonalizable, which lays the foundations of singular- 
value decomposition (SVD; Fig. 1c and Supplementary Theorem 1).  
Interestingly, the decomposition exists for any matrix, the sin-
gular vectors are real-valued, and the singular values σ1, …, σN are 
non-negative real numbers. Notably, the number of non-zero singular 
values equals the rank of W. Moreover, SVD inherits various theo-
rems from eigenvalue decomposition19, such as Weyl’s theorem20,21, 
but it also produces new fundamental results. In particular, SVD is 
a central tool for dimension reduction in general, partly because 
the Schmidt–Eckart–Young–Mirsky theorem guarantees that the 
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Fig. 1 | Experimental verification of the low-rank hypothesis for real networks. 
a, Drosophila melanogaster’s hemibrain is an example of a complex system. 
The open-source image of the hemibrain is from ref. 69. b, A complex network 
illustration of Drosophila melanogaster’s connectome69. Of the 21,733 vertices,  
5% were randomly selected for the visualization. c, SVD of a real matrix of rank 
r. The truncated SVD is the optimal low-rank approximation of the matrix, as 
guaranteed by the Schmidt–Eckart–Young–Mirsky theorem (Supplementary 
Theorem 8). d, Rapid decrease of the singular values of the matrix describing  
the Drosophila melanogaster’s connectome with the ordinates in logarithmic 
scale. The vertical dashed lines indicate the rank of the matrix as well as seven 
measures of effective rank (Table 2). e, The average and percentiles of the singular-
value distribution of 679 real networks of different origins rescaled by their 
respective largest singular value (Methods). The shaded background is the  

region between the 5th and the 95th percentiles. The parameters of the singular-
value (hypergeometric) envelope above 95% of all the singular values are 
b ≈ 0.54, c ≈ 2.3 and ζ ≈ 25. f, The stable rank to dimension ratio versus the rank to 
dimension ratio for real networks. 96% of the networks have a stable rank below 
the theoretical bound, which is obtained from the singular-value envelope in 
e and Theorem 3 (Methods). The approximate percentage of networks in each 
category is given in parentheses beside the name of the category. g–m, Fraction 
of the 679 real networks (502 unweighted networks and 177 weighted networks) 
versus effective rank divided by N: versus srank (g), versus nrank (h), versus elbow 
(i), versus energy (j), versus thrank (k), versus shrank (l) and versus erank (m). 
n, Fraction of the networks versus rank divided by N. o, Fraction of the networks 
versus number of vertices N shown in log scale. In g–o, the vertical dashed lines 
labelled with a percentage are the averages for the distributions.
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such as the degrees, the modules or the distance between vertices 
in some metric space (Supplementary Information sections IIA and 
IIB). Mathematically, they can always be written as random matrices 
W = 〈W〉 + R, where 〈W〉 is the expected weight matrix and R is a random 
matrix with mean 0.

By examining many widely used random graphs, we observed that 
their expected matrices involve low-rank matrices. Indeed, we highlight 
the—usually implicit—assumption that 〈W〉 is equal to a function Φ of 
a low-rank matrix L (Fig. 2a, Table 1 and Supplementary Information 
section IIA). In many cases, Φ(L) = L and it is straightforward to see the 
low rank of 〈W〉 since it can be written into its rank-factorized form. A 
particular Weyl inequality already establishes an expected, but impor-
tant, outcome of the hypothesis: a small random part R ensures that 
each singular value of W is close to the relevant value in 〈W〉, that is,

∆i = |σi(W ) − σi(⟨W ⟩)| ≤ ‖R‖2, (1)

for all i ∈ {1, …, N}, where σi(A) denotes the ith singular value of A and 
∥ ⋅ ∥2 denotes the spectral matrix norm (Supplementary Theorem 5 
and Supplementary Corollary 7). Viewing W = 〈W〉 + R with 〈W〉 = L and 
rank(L) = r as a spiked random matrix29–33 offers an even more precise 
perspective. For such matrices, the singular values have a ‘bulk’ related 
to the singular values of R and the creation or annihilation of outlying 
singular values is asymptotically characterized by the Baik–Ben Arous–
Péché phase transition34. Notably, the presence of d singular-value 
outliers for W depends only on a threshold on the dominant singu-
lar values of 〈W〉, namely σ1(〈W〉), …, σr(〈W〉) (ref. 32; Supplementary 
Information section IIA). Therefore, a low rank r for 〈W〉 together with 
mild threshold conditions imply that the largest singular values of W 
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Fig. 2 | Three indicators of the low-rank hypothesis for random graphs. 
 a, Many random graphs have a random matrix representation in which the 
expected weight matrix 〈W〉 is a matrix-valued function Φ of a low-rank matrix L 
plus a centred random part R. Four examples of random matrices with different 
weight distributions and functions Φ (the rank-perturbed Gaussian model (RPG), 
the degree-corrected stochastic block model (DCSBM), the directed S1 random 
geometric model (S1 RGM) and the weighted directed soft configuration model 
(WDSCM)) are illustrated and aligned with the corresponding panels below. The 
functions ΦFD and ΦBE, respectively, stand for a Fermi–Dirac distribution with 
inverse temperature β and a Bose–Einstein distribution in which the division is 
element-wise, for example, the element (i, j) of L/(1 − L) is Lij/(1 − Lij). b–i, Rescaled 
and averaged singular values of the random weight matrix, its expected part and 
its random part for each random graph (RPG (b) and (f), DCSBM (c) and (g),  
S1 RGM (d) and (h), WDSCM (e) and (i)) are shown in two noise regimes: square 

markers for ‖R‖2 near 0.1 (b–e) and star markers for ‖R‖2 near 0.3 (f–i). The 
singular values are respectively denoted σi(W) , σi(⟨W⟩)  and σi(R)  (from darker to 
lighter blue markers) where x = ⟨x⟩/⟨‖W‖2 ⟩ and 〈 〉 denotes the average over the 
ensemble of graphs. Error bars indicate the standard deviation of the singular 
values but are too small to be seen. The random graphs have N = 103 vertices and 
only the first 200 (or 20 in e and i) singular values are shown for clarity. The 
dashed black lines in e and i are the rescaled upper bounds on the singular values 
of 〈W〉 in Theorem 1 (Methods) with RMSEs over all i ∈ {1, …, N} of 0.02 in e and 
0.006 in i. The insets show the rescaled and averaged Δi and its upper bound 
defined in equation (1). j–m, Evolution of three effective ranks (srank, nrank and 
thrank, averaged over the ensemble of graphs and rescaled by N) according to the 
strength of the noise ∥R∥2 for RPG (j), DCSBM (k), S1 RGM (l) and WDSCM (m). The 
shaded areas are the standard deviations of the effective ranks. The parameter 
values used for each random graph can be found in Methods.
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are in the vicinity of σ1(〈W〉), …, σr(〈W〉), which is the first indicator of 
the low-rank hypothesis.

However, the low rank of 〈W〉 is not always obvious, such as for 
DSCM and its weighted version. Indeed, their expected weight matrices 
are nonlinear functions of rank-one matrices (Methods). Leveraging 
Weyl’s inequalities, we demonstrated for both models that the singu-
lar values of 〈W〉 are bounded above by an exponentially decreasing 
term (Theorem 1 (Methods) and Fig. 2e,i). Figure 2b–i illustrates how 
the singular values of W for four different weighted random graphs 
and two noise regimes inherit the decreasing trend of the dominant 
singular values of 〈W〉, whereas the subdominant ones are related to 
R. The rapid decrease of the dominant singular values of W hints at the 
approximate low rank of the network and, thus, constitutes a second 
crucial indicator of the low-rank hypothesis.

The attributes ‘rapid decrease’ and ‘approximate low rank’ remain 
to be quantified, however. To do so, we invoke effective ranks. For 
instance, the stable rank measures the relative importance of the 
squared singular values with respect to σ21  (Table 2). In Fig. 2j–m, we 
depict its persistence with an increase of the noise level for four random 
graphs. How ‘low’ is an effective rank of a random graph is better under-
stood through its asymptotic behaviour as N → ∞ (Methods). Different 
singular value decreases lead to different asymptotic behaviours for 
the effective ranks, from constant O(1) and sublinear growth O(N1−ϵ) 
with ϵ ∈ (0, 1] to linear growth O(N) (Supplementary Information sec-
tion IIC). Notably, sublinear growth implies that the effective ranks to 
dimension ratio falls to zero asymptotically as O(N−ϵ). We will thus say 
that an effective rank is low if it grows at most sublinearly. For example, 
we demonstrate that for any growing network model with exponentially 
decreasing singular values (for example, soft configuration models), 
the lowest asymptotic behaviour O(1) for the stable rank and two other 
effective ranks (Corollary 2) are implied. However, when dealing with 

a single instance of a random graph or with a real network, N should be 
kept fixed and the above asymptotic perspective is not applicable. Yet, 
we can give a more subtle, graded response to the question ‘how low?’ 
with effective rank to dimension ratios: values much smaller than 1 
indicate that few singular values contribute appreciably in the SVD, 
meaning that W can be well approximated by a low-rank matrix. Having 
small effective rank to dimension ratios is thus a third indicator, this 
time quantitative, supporting the low-rank hypothesis.

In summary, the low-rank hypothesis has been described with 
three indicators for random graphs. The second one, the rapid decrease 
of the singular values, is the central indicator of the hypothesis: the first 
indicator being a theoretical cause for the decrease and the third indica-
tor being a consequence. The second and third indicators are not tied 
to any theoretical model and can be applied to any type of networked 
data. We, hence, adopt the following general, yet workable, definition 
of the low-rank hypothesis: it is the assumption that the singular values 
of a network’s weight matrix decrease rapidly, implying low effective 
ranks. We now put this hypothesis to the test.

Verification of the hypothesis for real networks
Despite its frequent use—often implicit, but sometimes very 
explicit35,36—the low-rank hypothesis has yet to be verified experimen-
tally for real networks in all their diversity.

Our experiments revealed that the rapid decay of the singular 
values in real networks is the norm. As an example, we illustrate the 
singular-value profile of the connectome of Drosophila melanogaster 
in Fig. 1d. Figure 1e presents a coalesced view of the singular-value 
profiles for 679 real networks from ten different origins. As a guide to 
appreciate the decreases, we trace a general singular-value envelope 
below which 95% of the singular values of all the networks belong.

Having an explicit form for the singular-value envelope allows 
us to interpret the stable rank as the area under a curve (Supplemen-
tary Information section IIC) and then to find a theoretical bound 
below which most of the stable ranks of the networks lie (Theorem 3  
(Methods)). In Fig. 1f, we illustrate the stable rank of the real networks 
along with the theoretical bound below which there are 96% of the 
networks, indicating that the stable rank is generally expected to be 
less than 10% of the number of vertices N.

To ensure that this observation is not limited to the stable rank,  
we report in Fig. 1g–m similar observations for other effective ranks 
(Methods). It is not surprising that nrank and erank are larger than 
srank. In fact, it is easily shown that srank ≤ nrank ≤ erank ≤ rank 

Table 1 | Low-rank matrix L characterizing the expected 
adjacency matrix for different random graphs of N vertices

Model Low-rank matrix L rank(L) ϕ(Lij)

Unweighted

𝒢𝒢(N,p) Np 1̂1̂⊤ 1 Lij

CL ∥κ∥2

2M
̂κκκ ̂κκκ⊤ 1 Lij

DSCM ‖ααα‖ ‖βββ‖ α̂αα β̂ββ
⊤ 1 Lij

1+Lij

MD ∑r
μ,ν=1 Δμν vμv

⊤
ν

r Lij

SBM ∑q
μ,ν=1√nμnν pμν bμb

⊤
ν

≤q Lij

SD RGM R2

μ2
( ̄κκκin ̄κκκ⊤out) ∘ ̄θ ≤D + 2 1

1+Lβ/2ij

Weighted

𝒢𝒢(N,p,w) Npw 1̂1̂⊤ 1 Lij

WCL yy⊤ 1 Lij

WDSCM y ̄y⊤ 1 Lij
1−Lij

RPG ∑r
μ=1 mμn

⊤
μ

r Lij

WSBM ∑q
κ,ν=1√nκnν μκν bκb

⊤
ν

≤q Lij

DCSBM Λ ∘ ( ̂κκκin ̂κκκ⊤out) ≤q Lij

RDPG ∑d
μ=1 XμX

⊤
μ

≤d Lij

CL, Chung–Lu; DCSBM, degree-corrected stochastic block model; DSCM, directed soft 
configuration model; MD, metadegree; RDPG, random dot product graph; RGM, random 
geometric model; RPG, rank-perturbed Gaussian; SBM, stochastic block model. ‘W’ in front of 
an acronym stands for ‘weighted’. For SD RGM, the rank of L is, more precisely, D, D + 1 or D + 2, 
as a consequence of Theorem 7 in ref. 66 and the inequality rank(A ∘ B) ≤ rank(A) rank(B). The 
parameters q, r, d and D are usually assumed to be small compared to N. More details about 
these random graphs and others are given in Supplementary Information section IIA.

Table 2 | Different effective ranks of a matrix of dimension 
N × N and of rank r expressed in terms of its singular values 
σ1 ≥ … ≥ σN

Abbreviation Expression

srank ∑r
i=1 σ

2
i /σ

2
1

nrank ∑r
i=1 σi/σ1

energy min [argmaxℓ∈{1,…,N} (∑
ℓ
i=1 σ

2
i /∑

r
j=1 σ

2
j > τ)]

elbow 1
√2

arg maxi∈{1,…,N}
|||
i−1
N−1

+ σi−σN
σ1−σN

− 1||| − 1

erank
exp [−∑r

i=1
σi

∑r
j=1 σj

log σi
∑r

j=1 σj
]

thrank #{σi | i ∈ {1,… ,N} andσi >
4σmed

√ 3μmed
}

shrank # {s∗(σi) | i ∈ {1, … , N} and s∗(σi) > 0}
For energy, the constant τ is a threshold to be set between 0 and 1. For thrank, σmed is the 
median singular value and μmed is the median of a Marčenko–Pastur probability density 
function67. For shrank, s* denotes an optimal singular-value shrinkage function24,68. The 
complete names and the details of each of the effective ranks are given in Supplementary 
Information section IC.
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(Methods). Unlike the effective ranks, the rank of real networks is often 
comparable to their dimension (Fig. 1n). This observation is expected, 
especially for weighted networks with real weights, since non-invertible 
matrices form a set of measure 0.

The datasets considered are for real networks with fixed N, but the 
asymptotic behaviours of their effective ranks can still be evaluated 
as if there were a related growing graph whose singular values remain 
within experimental singular-value envelopes as N grows. Using this 
approach, we prove that singular-value envelopes such as the one in 
Fig. 1e admits constant and sublinear growth for srank, nrank and 
erank (Methods).

Overall, we show that many real networks have rapidly decreas-
ing singular values, leading to low effective ranks. Interestingly, such 
observations seem to be widespread for big data matrices37–39, but they 
remain puzzling. In particular, the consequences of these observations 
for high-dimensional nonlinear dynamics on networks are still to be 
untangled, which is the subject of the next section.

Induced low-dimension hypothesis
Intuitively, we expect that having low (effective) rank networks will 
enable the dimension reduction of the dynamics for these networks. 
Consider the complete dynamics ̇x = f(x;W), where x(t) ∈ ℝN  is the 
system’s state at time t, f ∶ ℝN → ℝN  is a continuously differentiable 
vector field and W is an N × N weight matrix describing the network 
(Fig. 3a,b). More specifically, given g ∶ ℝN × ℝN → ℝN  and W (x(t) is 
unknown), we examine the subclass of dynamics ̇x = g(x,y)  where 
y  = Wx.

This subclass of dynamics already highlights an important impli-
cation of the low-rank hypothesis. The linear function x ↦ y = Wx in g 
has a very special role: even if x is part of an N-dimensional manifold, 

when W has a low rank, the vector in the image of W will be part of a 
low-dimension submanifold. Even if W has full rank, our experimental 
observations in Fig. 1 show that it probably has a low effective rank. We 
can, hence, say that Wx will be part of an effectively low-dimension 
submanifold.

Just as some random graph models are crafted from a nonlin-
ear function Φ of a low-rank matrix L (Fig. 2a), the vector field g 
depends nonlinearly on Wx, making it challenging to assess the 
low dimensionality of g(x, y). Despite recent developments40–46, it 
remains unclear how to choose a dimension for the reduced dynam-
ics and how to quantify the reduction error for nonlinear dynamics 
on complex networks.

The dimension reduction of dynamical systems can be imagined 
as the problem of aligning a low-dimensional vector field with its 
high-dimensional counterpart (Fig. 3c and Supplementary Informa-
tion section IIIA). This involves selecting an n × N reduction matrix M 
that maps the elements of the complete system to the reduced system 
as well as a vector field F describing the evolution of a set of observa-
bles (Xμ)

n
μ=1 in ℝn. The alignment error in ℝn at x ∈ ℝN, denoted ℰ(x), 

can then be defined as the error between the vector fields M ∘ f and 
F ∘ M (Methods).

Minimizing the alignment error to find the optimal pair (M, F) is 
challenging in general (Supplementary Information section IIIA), and 
the best choice hinges on the modeller’s objective. For instance, select-
ing M to ensure that the temporal evolution of X remains interpretable 
throughout time (for example, synchronization observables46), might 
further complicate the optimization problem.

Let us concentrate on identifying F without taking into account M 
for now. Using least squares, we proved that M ∘ f ∘ M+ minimizes the 
alignment error in ℝN, where superscript + denotes pseudoinversion 
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M f
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Fig. 3 | The low-rank hypothesis of complex systems and the emergence of 
higher-order interactions. a, A complex network represented as a weighted  
(edge widths), signed and directed (edges with arrows or a perpendicular line for 
inhibition) graph with weight matrix W. b, A vector field f of an N-dimensional 
dynamical system on a network converging to an equilibrium point. c, Dimension 
reduction of a dynamical system through the reduction matrix, which is a linear 
transformation M ∶ ℝN → ℝn, so that x ↦ X = Mx. The blue arrows illustrate the 
exact vector field M ∘ f in ℝn (where ∘ is the element-wise product) whereas the 

orange arrows represent an approximate vector field F. Dimension reduction is 
about aligning the vector fields, that is, minimizing alignment errors. d, The 
least-square optimal vector field M ∘ f ∘ M+ yields higher-order interactions  
between the observables X1, …, Xn represented by some general hypergraph ℋ  with  
n vertices. The hyperedges are represented by the shaded regions. Their weights and 
orientations (Supplementary Information section IIIC) are not illustrated to avoid 
cluttering the figure. Note that we make a slight abuse of notation by considering  
x (respectively X) as a function of time and also as a point in ℝN  (respectively ℝn).
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(Methods). Doing so allowed us to show, for ̇x = g(x,y), that the align-
ment error ℰ(x) caused by the least-square vector field satisfies

√nℰ(x) ≤ ‖MJ′x(I −M+M )x‖ + ‖W(I −M+M )‖2‖MJ′y‖2 ‖x‖, (2)

where J′x and J′y are Jacobian matrices (Methods).
Interestingly, the previous inequality suggests a non-arbitrary way 

of selecting the reduction matrix. Indeed,

M = V⊤n (3)

minimizes the factor ∥W(I − M+M)∥2 related to the interactions in the 
system, thus generally making each observable Xμ global, that is, it 
contains information about most vertices (Methods).

The choice made in equation (3) prompted us to derive another 
inequality revealing the contribution of the network’s singular values 
to the alignment error (Theorem 4):

√nℰ(x) ≤ ‖V⊤n J′x(I − P)x‖ + σn+1‖V⊤n J′y‖2 ‖x‖, (4)

where P = VnV⊤n . Notably, the inequality provides a criterion for exact 
dimension reduction: if J′x = dI  for d ∈ ℝ and n = rank(W), the upper 

bound vanishes to zero and the dimension reduction is exact (Methods). 
Consequently, a general class of dynamics, including RNNs and Wil-
son–Cowan neuronal dynamics, can be exactly reduced (Methods). 
The upper bound (4) is meant to be intuitive (not necessarily tight): it 
connects the swift decay of singular values of a network with the dimen-
sion reduction error. As a basic example, the relative alignment error 
ℰ(x)/‖x‖ for the linear system ̇x = Wx  is simply upper-bounded by 
σn+1/√n , meaning that a rapid decrease of the singular values of W, 
even if related to an arbitrarily weighted network, directly induces a 
rapid decrease of the alignment error.

Figure 4a–d illustrates the decrease of the alignment error with 
n—the latter being in accordance with the rapid decay of the upper 
bound and of the singular values—for the dynamics on four real net-
works. We show how n can be tuned to predict an epidemic from the 
epidemiological dynamics (Fig. 4e), a hysteresis from the neuronal 
dynamics (Fig. 4f), stable branches from the microbial dynamics  
(Fig. 4g) or a limit cycle in an RNN (Fig. 4h). Although effective ranks 
can help when selecting a suitable dimension n to describe a collective 
phenomenon, we use them only as an indication: n should be chosen 
according to the modeller’s tolerance to qualitative (for example, is the 
hysteresis preserved?) or quantitative (for example, is the predicted 
transition accurate?) errors. Thus, it becomes clear that having low 
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Fig. 4 | Dimension reduction errors for nonlinear dynamics on real complex 
networks related to their singular values and effective ranks. a–d, The 
decrease of the alignment error ℰ(x) (red markers) is in accordance with the rapid 
decrease of singular values (blue markers), as expected by the analytical upper 
bound in equation (4) (solid black line) for an epidemiological network (a),  
a neuronal network (b), a microbial network (c) and an RNN (d). The shaded regions 
in grey and light red represent the standard deviation of the upper bound and the 
error, respectively. For every value of n, we have 103 different samples for x and for 
the respective parameters of each dynamics. The upper bounds are computed 
exactly in a and c, whereas they are approximated in b and d (see the details in 
Supplementary Information section IIIE). e–h, Comparison of the bifurcation 
diagrams (respectively trajectories in h) for the global observable, denoted 
𝒳𝒳∗ = w ⋅ X∗ at equilibrium where w is an n × 1 real vector specific to the dynamics, 
of the complete dynamics (black markers) versus the reduced dynamics (solid 
coloured lines) at different dimensions n. The RMSEs e are computed between the 
global equilibrium points of the complete and the reduced epidemiological 

dynamics (e), neuronal dynamics (f), microbial dynamics (g), RNN dynamics  
(h) at different n (Methods). a,e, Epidemiological dynamics (quenched mean-field 
susceptible-infected-susceptible) on a high-school contact network (N = 327, 
undirected, binary) rescaled by the largest singular value. b,f, Neuronal 
(Wilson–Cowan) dynamics on the C. elegans connectome (N = 297, signed, 
weighted, directed). c,g, Microbial population dynamics on a human gut 
microbiome network (N = 838, signed, weighted, directed). Note that there are 
several stable upper branches depending on the initial condition x0 (Methods). 
Here we show the upper branches averaged over x0 (black markers and solid 
coloured lines) with the standard deviation (shaded regions) and we show one 
lower branch. The loss of stability of the lower branch is indicated by a dashed 
vertical line that connects it, for visualization, to the average of the upper 
branches. d,h, RNN dynamics on a learned network (N = 669, signed, weighted, 
directed) for which we have shrunk its singular values using optimal shrinkage 
with the Frobenius norm24 to emphasize that dimension reduction for the RNN 
dynamics is exact when n is the rank of the network (Methods).
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(effective) rank matrices describing complex networks enables the 
dimension reduction of the nonlinear dynamics on these networks.

The reduced system is akin to the low-dimensional dynamics on 
a smaller structure whose nature remains to be specified (Fig. 3c). We 
show in the next section that dimension reduction ultimately leads to 
the emergence of higher-order interactions, as illustrated in Fig. 3d.

Emergence of higher-order interactions
Theoretical and experimental evidence for the existence of higher-order 
interactions in various complex systems has been reported, and its 
consequences—for example, on explosive transitions47 or mesoscopic 
localization48—have been extensively studied49. However, the origin 
of these interactions remains under active investigation, notably for 
oscillatory systems50,51 (Supplementary Information section IIIC).

Using our framework, a simple example readily provides insights 
into the emergence of higher-order interactions. Consider the epide-
miological dynamics ̇xi = −dixi + γ(1 − xi)yi  with i ∈ {1, …, N}, where xi 
is the probability that the vertex i is infected, y = Wx whereas di and γ 
denote the recovery rate of vertex i and the infection rate, respectively. 
The reduced dynamics is then given by

̇Xμ =
n
∑
ν=1

(𝒟𝒟μν +𝒲𝒲μν)Xν − γ
N
∑
i=1
Mμi (

n
∑
ν=1
M+
iνXν) (

N
∑
j=1

n
∑
κ=1
WijM+

jκXκ) (5)

for all μ ∈ {1, …, n}, where 𝒟𝒟 = −MDM+ is a reduced n × n recovery rate 
matrix with D = diag(d1, …, dN), and 𝒲𝒲 = γMWM+  is a reduced n × n 
weight matrix.

Let us inspect the last term in equation (5) more carefully. For 
simplicity, consider that M+ = M⊤, that is, M has orthogonal rows. Then, 
Mμi quantifies the influence of vertex i on the μth observable, M⊤

iνXν is 
the influence of the νth observable weighted by its dependence over 
vertex i and WijM⊤

jκXκ  is the influence of the κth observable weighted  
by its dependence over vertex j that connects to vertex i. Altogether, 
these factors form a third-order interaction between the observables 
Xμ, Xν and Xκ, an observation that is made more explicit by rearranging 
equation (5) as

̇Xμ =
n
∑
ν=1

(𝒟𝒟μν +𝒲𝒲μν)Xν +
n
∑
ν,κ=1

𝒯𝒯μνκXνXκ, (6)

where the third-order interactions are encoded in a third-order tensor 
𝒯𝒯  with elements

𝒯𝒯μνκ = −γ
N
∑
i, j=1

MμiM+
iνWijM+

jκ (7)

for μ, ν, κ ∈ {1, …, n}. Hence, the resulting structure of the reduced sys-
tem is a hypergraph ℋ  with n vertices (Fig. 3c,d and Supplementary 
Information section IIIC), which is generally directed52, weighted, 
signed and formed from 𝒟𝒟, 𝒲𝒲 and 𝒯𝒯 .

Beyond the influence of dynamical parameters like the weight 
matrix W, equation (7) highlights the crucial role of the reduction 
matrix M in shaping higher-order interactions. Indeed, M partially 
determines the directed, weighted and signed nature of the hyper-
graph. Moreover, if the observables depend on disjoint groups of 
vertices, that is, Mμi ∝ δμs(i), where δ is the Kronecker delta and s maps 
each vertex i to its group, then the tensor with elements in equation (7) 
can be exactly mapped to a matrix. In other words, for the epidemio-
logical dynamics, the higher-order interactions emerge from observa-
bles that depend on overlapping groups of vertices (for example, 
M = V⊤n  in general). Interestingly, such overlapping is a very common 
characteristic of complex networks such as social networks53.

These observations encouraged us to seek generic conditions 
for such emergence. For ̇xi = hi(xi, yi), where hi ∶ ℝ2 → ℝ is an analyti-
cal scalar field for all i ∈ {1, …, N}, we proved that the least-square 

optimal vector field depends upon higher-order interactions 
between the observables X1, …, Xn (Methods and Proposition 5). We 
then deduced two insightful consequences. First, if the scalar field 
is a polynomial of total degree δ in xi and yi for all i, the hypergraph 
of the reduced system has interactions of maximal order δ + 1 (Meth-
ods and Supplementary Corollary 65). Second, having observables 
depending on disjoint groups of vertices is not sufficient to avoid 
higher-order interactions in general: the nonlinearity in yi also plays 
its part (Methods and Supplementary Corollary 66). Other worked 
examples for microbial and oscillator dynamics are given in Extended 
Data Table 1 to complement the previous observations of epidemio-
logical dynamics.

Overall, our results suggest that many instances of higher-order 
interactions could be a byproduct of the low-dimensional (macro-
scopic) representation chosen to model a wide variety of complex 
systems. They clarify the essential role of the description dimension 
and of the nonlinearity of the original system in shaping the interac-
tions of the ensuing reduced system.

Conclusions and outlook
In this Article, we established the ubiquity of the low-rank hypothesis in 
complex systems and its consequences, from the dimension reduction 
of high-dimensional nonlinear dynamics on networks to the emergence 
of higher-order interactions.

Our experimental results suggest that the low-rank hypothesis 
is, perhaps, not only a hypothesis but intrinsic to many real complex 
systems. Our findings hint at the possibility that some emergent col-
lective phenomena are consequences of much fewer variables than 
what would be expected a priori, thanks to the low-rank nature of 
their complex network. However, the low-rank hypothesis should be 
used very carefully: the effective ranks of real networks are often at 
a non-negligible fraction of N and adopting the low-rank hypothesis 
unknowingly can lead to an oversimplified model of a given complex 
system. Thus, it seems relevant to design new random graphs based 
on the observed singular values of real networks. The singular values 
of a network are not a mere abstraction from spectral theory: like 
the degree, the clustering or the reciprocity, they have an intuitive 
interpretation as indicators of the effective dimension of complex 
networks and systems.

Our theoretical framework also suggests that inferring the con-
nections in complex systems from time series observed at a relatively 
coarse-grained resolution (for example, local field potentials in the 
brain54 or abundances in plant communities55) would probably reveal 
significant higher-order interactions. We conjecture that monitoring 
complex systems at different scales experimentally will clarify the 
role of the dimension at which the measurements are done for the 
emergence of higher-order interactions. The dimension reduction of 
dynamics on higher-order networks13,56 is also to be pursued, perhaps 
through Tucker decomposition57.

Nevertheless, determining the precise form of the dominant 
observables that drive the behaviour of complex systems remains 
an open problem. Although we have focused on linear observables, 
there might exist a small set of nonlinear observables well suited for 
a given high-dimensional dynamics58. However, finding appropriate, 
intuitive, nonlinear observables is much harder59. Our observations 
of the effective ranks of real networks also motivate further research 
on the inference of interpretable low-rank models from time series60.

Finally, one defining property of complex systems that we have 
not addressed is their capacity for adaptation61. Our preliminary 
results suggest that the low effective rank of complex networks plays 
a central role in controlling62,63 and assessing the resilience of complex 
adaptive systems64. This, alongside indications that maturation or 
learning could reduce a network’s effective ranks (Supplementary 
Information section IIE and ref. 65), will be the topic of an upcoming 
publication.
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Methods
Random graphs
A random graph can be described by a random matrix

W = ⟨W ⟩ + R, (8)

where 〈W〉 is the expected weight matrix and R is a zero-mean random 
matrix. Even if one instance in a typical model is generally of full rank 
N, the expected weight matrix 〈W〉 is often defined as an element-wise 
function of a low-rank matrix L, that is,

⟨W ⟩ = (ϕ(Lij))
N
i, j=1, (9)

where ϕ is a real-valued function of a real variable. This is an alternative, 
but equivalent, way to write 〈W〉 = Φ(L) as in the main text. Table 1 lists 
some classical examples of random graphs and the corresponding 
low-rank matrices.

In Supplementary Information section IIA, we also report random 
network models involving two low-rank matrices, such as the general 
weighted soft configuration model, the general WDSCM and the S1 
weighted RGM, along with other examples (and counterexamples) 
from network science (for example, the Watts–Strogatz model), ran-
dom matrix theory, spin glasses, machine learning and neuroscience. 
Based on these observations and those of ref. 35, one can create many 
new random graphs with matrices of different ranks.

It is straightforward to assess the low rank of L, but it is harder 
to assess the low rank of 〈W〉 when ϕ is nonlinear. For example, in 
DSCM, ϕ = ϕFD, a Fermi–Dirac distribution, and in its weighted ver-
sion (WDSCM), ϕ = ϕBE, a Bose–Einstein distribution. For both mod-
els, the following theorem demonstrates that the singular values of 
their expected weight matrix are bounded above by an exponentially 
decreasing term.

Theorem 1. This is a simplified version of Supplementary Theorems 32 
and 33. Let σ1 ≥ … ≥ σN be the singular values of 〈W〉. If 〈Wij〉 = ϕFD(Lij) < 1/2 
or 〈Wij〉 = ϕBE(Lij) for all i, j ∈ {1, …, N}, where L is a rank-one matrix, then

σi ≤
∞
∑
k=i

ℓk ≤
Nγi
1 − γ ∀ i ∈ {1,… ,N}, (10)

where ℓk = √∑N
i,j=1 L

2k
ij  and γ = max

i,j
Lij.

The proof is based on Weyl’s inequalities (Theorem 10 in Supple-
mentary Information section IB) and the truncated geometric series. 
The bound for 〈Wij〉 = ϕFD(Lij) > 1/2 is also given in Supplementary Theo-
rem 32. The upper bounds in Theorem 1 expose the low-rank formula-
tion of soft configuration models and paves the way for new bounds on 
the singular values of other random graphs, such as RGMs.

In Fig. 2, the singular values of W, 〈W〉 and R are shown for the RPG, 
DCSBM, S1 RGM and WDSCM. The upper bounds shown in Fig. 2e,i are 
given by equation (10), which is computed by summing the constants 
ni > ni+1 > … until nk is smaller than 10−12. For RPG, the vectors mμ and nμ 
are instances of different Gaussian distributions, and r = 5. Instances of 
truncated Pareto distributions were used to generate the expected 
degrees (DCSBM and S1 RGM) along with y and ̄y (WDSCM). The number 
of blocks q is set to 5 for DCSBM, and the expected number of edges of 
block matrix Λ is defined such that there are more edges expected within 
blocks than between them. To obtain the norm of the random part R of 
the random weight matrices (except RPG, where R is already set to be a 
Gaussian of mean 0), we generated 100 instances of W. We computed 
R = W − 〈W〉 and then its norm for each instance. The spectral norm of 
R is increased by changing the variance of each Gaussian element in R 
for RPG, the expected number of edges in DCSBM, the temperature 1/β 
in S1 RGM, and the minimum values of y and ̄y in WDSCM. The detailed 
parameters are given in Supplementary Information section IIA.

Effective ranks
The idea of extracting the number of dominant components in a matrix 
decomposition is an old theme (for example, in factor analysis70,71 or 
principal component analysis72) but is still subject to new and interest-
ing developments in random matrix theory, data science24,67 and in 
network science, which uses hyperbolic geometry73 and information 
theory74. Because of the close relationship between SVD and the rank, 
many effective ranks are defined using the singular values. Intuitively, 
these effective ranks are numbers that indicate how many singular 
values are important when decomposing a matrix. Table 2 lists the 
different effective ranks that we have inventoried. The effective ranks 
thrank and shrank are defined from matrix denoising techniques such 
as those introduced by refs. 24,67,75, which rely on the spectral theory 
of infinite random matrices32 to determine optimal ways of shrinking 
the singular values (Supplementary Information section IC). In Fig. 1l, 
the Frobenius norm is used to obtain shrank, and a threshold of 0.9 is 
used for the energy ratio in Fig. 1j.

As shown in Supplementary Lemma 12, the following ordering 
of the effective ranks holds: srank ≤ nrank ≤ erank ≤ rank. Because of 
their simple forms, srank, nrank and erank are amenable to analytic 
calculations. In particular, we prove that these effective ranks are of 
order O(1) for singular values with exponentially decreasing envelopes 
(only stated for srank below).

Corollary 2. This is a simplified version of Supplementary Corollary 
40. Let (WN)N∈ℤ+

 be an infinite sequence of matrices in which WN has size 
N × N. Suppose that there are parameters α and ω such that 0 < α ≤ ω < 1 
and that for each N, the singular values σ1≥ σ2 ≥ ⋯ σN ≥ 0 of WN satisfy 
the inequalities

αi−1 ≤ σi
σ1

≤ ωi−1, i ∈ {1,… ,N}. (11)

Then, as N → ∞,

1
1 − α2 +O(α

2N) ≤ srank(WN) ≤
1

1 − ω2 +O(ω
2N). (12)

Combined with Theorem 1, the latter corollary implies that  
the expected weight matrices for the DSCM and its weighted version 
have O(1) effective ranks.

Moreover, we show in Supplementary Lemma 37 that srank, nrank 
and erank each have an interpretation in terms of the area under the 
normalized singular-value scree plots. This point of view allows us to 
consider a more general family of singular-value envelopes, such as the 
one in Fig. 1e, to bound the effective ranks. Interestingly, the bounds 
are related to Gaussian hypergeometric functions, as shown in the next 
theorem (only stated for srank below, for simplicity).

Theorem 3. This is a simplified version of Supplementary Theorem 38. 
Suppose that the singular values of matrix W, σ1 ≥ σ2≥ ⋯ σN ≥ 0, satisfy 
the inequality

(1 − xi)
c∗−2

(1 + ζ∗xi)
b∗

≤ σi
σ1

≤ (1 − xi)
c∗−2

(1 + ζ∗xi)
b∗
, (13)

where xi = (i − 1)/(N − 1) and for some 0 ≤ b* ≤ b*, 2 ≤ c* ≤ c* and 0 < ζ* ≤ ζ, 
and for all i ∈ {1, …, N}. Then,

N − 1
2c∗ − 3 H(b

∗, c∗, ζ∗) ≤ srank(W ) ≤ 1 + N − 1
2c∗ − 3 H(b∗, c∗, ζ∗), (14)

where H(b, c, ζ) ≔ 2F1(1, 2b; 2(c − 1); − ζ) and 2F1 is the Gaussian hyper-
geometric function.

In Fig. 1e, each singular-value distribution of the real networks is 
interpolated linearly with 1,000 points and the indices are then divided 
by 1,000. The singular-value envelope is then obtained by fitting the 
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upper bound in equation (13) to the 95th percentile of the singular 
values. The fit is done by minimizing the L2 norm for the parameters 
b ≔ b* ∈ [0.01, 10], c ≔ c* ∈ [2, 10] and ζ ≔ ζ* ∈ [0.01, 1,000] and the mini-
mization gives b ≈ 0.54, c ≈ 2.3 and ζ ≈ 25. We then use those parameters 
to evaluate the upper bound in equation (14) divided by N (where we 
neglect the terms 1/N), which is shown in Fig. 1f.

Supplementary Corollary 42 shows that if there is a growing graph 
whose singular values remain bounded within hypergeometric enve-
lopes, then srank, nrank and erank are of order O(N1−ϵ) with ϵ ∈ (0, 1] 
in different asymptotic regimes for the parameters b and ζ, meaning 
that the effective rank to dimension ratios become negligible asymp-
totically. Supplementary Information section IIC clarifies how various 
singular-value envelopes can lead to very distinct asymptotic behav-
iours (Supplementary Fig. 4).

When the asymptotic perspective is no longer applicable (for 
example, for real networks), we cannot classify an effective rank as 
either low or high. Yet, as explained in the main text, we can use effec-
tive rank to dimension ratios, which are well defined for all N, and their 
values range from 0 (W has rank 0) to 1 (W has full rank).

Dimension reduction of dynamical systems
The dimension reduction of high-dimensional nonlinear dynamics 
is a fundamental approach for gaining and numerical insights about 
complex systems. Low-dimensional dynamics can be obtained from an 
optimization problem in which some error is minimized under a set of 
constraints to preserve the salient properties of the original system. 
For dynamical systems, a natural optimization variable is the reduced 
vector field F itself, which is chosen to represent approximately the 
complete vector field f. Yet, it is rather puzzling to see how the differ-
ent vector field errors are related to each other and which one can be 
minimized analytically. In Supplementary Information section IIIB, we 
provide a useful diagram (Supplementary Diagram 176) that sheds light 
on different ways to define alignment errors between vector fields.

More precisely, let f be a complete vector field in ℝN, F be a reduced 
vector field in ℝn and M be the n × N reduction matrix. At x ∈ ℝN , the 
alignment error in ℝN  is the root-mean-square error (RMSE) between 
the vector fields f and M+ ∘ F ∘ M,

ε(x) = ‖f(x) −M+F(Mx)‖/√N. (15)

The alignment error in ℝn is the RMSE between the vector field M ∘ f  
and F ∘ M,

ℰ(x) = ‖Mf(x) − F(Mx)‖/√n, (16)

where ∥ ∥ is the Euclidean vector norm. When applying the definition 
of alignment errors on the projected complete vector field f ∘ P instead 
of f only, we also define the alignment errors

ε′(x) = ‖f(Px) −M+F(Mx)‖/√N, (17)

ℰ′(x) = ‖Mf(Px) − F(Mx)‖/√n, (18)

with P = M+M being a projector and M+ being the Moore–Penrose pseu-
doinverse of M. In principle, the alignment error ℰ(x) in ℝn is to be mini-
mized so that it is as close as possible to an exact dimension reduction 
(Supplementary Definition 47, Supplementary Theorem 48 and Sup-
plementary Diagram 170), but this is far from simple. However, as 
shown in Supplementary Theorem 52, one can use least squares to show 
that the vector field of the reduced dynamics

Ẋ = Mf(M+X) (19)

is optimal in the sense that it minimizes the alignment error ε′(x) in ℝN. 
As a consequence, the alignment error ℰ′(x) is exactly 0.

In Extended Data Table 1, we show the results of the optimal dimen-
sion reduction for five dynamics from different application fields. With 
the optimal vector field in equation (19) and for dynamics of the general 
form ̇x = g(x,y) (Supplementary Assumptions 70), we find an upper 
bound on the alignment error ℰ(x) related to the singular values of W.

Theorem 4. This is a simplified version of Supplementary Theorem 
72. The alignment error ℰ(x) in ℝn at x ∈ ℝN  is upper-bounded as

√nℰ(x) ≤ ‖V⊤n J′x(I − VnV⊤n )x‖ + σn+1‖V⊤n J′y‖2 ‖x‖, (20)

where y′ = Wx′ with x′ being some point between x and VnV⊤n x, σi is the 
ith singular value of W, and J′x = Jx(x′,y′) and J′y = Jy(x′,y′) are the Jaco-
bian matrices of f with derivatives according to the vectors x and y, 
respectively. Moreover, for any x not at the origin of ℝN, the following 
upper bound holds:

ℰ(x)
∥ x ∥ ≤ 1

√n
[α(x′,y′) + σn+1β(x′,y′)] , (21)

where α(x′,y′) = σ1( Jx(x′,y′)) and β(x′,y′) = σ1( Jy(x′,y′)).
As a bonus, the proof of the theorem suggests choosing M as the 

truncated right singular vectors V⊤n , since it allows a part of the bound 
to be minimized. This is a consequence of the Schmidt–Eckart–Young–
Mirsky theorem and more specifically, Supplementary Theorem 9. This 
choice for M also has a notable consequence: each observable Xμ gener-
ally becomes a global observable in that it contains information about 
most vertices. This characteristic, alongside that it is a finite-size dimen-
sion reduction, makes our approach stand out from many mean-field 
modelling approaches used in network science in which vertices are 
coarse-grained according to their degree (local property) or to some 
other mesoscopic property of the network.

Theorem 4 also provides a criterion for exact dimension reduc-
tion: if Jx(x′,y′) = dI  for some real constant d and n is the rank of W, 
then ℰ(x) = 0 (Supplementary Corollary 74 in Supplementary Informa-
tion section IIID). For example, consider the class of dynamics in 
matrix form

̇x = dx + s(Wx), (22)

where s is a vector of N functions si ∶ ℝ → ℝ and W has rank r and com-
pact SVD UrΣrV⊤r . This can be exactly reduced to the r-dimensional 
reduced dynamics:

Ẋ = dX + V⊤r s(UrΣrX), (23)

where X = V⊤r x. For any n and X = V⊤n x, the vector field in equation (23) 
is the least-squares optimal one in the sense described in Theorem 52 
in Supplementary Information section IIIB. This result implies that any 
RNN or any neuronal dynamics (with a = 0) having the forms given in 
Extended Data Table 1 can be exactly reduced (examples 76 and 77 in 
Supplementary Information section IIID).

A simple corollary of Theorem 4 (Supplementary Corollary 79) 
shows that if the dynamics is that of a linear system, the relative align-
ment error in ℝn at x ∈ ℝN  is

ℰ(x)
∥ x ∥ ≤ σn+1

√n
, (24)

implying that a rapid decrease of the singular values of W directly 
induces a rapid decrease of the alignment error.

Emergence of higher-order interactions
All the N-dimensional (complete) dynamics on a network in Extended 
Data Table 1 (and many more; see Supplementary Information section 
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IIIC) have the general form ̇xi = hi(xi, yi)  for all i ∈ {1, …, N}, where 
xi ∶ [0,∞) → ℝ, yi = ∑N

j=1Wijxj  and hi ∶ ℝ2 → ℝ is an analytic function.
Proposition 5. This is a simplified version of Supplementary Proposi-
tion 61. The least-square reduced dynamics can be expressed in terms 
of higher-order interactions between the observables as

̇Xμ = 𝒞𝒞μ +
∞
∑
dx=1

∑
ααα
𝒟𝒟(dx+1)
μααα Xααα +

∞
∑
dy=1

∑
βββ
𝒲𝒲(dy+1)
μβββ Xβββ

+
∞
∑

dx ,dy=1
∑
ααα,βββ

𝒯𝒯(dx+dy+1)
μαααβββ Xαααβββ,

where we have introduced the multi-indices ααα = (α1,… ,αdx )  and 
βββ = (β1,… ,βdy ) with αp, βq ∈ {1, …, n}, the compact notation for products 
Xγγγ = Xγ1 …Xγd, whereas 𝒞𝒞μ denotes a real constant and μ ∈ {1, …, n}. The 
higher-order interactions are described by three tensors of respective 
order dx + 1, dy + 1 and dx + dy + 1 whose elements are

𝒟𝒟(dx+1)
μααα =

N
∑
i=1
cidx0MμiM+

iααα,

𝒲𝒲(dy+1)
μβββ =

N
∑
i=1
∑
j
ci0dyMμiWijM+

jβββ,

𝒯𝒯(dx+dy+1)
μαααβββ =

N
∑
i=1
∑
j
cidxdyMμiM+

iαααWijM+
jβββ,

for some real coefficients cidxdy  with i ∈ {1, …, N}, dx,dy ∈ ℤ+  and the 
multi-index j in the sums is in {1,… ,N}dy.

This proposition led us to two corollaries. First, if hi(xi, yi) is a poly-
nomial of total degree δ in xi and yi, then the reduced dynamics has a 
polynomial vector field of total degree δ with interactions of maximal 
order δ + 1 (Supplementary Corollary 65). Second, if M is block diagonal 
and hi linearly depends on yi, then there are solely pairwise interactions 
in the reduced system, which does not hold in general for nonlinear 
dependencies of hi over yi (Supplementary Corollary 66).

In Extended Data Table 1, we apply Proposition 5 to the quenched 
mean-field susceptible-infected-susceptible dynamics, the microbial 
dynamics and the Kuramoto–Sakaguchi dynamics. The results con-
cretely illustrate the emergence of higher-order interactions through 
dimension reduction. More details are given in Supplementary Infor-
mation section IIIC.

Integration and properties of the dynamics
The trajectories of the dynamics on the real networks presented in Fig. 4  
were obtained with solve_ivp from scipy.integrate. We used the back-
ward differentiation formula, an implicit method with variable step 
length and order, which is known to be well suited for stiff problems, 
such as the microbial dynamics on the gut microbiome. We observed 
that a relative tolerance rtol = 10−8 and an absolute tolerance atol = 10−12 
for the complete microbial dynamics (rtol = 10−6 and atol = 10−10 for the 
reduced dynamics) gave reliable results with decent integration time 
while being in line with the recent benchmarks of ref. 76. Moreover, 
we have provided the Jacobian matrices of the complete and reduced 
dynamics to the integrator as recommended in the documentation of 
solve_ivp for the backward differentiation formula. We also integrated 
the other dynamics with backward differentiation with a relative toler-
ance of 10−8 and an absolute tolerance of 10−12.

For the epidemiological dynamics, the critical slowing down 
appears but is easily dealt with by increasing the number of time steps 
near the transcritical bifurcation (at the infection rate of 1, that is, the 
largest singular value of the rescaled network), as we have done in 
the inset of Fig. 4e. Note that increasing the dimension improves the 
prediction for higher infection rates. In Fig. 4f, we observe a hysteresis 
for the global observable of the neuronal dynamics versus the synap-
tic weight. In Fig. 4e,f, the RMSEs are simply computed between the 

global equilibrium points of the complete and the reduced dynamics 
at different n.

As illustrated in Fig. 4g, several branches of stable equilibrium 
points for the global observables of the microbial dynamics arise. 
We proceeded as follows to get a simplified picture involving only 
some equilibrium point branches. We focused on one forward branch 
obtained with initial conditions x0 sampled from a uniform distribu-
tion between 0 and 1, and in Fig. 4g, we showed its loss of stability 
when incrementally increasing the microbial interaction weigh. To 
obtain one backward branch, we sampled the initial condition x0 from 
a uniform distribution between 0 and z, where z is a random integer 
between 1 and 15. We integrated the dynamics to get the equilibrium 
point. Next, we decreased the microbial interaction weight and used 
the last equilibrium point as the initial condition for the integration 
and repeated these last two steps until the minimum coupling value 
(0.1 in Fig. 4g) was reached. We repeated all these steps 100 times 
(300 for n = 76) to generate different initial conditions and stable 
branches. At each iteration, we ensured that the vector fields evaluated 
at the equilibrium points gave a vector with elements below the toler-
ance 10−7 and that the equilibrium points were positive (Supplemen-
tary Information section IIIH). In this case, the RMSE was computed 
between the average upper and lower branches of the complete and 
reduced dynamics.

For a (finite-sized) RNN, like the observations in the conclusion 
of ref. 77, there is a stable equilibrium point at zero for lower cou-
pling. Increasing the coupling eventually gives rise to limit cycles 
of increasing complexity, such as the one in Fig. 4h. We illustrate a 
three-dimensional projection of this high-dimensional limit cycle 
in the complete dynamics and those in the reduced dynamics as the 
dimension n approaches the rank of the learned network. The RMSE 
was computed between the points of the limit cycle for the complete 
recurrent neural dynamics and the closest points on the limit cycles 
of the reduced dynamics.

The choices of global observables used in Fig. 4 are justified in 
Supplementary Information section IIIF and the parameter values of 
the dynamics are in Extended Data Table 1.

Data availability
All the details about the real networks data used in the paper, mostly 
from the network repository Netzschleuder, are given in Supplemen-
tary Information section IV. The data to generate Figs. 1, 2 and 4 are 
available on Zenodo (https://doi.org/10.5281/zenodo.8342130).

Code availability
The Python code used to generate the results of the paper is available 
on Zenodo (https://doi.org/10.5281/zenodo.8342130). The code for 
the optimal shrinkage of singular values is a Python implementation of 
the Matlab codes optimal_singval_threshold (ref. 67) and optimal_sing-
val_shrink (ref. 24), which is partly based on the repository optht by B. 
Erichson.
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Extended Data Table 1 | Vector fields of typical nonlinear dynamics on a network and their least-square optimal reduced 
dynamics

*The epidemiological dynamics is the quenched mean-field susceptible-infected-susceptible (QMF SIS). Its parameters in Fig. 4e are di = 1 for all i, γ is the global infection rate and the global 
observable 𝒳𝒳∗ = w ⋅ X∗ is defined with w = (w1 0…0)⊤ with w1 = 1/∑N

j=1 (v1)j, where v1 is the leading right singular vector of the contact network. The microbial dynamics is a population 
dynamics and when a = b = c = 0, it is the well-known generalized Lotka-Volterra dynamics. Its parameters in Fig. 4g are a = 5, b = 13, c = 1 and di = 30 for all i, γ is the global microbial interaction 
weight, and the global observable is defined with w = (w1 …wnmin 0…0)⊤ where w̄ = (w1 … wnmin ) = V⊤nmin

111/(10N) and nmin = 76, which is chosen to approach the uniform global 
observable ∑N

i=1 xi/(10N). The oscillator dynamics is the Kuramoto–Sakaguchi dynamics for which xi = eiθi, where θi is the phase of the oscillator, i is the imaginary unit (to be distinguished 
from the index i), an underscore denotes complex conjugation, and X1, …, Xn are, thus, complex. The parameters of the RNN in Fig. 4h are di = 1 for all i and γ = 2. The neuronal dynamics is the 

Wilson–Cowan dynamics, where 𝒮𝒮 denotes the sigmoid function x ↦ 1/(1 + e−x). Its parameters in Fig. 4f are a = 0.05, b = 1, ci = 1, di = 1 for all i, γ is the global synaptic weight and the global 
observable is defined with w = (w1 0…0)⊤ with w1 = 1/(0.15∑N

j=1 (v1)j) where v1 is the leading right singular vector of the connectome. More details about the dynamics and their 
parameters are given in Supplementary Sections IIIB and IIIC.
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I. PRELIMINARIES ON SINGULAR VALUE DECOMPOSITION

Singular Value Decomposition (SVD) goes back to Beltrami (1873) and Jordan (1874) and has become a central
linear algebra tool in many areas of science, partly because of its fundamental role in dimension reduction [1–3][4,
Chapter 1]. Although one must be careful with the comparisons, which have led to abuses of language [5], SVD
possesses some similarities with techniques such as Principal Component Analysis (PCA) [6–12], Karhunen-Loève
Transform (KLT) [13–15], Proper Orthogonal Decomposition (POD) [16–18], and Empirical Orthogonal Function
(EOF) [19, 20]. In machine learning, some autoencoders have been shown to be at best equivalent to SVD [21, 22].
Even if the subject is old in itself, there are still many interesting developments about SVD, notably in random matrix
theory [23–31] where the singular value distribution is often called the eigenvalue distribution of the Wishart, chiral
or Laguerre matrix ensembles [32, Chap. 3] or of sample covariance matrices [23, Chap. 3]. Because of its importance
in our work and for the sake of completeness, we gather fundamental theorems related to SVD which will be useful
to prove the main mathematical results of the paper. We begin this section by recalling the definition of SVD and its
close relationship with the rank, i.e., the maximal number of linearly independent rows or columns of a matrix.

A. Definition of SVD and its link to the rank

First of all, any matrix admits a factorization based on its rank. Indeed, if A is a matrix of dimension m× n and
of rank r, then there exists a rank factorization of A, i.e., a decomposition of the form A = LM , where L and M are
matrices of dimension m × r and r × n, respectively. Moreover, the rank factorization A = LM is not unique. One
very popular rank factorization valid, in particular, for real symmetric matrices is the eigenvalue decomposition. Yet,
an arbitrary matrix A is not always diagonalizable by a similarity relation A = PDP−1 (e.g., any rectangular matrix).
Note, however, that the matrices AA† and A†A († denoting the Hermitian conjugation) are square and diagonalizable
by a unitary matrix since they are Hermitian (hence, normal). Using this important remark, it can be shown that
there always exists a unitary equivalence relation between a matrix and a diagonal matrix of nonnegative elements,
the singular value decomposition.
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Theorem S1. Let A be a complex matrix of dimension m × n and rank r. Then, there exists a SVD of A, i.e., a
factorization of the form

A = UΣV † (S1)

where U = (u1, ..., um) and V = (v1, ..., vn) are unitary matrices of dimension m×m and n×n, containing respectively
the eigenvectors ui of AA† and the eigenvectors vi of A†A. Moreover, the matrix Σ is a rectangular diagonal matrix
of size m× n defined as

Σ =

σ1 0 ...
0 σ2 ...
...

...
. . .

 with
σ1 ≥ σ2 ≥ ... ≥ σr > 0
σr+1 = ... = σq = 0

(S2)

where q = min(m,n) and σi =
√
λi with λi being the i-th eigenvalue of A†A or AA†. If additionally all the elements

of A are real, then U and V are real orthogonal matrices.

Proof. See theorem 3.1.1 of Ref [33], theorem 2.6.3 of Ref. [34], or theorem 1.3.9 of Ref. [25].

Remark S2. The nonnegative numbers σ1, ..., σq in the previous theorem are called the singular values of A while the
vectors u1, ..., um and v1, ..., vn are respectively called the left and right singular vectors of A. For clarity, especially
when the singular values of multiple matrices are involved, we will define σi as a function of A and write its values as
σi(A).

Remark S3. In general, there is no obvious relationship between the eigenvalues and the singular values of a (square)
matrix. However, for the family of normal matrices (including hermitian, anti-hermitian, unitary, and anti-unitary
matrices), the singular values are given by the module of the eigenvalues. To visualize the singular values, it is typical
to plot them in a decreasing order, which is called a scree plot in the context of PCA [9, 10], or illustrate them in a
histogram.

The SVD is thus closely related to the notion of rank, since the number of nonzero singular values of a matrix is
equal to its rank (while the number of its nonzero eigenvalues is lower or equal to its rank [34, p.151]). Its relation
to dimension reduction then becomes obvious: one can truncate the matrices U , V , and Σ by removing their last
columns (and rows for Σ) to get smaller matrices Ur = (u1 ... ur), Vr = (v1 ... vr), and Σr = diag(σ1, ..., σr) with
r = rankA, and obtain a rank factorization:

A = UrΣrV
†
r , (S3)

which is sometimes called the compact singular value decomposition. More importantly for dimension reduction,
when the matrices U , V , and Σ are truncated to Uk, Vk, Σk with k < n, the truncated SVD is the optimal low-rank
factorization as it will be seen in the next subsection.

Remark S4. It is often more convenient to rewrite the SVD in Eq. (S1) or equivalently in Eq. (S3) as

A =

r∑
i=1

σi ui v
†
i . (S4)

This shows that any matrix of rank r is equal to the sum of r linearly independent unitary matrices, each being of

rank 1 and having a (Frobenius or spectral) norm equal to 1. If all the singular values are distinct, then σ1 u1 v
†
1 and

σr ur v
†
r respectively constitute the most and the least important contributions to the matrix A. Moreover, Eq. (S4)

implies an explicit formula for the Moore-Penrose pseudo-inverse of A,

A+ =

r∑
i=1

1

σi
vi u
†
i , (S5)

proving that A and A+ share the same rank.

B. Weyl’s theorem and optimal low-rank factorization

The SVD shares many equivalent theorems with the eigenvalue decomposition [34], such as Rayleigh’s theorem, the
Courant-Fischer theorem, Cauchy’s interlacing theorem, and, in particular, Weyl’s theorem, which is of fundamental
importance in the paper. The following result was obtained in 1951 by Fan [35, Theorem 2].

Theorem S5. Let A and B be two matrices of dimension m× n and let q = min(m,n). Then,

σi+j−1(A+B) ≤ σi(A) + σj(B) ∀ 1 ≤ i, j, i+ j − 1 ≤ q, (S6)
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Fig. S1: Truncated SVD is the optimal low-rank approximation of any matrix A according to unitarily invariant norms.

where σk(X) is the k-th singular value of X and the singular values are ordered in the usual decreasing order.

Proof. A detailed proof based on Weyl’s theorem can be done by following the steps of Horn & Johnson [34]. A proof
that uses the Courant-Fisher theorem for singular values is also given in Ref. [33, Theorem 3.3.16].

Remark S6. If i = j = 1, then the previous theorem implies that the dominant singular values satisfy

σ1(A+B) ≤ σ1(A) + σ1(B). (S7)

The latter inequality was known before the generalization by Ky Fan and it is often attributed [36] to Wittmeyer [37,
Eq. (VIII)], but Wittmeyer himself writes in a footnote that the equation is in Wintner,“Spektraltheorie der un-
endlicheri Matrizen”, Leipzig 1929, p. 130. Nowadays, the result is, perhaps, not surprising: it is the triangle
inequality for the spectral matrix norm.

A first key corollary [25, Exercise 1.3.22 (iv)] allows us to analyze random graphs through perturbation theory of
random matrices. Indeed, the following result establishes that the strength (norm) of a matrix perturbation bounds
the difference between each singular value of a matrix and the ones of its perturbed version.

Corollary S7. Let A and B be two matrices of dimension m× n and let q = min(m,n).

|σi(A+B)− σi(A)| ≤ ‖B‖2 ∀ 1 ≤ i ≤ q, (S8)

where σi(X) is the i-th singular value of X and the singular values are ordered in the usual decreasing order.

The importance of the Weyl theorem in the paper also relies on what it implies for dimension reduction. In
particular, it allows proving the Schmidt-Eckart-Young-Mirsky theorem [1–3, 38–40] (often called the Eckart-Young
theorem [41, Theorem 2.4.8] or the Eckart-Young-Mirsky theorem [42]) which shows that the truncated SVD is the
optimal low-rank approximation of a matrix according to unitarily invariant norms. In Theorem S8, we present our
formulation of the result (illustrated in Fig. S1) for the Frobenius norm and the spectral norm.

Theorem S8. Let A be a matrix of rank greater than or equal to k. Consider the optimization problem

minimize
B

‖A−B‖2

subject to rankB ≤ k ,
(P0)

where ‖ ‖ denotes the spectral norm ‖ ‖2 or the Frobenius norm ‖ ‖F . Then, the minimum error of problem (P0) is

min
B,rankB≤k

‖A−B‖22 = σ2
k+1 or min

B,rankB≤k
‖A−B‖2F =

q∑
i=k+1

σ2
i , (S9)

where q = min{m,n} and σ1 ≥ ... ≥ σq are the singular values of A. Furthermore, in both cases, a solution to
problem (P0) is provided by the k-truncated SVD of A, i.e.,

B∗ = arg min
B,rankB≤k

‖A−B‖22 = arg min
B,rankB≤k

‖A−B‖2F =

k∑
i=1

σiuiv
†
i , (S10)

where ui, vi are the i-th left and right singular vectors of A, respectively. The solution B∗ is unique if σk > σk+1.

For our paper, especially to find the upper bound on the alignment error [Theorem S72], Theorem S8 entails
another important result: the projectors formed by the left and right singular vector matrices are optimal orthogonal
projectors. This fact seems to be well known [43, Fact 2] but, to the authors’ knowledge, has not yet been presented
in a comprehensive form accompanied by a detailed proof. We hence introduce the following theorem, which will be
used later to prove Theorem S72.
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Theorem S9. Let A be a m × n real matrix of rank r with singular value decomposition UΣV > and k-truncated
singular value decomposition UkΣkV

>
k . Let ‖ ‖ denote the spectral norm ‖ ‖2 or the Frobenius norm ‖ ‖F . Consider

the optimization problem

minimize ‖(I −M+M)A‖2, (P1)

where the optimization variable M is a k ×m matrix such that k ≤ m.

1. If k = n ≤ m, then M = A+ solves the problem (P1) with error 0.
2. If k = m, then any matrix M with rank m solves the problem (P1) with error 0.
3. If k ≤ r < min(m,n), then M = U>k minimizes problem (P1) with errors

min
M,rankM≤k

‖(I −M+M)A‖22 = σ2
k+1 and min

M,rankM≤k
‖(I −M+M)A‖2F =

min(m,n)∑
i=k+1

σ2
i , (S11)

which are equal to zero if k = r.

Similarly, let B be a ` ×m real matrix of rank r with singular value decomposition LSR> and k-truncated singular
value decomposition LkSkR

>
k . Consider the optimization problem

minimize ‖B(I −M+M)‖2 (P2)

where, again, the optimization variable M is a k ×m matrix with k ≤ m.

4. If k = ` ≤ m, then M = B solves the problem (P2) with error 0.
5. If k = m, then any matrix M with rank m solves the problem (P2) with error 0.
6. If k ≤ r < min(`,m), then M = R>k minimizes problem (P2) with errors

min
M,rankM≤k

‖B(I −M+M)‖22 = σ2
k+1 and min

M,rankM≤k
‖B(I −M+M)‖2F =

min(`,m)∑
i=k+1

σ2
i , (S12)

which are equal to zero if k = r.

Proof. We first consider problem (P1) and prove items 1–3.

1. If k = n ≤ m, then the dimensions of the matrices M and A+ coincide and one can choose M = A+. Hence

‖(I −M+M)A‖2 = ‖A−AA+A‖2 = ‖A−A‖2 = 0,

since (A+)+ = A and AA+A = A by the defining properties of the Moore-Penrose pseudo-inverse [44].

2. If k = m, then M is square. Any rank m matrix M of dimension m × m is invertible, so M+ = M−1 and
I −M−1M = 0, which implies that ‖(I −M+M)A‖2 = 0.

3. We first prove that

min
M,rankM≤k

‖(I −M+M)A‖2 = min
C

C=M+MA,rankM≤k

‖A− C‖2.

Indeed, due to Sylvester’s rank inequality [34, Section 0.4.5 (c)] and the inequality rankM ≤ k,

rank(M+M) ≤ min{rankM, rankM+} ≤ k,
which in turn implies that

rank(M+MA) ≤ min{rank(M+M), r} = rank(M+M) ≤ k,
where the equality follows from k ≤ r. Thus,

min
M,rankM≤k

‖(I −M+M)A‖2 = min
C

C=M+MA, rankC≤k

‖A− C‖2. (S13)

Let us now focus on the Frobenius norm. The new form of the problem in Eq. (S13) is compatible with Theorem S8,
but with the additional equality constraint that C = M+MA, which directly implies the inequality

min
C

C=M+MA, rankC≤k

‖A− C‖2 ≥ min
C

rankC≤k

‖A− C‖2 =

min{m,n}∑
i=k+1

σ2
i
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or equivalently, from Eq. (S13),

min
M,rankM≤k

‖(I −M+M)A‖2F ≥
min{m,n}∑
i=k+1

σ2
i . (S14)

Therefore, if we find a matrix M that reaches the lower bound of inequality (S14), then the minimization problem is
solved. Below, we prove that M = U>k is such a solution.

The matrix I −M+M is an orthogonal projector (this is directly proven from the properties of the Moore-Penrose
pseudoinverse) and therefore,

(I −M+M)>(I −M+M) = (I −M+M)2 = I −M+M.

The cyclic property of the trace and the eigenvalue decomposition of AA> from the SVD imply

‖(I −M+M)A‖2F = tr
[
AA>(I −M+M)

]
= tr

[
UΣ2U>(I −M+M)

]
.

Let M be equal to U>k . Then, M+M = UkU
>
k and

‖(I −M+M)A‖2F = tr

min(m,n)∑
i=1

σ2
i uiu

>
i −

min(m,n)∑
i=1

k∑
j=1

σ2
i uiu

>
i uju

>
j

 .
Since u>i uj = δij , we obtain

min(m,n)∑
i=1

k∑
j=1

σ2
i uiu

>
i uju

>
j =

min(m,n)∑
i=1

k∑
j=1

σ2
i uiδiju

>
j =

k∑
j=1

σ2
juju

>
j

and thus,

‖(I −M+M)A‖2F = tr

min(m,n)∑
i=k+1

σ2
i uiu

>
i

 =

min(m,n)∑
i=k+1

σ2
i tr

[
uiu
>
i

]
=

min(m,n)∑
i=k+1

σ2
i .

Hence, B∗ = UkU
+
k A is a solution to the problem (P0). If k = r, then ‖(I−M+M)A‖2F =

∑min(m,n)
i=r+1 σ2

i = 0, because
σi = 0 for all i > r.

For the spectral norm, with M = U>k , we have (I −M+M)A = (I − UkU>k )UΣV > which is equal to

min(m,n)∑
i=1

σiuiv
>
i −

k∑
i=1

σi

k∑
j=1

uju
>
j uiv

>
i −

min(m,n)∑
i=k+1

σi

k∑
j=1

uju
>
j uiv

>
i =

min(m,n)∑
i=k+1

σiuiv
>
i ,

where we have used u>j ui = δij in the last two terms and the fact that i is never equal j in the last term. We conclude

that ‖(I−M+M)A‖2 = ‖
∑min(m,n)
i=k+1 σiuiv

>
i ‖ = σk+1 which shows that M = U>k minimizes the error in problem (P1).

The proofs of items 4–6 related to problem (P2) closely follow that of items 1–3.

There is an interesting data science application for Theorem S9 as explained in the following example.

Example S10. Let X be a m×T data matrix where m is the number of variables (features) and T is the number of
time steps (samples). Then, choosing M = U>n where Un = (u1 ... un) with uµ being the µ-th left singular vector of
the data matrix X gives the minimal error to the optimization problem (P1) with A = X and d = T . This particular
example is related to the so-called proper orthogonal decomposition [40, p.278-279].

C. Effective ranks

In this section, we give more details about the different effective ranks presented in Table II.
• The stable rank [45, Definition 7.6.7], also called numerical rank [46], is defined as

srank(A) =
‖A‖2F
‖A‖22

=

∑r
i=1 σ

2
i

σ2
1

. (S15)

It thus measures the relative importance of the sum of the squared singular values with respect to the squared
largest singular value. More colloquially, srank(A) compares the total energy of A with the energy contained in
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the first component (first singular vectors) of A. Note that

‖A‖2 ≤ ‖A‖F ≤
√
r‖A‖2 , (S16)

where r = rank(A). From the second inequality, we easily deduce the following upper bound:

srank(A) ≤ r .
The stable rank is stable in the sense that it remains essentially unchanged under a small perturbation of the
matrix A, contrarily to the rank [46]. It is used in the design of fast (randomized) algorithms for low-rank
approximations [43, 47]. Because it also quantifies to what extent the elements of the matrix are gathered
around the diagonal, the stable rank also measures the complexity of the connection patterns between the
modules of a network [48].
• The nuclear rank [49, p.2183] is defined as

nrank(A) =
‖A‖∗
‖A‖2

=

∑r
i=1 σi
σ1

, (S17)

where ‖ ‖∗ is the nuclear norm, also known as the trace norm or the Ky Fan norm. Similarly to the stable rank,
it measures the relative importance of the sum of the singular values with respect to the largest singular value.
The nuclear norm is upper-bounded such that

‖A‖∗ ≤
√
r‖A‖F ≤ r‖A‖2 , (S18)

where we have used the first inequality of Eq. (S16). Therefore, we find that

nrank(A) ≤
√
r srank1/2(A) ≤ r . (S19)

• The energy ratio, also called the cumulative explained variance, the reconstructed proportion, or the Rv coeffi-
cient [10], is

E(`) =
‖A`‖2F
‖A‖2F

=

∑`
i=1 σ

2
i∑r

j=1 σ
2
j

, (S20)

where A` is the `-truncated SVD of A. The energy ratio effective rank is

energy(A) = min
(

arg max
`∈{1,...,N}

(
E(`) > τ

))
, (S21)

where τ ∈ (0, 1) is a threshold to be chosen. Note that this “graph energy” differs (but is related) to the
ones introduced in combinatorics by Gutman and Nikiforov that have applications in theoretical chemistry and
spectral graph theory [50, 51].
• Let the coordinate (xi, yi) of the i-th singular values be given by

xi =
i− 1

N − 1
and yi =

σi − σN
σ1 − σN

(S22)

for all i ∈ {1, ..., N}, such that the largest singular value is at (0, 1) and the smallest singular value is at (1, 0).
The distance between the line L = {(x, y) |x + y = 1}, passing through the largest and the smallest singular
value, and the position (xi, yi) of the i-th singular value is

di =
1√
2
|xi + yi − 1| . (S23)

The elbow position is the largest distance between in {d1, ..., dN}, i.e.,

ielbow = arg max
i∈{1,...,N}

di. (S24)

The elbow rank is thus defined as the number of singular values above the position of the elbow, which is
described by

elbow(A) = ielbow − 1 =
1√
2

arg max
i∈{1,...,N}

∣∣∣∣ i− 1

N − 1
+
σi − σN
σ1 − σN

− 1

∣∣∣∣− 1. (S25)

This effective rank is often used as a rule of thumb to truncate the singular value distribution [27, 52]. It is also
named the “scree” or elbow test [10] and may be computed in different ways than above [9].
• Roy and Vetterli’s effective rank [53] or Cangelosi and Goriely’s information dimension [54] is here called erank.
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It is defined as

erank(A) = exp [H(p1, ..., pr)] (S26)

where H(p1, ..., pr) = −
∑r
i=1 pi log pi is the Shannon (spectral) entropy, measured in nat, as a function of the

singular value mass function

pi =
σi
‖A‖∗

=
σi∑r
j=1 σj

, ∀i ∈ {1, ..., r}. (S27)

Note that the square of the singular values could be used to define the singular value mass function, as in
Ref. [55]. Among other interesting properties, the erank satisfies 1 ≤ erank(A) ≤ r and it is naturally related
to the minimum coefficient rate [56] (see Ref. [53, Sec. 3] for more details). Moreover, the maximum Shannon
entropy is reached for a distribution of identical singular values (erank(A) = r ≤ N). Intuitively, this means
that the erank measures the uniformity of the singular value distribution. For example, the erank of the singular
values (1, 1, 1, 1, 1, 0, 0, 0, 0, 0) is 5, the erank of (5, 1, 1, 1, 1, 1, 1, 1, 1, 1) is approximately 7.9, and the erank of
(30, 1, 1, 1, 1, 1, 1, 1, 1, 1) is approximately 2.8.
• Let A = A` + R where A` is a (deterministic) matrix of unknown rank ` and R is some noise random matrix.

Based on Ref. [57, Definition 4.2] and Ref. [27], the optimal threshold τ∗(A) is defined as

τ∗(A) = arg min
τ

‖A` − Â(τ)‖, (S28)

where Â(τ) is the τ -truncated SVD of A and ‖ · ‖ is some matrix norm (e.g., spectral norm, Frobenius norm).
Intuitively, the problem of finding τ∗(A) is the problem of finding the singular values of the rank–` matrix A`
(signal matrix) by removing the “noisy” singular values of A due to γR. When the level of noise is unknown,
under some conditions on R, the optimal threshold

τ∗(A) =
4σmed√
3µmed

, (S29)

minimizes the Frobenius norm ‖A` − Â(τ)‖F in the limit of infinite matrices [27, Corollary 3 and Theorem 1],
where σmed is the median of the observed singular value distribution of the weight matrix A and µmed is the
median of a Marčenko-Pastur probability density function. The median µmed is generally unknown, but can be
computed as explained in Ref. [27, p.5046]. These results, based on random matrix theory [24], are all rigorous
in an asymptotic framework under specific conditions given in Ref. [27]. We define thrank(A) has the number
of singular values above the optimal singular value threshold τ∗(A), i.e.,

thrank(A) = #
{
σi
∣∣ i ∈ {1, ..., N} and σi > τ∗(A)

}
, (S30)

where # is the cardinal of a set.
• In a similar spirit as the optimal threshold, one can consider the optimal shrinkage of singular values [29, 52, 58]

to define an effective rank. Let A = A`+R where A` is a (deterministic) matrix of unknown rank ` and R is some
noise random matrix. Shortly, given the singular values of A, the scalar function s : [0,∞)→ [0,∞), σi 7→ s(σi)
is called a shrinker or a denoiser of singular values. From Refs. [29, 31, 52, 58], one can find analytically the
optimal denoiser s∗ that minimizes different errors defined from the Frobenius norm, the spectral (operator)
norm, or the nuclear norm. We define shrank has the rank of the matrix with optimally shrinked singular values,
i.e.,

shrank(A) = #
{
s∗(σi)

∣∣ i ∈ {1, ..., N} and s∗(σi) > 0
}
. (S31)

Note that this effective rank also depends on the median of the Marčenko-Pastur distribution when the level of
noise is unknown and estimated as in Ref. [29].

Remark S11.
• A simple criterion to determine whether a matrix is low rank can be formulated in terms of the minimal number

of elements that are needed to fully describe the matrix by a rank decomposition. More precisely, a N × N
matrix of rank r can be defined to be of low rank if 2rN < N2 or identically, r < N/2. Similarly, a N × N
matrix of effective rank e can be defined to be of low effective rank if e < N/2. However, in the paper, we do
not set one criterion to say that a matrix has a low (effective) rank: we rather compare different effective ranks
of a graph with the actual rank and dimension of the corresponding matrix.
• To compute the effective ranks exactly, the complete set of singular values is needed, which might not be

possible to have for very large matrices (networks). Even if we did not use it in the paper, we acknowledge
the fact that the singular values can be approximately obtained by using randomized SVD [59] (e.g., with
sklearn.utils.extmath.randomized svd in Python). Note also that the rank is computed from the singular values
with a numerical tolerance of 10−13 in the paper.
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• Among the all the effective ranks listed above, erank, nrank, and srank distinguish themselves by their simple
analytic formulation and their clear upper bounds. As we show below, they also enjoy a natural ordering.

Lemma S12 (Effective ranks ordering). For any matrix A,

srank(A) ≤ nrank(A) ≤ erank(A) ≤ rank(A) . (S32)

Proof. Let r = rank(A). Then A has exactly r positive singular values: σ1 ≥ σ2 ≥ . . . ≥ σr > 0.
To prove the first inequality, we recall that srank(A) =

∑r
i=1(σi/σ1)2 while nrank(A) =

∑r
i=1 σi/σ1. Now, σi/σ1 ≤

1 for all i, so (σi/σ1)2 ≤ σi/σ1 for all i. Therefore, srank(A) ≤ nrank(A).
The second and third inequalities both involve erank(A), which is defined as eH , where H is the entropy of the

probability vector associated with the singular values of A, that is

H =

r∑
i=1

pi ln
1

pi
, pi =

σi∑r
j=1 σj

.

Going back to the definition of nrank allows us to write

pi =
σi

σ1

∑r
j=1

σj
σ1

=
σi

σ1nrank(A)
.

Hence,

H =

r∑
i=1

σi
σ1nrank(A)

ln

(
σ1nrank(A)

σi

)
= ln

(
nrank(A)

)
+

1

nrank(A)

r∑
i=1

σi
σ1

ln
σ1

σi
.

Therefore,

erank(A) = eH = nrank(A) · exp

(
1

nrank(A)

r∑
i=1

σi
σ1

ln
σ1

σi

)
≥ nrank(A), (S33)

as expected. Note that the equality holds only when r = 1. Finally, using the concavity of the logarithm and Jensen’s
inequality, we deduce that

H =

r∑
i=1

pi ln
1

pi
≤ ln

(
r∑
i=1

pi
1

pi

)
= ln(r),

which readily implies the last inequality of the lemma.

Remark S13. There is another type of effective rank, with the same form as the erank, that is related to the srank
rather than the nrank (see the proof of the latter lemma). Indeed, we can define the “stable erank” as serank(A) = eH

with pi = σ2
i /(
∑r
j=1 σ

2
j ) = σ2

i /(σ
2
1srank(A)). However, we do not use this effective rank in the paper.

Regarding the optimal threshold and shrinkage, we also make the following remarks.

Remark S14.
• In the definition of the optimal threshold and shrinkage, it is assumed that the rank of the signal matrix is finite

in the limit N →∞.
• If the type of noise is unknown, the assumptions of Refs. [27, 29] do not necessarily hold and it is not guaranteed

that the threshold and the shrinkage effective ranks are optimal.
• In the GitHub repository low-rank-hypothesis-complex-systems, module singular values/optimal shrinkage.py,

we provide a Python translation (the first to our knowledge) of the Matlab script optimal shrinkage.m from
Ref.[29]. Moreover, we correct an error made in Ref.[29] concerning the optimal singular value shrinkage for
operator norm loss with the Theorem 3.1 of W. Leeb [58]. We also merge and adapt for our purpose the Github
repository optht, which is a Python implementation of the Matlab script optimal SVHT coef.m [27]. Note that,
when applied to a data matrix with unknown noise and a median smaller than the numerical zero (set to 1e-13),
the optimal threshold and the optimal shrinkage effective ranks are computed for the singular values greater
than 1e-13 only to ensure that the estimated noise is not zero.

We believe that the techniques that lead to the optimal threshold and shrinkage [24, 27, 29, 52, 58] will have a
considerable impact on network science (besides, it already has an impact in neuroscience [60]). Indeed, considering
noisy networks is a long-standing challenge in network science (e.g., in sociology [61]) that has been addressed, for
instance, with Bayesian inference [62–65]. We think that there is still plenty of work to do to denoise or evaluate the
level of noise of a network from its singular values. In particular, it would be interesting to find optimal singular value
shrinkage functions [29] with noise types that are more specific to real networks and random graphs.

https://github.com/VinceThi/low-rank-hypothesis-complex-systems
http://purl.stanford.edu/kv623gt2817
https://github.com/erichson/optht
https://purl.stanford.edu/vg705qn9070


9

All in all, we have gathered some important results on SVD. We will show how these results can be leveraged in
network science, spectral graph theory, and dynamical systems.

II. SVD IN THE STUDY OF COMPLEX SYSTEMS

In this section, we present applications of SVD in the study of complex systems. First, we highlight the ubiquity
of the low-rank hypothesis in random graph theory. Second, we present original theorems for the rapid decrease of
the singular values in the directed soft configuration model and its weighted version. Third, inequalities and scaling
behaviors for the effective ranks are deduced from different decreasing behaviors of the singular values. Fourth,
we recall how SVD yields centrality measures for directed networks. Fifth, we discuss about preliminary results
concerning the evolution of the effective rank in adaptive systems. Finally, we give a short overview of the use of SVD
in dynamical systems.

A. SVD of random graphs

Random graphs and their eigenvalue spectrum have a long and rich history [51, 66–77], but less attention has
been given to their singular value decomposition. Indeed, SVD is not mentioned in many of the main introductory
textbooks of network science [78] or spectral graph theory [51, 68, 79]. This phenomenon is somewhat expected, since
both fields needed to develop their own set of tools, but we believe that SVD deserve much more attention. In the
following, we present the low-rank formulation in a wide variety of models ranging from network science and random
matrix theory to machine learning and neuroscience.

The adjacency or the weight matrix of a random network model can always be written as

W = 〈W 〉+R , (S34)

where R is a zero mean random matrix and 〈W 〉 is the (deterministic) expected weight matrix. Typically, 〈W 〉
depends upon a low-rank matrix L:

〈W 〉 = Φ(L) , (S35)

where Φ a matrix-valued function of a matrix variable. In all the cases studied below, the (i, j) element Φ(L) is equal
to φ(Lij), with φ being a real scalar function of a real variable. To expose the low-rank formulation of 〈W 〉, recall
that there always exists a rank factorization

〈W 〉 = LR> , (S36)

where L,R are N × r matrices and r is the rank of 〈W 〉. Another convenient form is the sum of rank-one matrices

〈W 〉 =

s∑
µ,ν=1

αµνaµc
>
ν =

s∑
µ=1

aµb
>
µ , (S37)

where aµ, cµ are N × 1 vectors, αµν is a real constant for all µ, ν, and bµ =
∑s
ν=1 αµνcν . Indeed, defining the N × s

matrices A = (a1, ...,as)
> and B = (b1, ..., bs)

> yields 〈W 〉 = AB> and ensures that the rank of W is at most s. In
the next examples, we provide the details about the random graphs of Table I in the Methods.

Example S15 (Network science—unweighted graphs). A large class of binary random graphs are described by
Bernouilli random matrices, Rij being equal to either −〈Wij〉 or 1− 〈Wij〉. The expected adjacency matrix for...
• ...the G(N, p) model [80–82] with self-loops is

〈W 〉 = L = Np 1̂1̂> , (S38)

where Np1̂1̂> is the (exact) SVD of the mean adjacency matrix, which is a rank-one matrix with singular value

Np and N × 1 singular vectors 1̂ = (1 ... 1)>/
√
N . The model is also called Poisson random graph, Erdős-Rényi

model [83], Bernouilli random matrix [84], or spiked Wigner matrix [85].
• ...the stochastic block model (SBM) [86, 87] with q communities (generalization of G(N, p)) is

〈W 〉 = L =

q∑
µ,ν=1

√
nµnν pµν bµb

>
ν , (S39)

where pµν is the probability for a vertex in the µ-th block of size nµ to be connected to a vertex in the ν-th
block of size nν and bµ is a block vector with 1/

√
nµ at the indices of the µ-th block and zeros elsewhere.
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• ... the Chung-Lu model [88, 89] is

〈W 〉 = L =
‖κ‖2

2M
κ̂κ̂> , (S40)

where κ is a vector of expected degrees. Note that the annealed approximation, omnipresent in epidemiology
[90] (or for spin models [91]), is thus a very strong low-rank hypothesis.
• ... the metadegree model [92] is

〈W 〉 = L =

r∑
µ,ν=1

∆µν vµv
>
ν , (S41)

where (vµ)rµ=1 are the N -dimensional vectors of metadegree and ∆ is a r × r nonsingular matrix that contains
the “coefficients of mixing” among metadegrees. In Ref. [92, p.2, 2nd column, 2nd paragraph], a low-rank
hypothesis is explicitly made as they assume that the rank of V∆V > is much smaller than the size of the
system. One must say, however, that the model is flexible and generalizes, in particular, the Chung-Lu model.
The framework developed by the authors of Ref. [92] offers a solid discussion and a strong theoretical ground to
better understand, classify, and design random graphs in the future. Their work has inspired our preliminary
thoughts on the low-rank hypothesis.
• ... the directed S1 model of random geometric networks [93, 94] has elements

〈Wij〉 = φ(Lij) =
1

1 + L
β/2
ij

, (S42)

where β > 0 (inverse temperature of the Fermi-Dirac distribution). The elements of the matrix L are defined as

Lij =
R2θ2

ij

µ2(κin)2
i (κout)2

j

, (S43)

where µ and R are positive constants, the latter representing the radius of the circle on which the vertices are
distributed, θij is the angular distance between the vertices i and j on the circle, and (κin)i, (κout)i denote the
i-th latent in- and out-degrees respectively (positive constants). To estimate the rank of the matrix L, it is more
convenient to rewrite it using the Hadamard product:

L =
R2

µ2

(
κ̄inκ̄

>
out

)
◦ θ̄ , (S44)

where

κ̄in = ( 1/(κin)2
i )Ni=1, κ̄out = ( 1/(κout)

2
i )Ni=1, θ̄ = ( θ2

ij )Ni,j=1 . (S45)

Clearly, κ̄inκ̄
>
out is a rank-one matrix. Now, according to Ref. [95, Theorem 7], the rank of a distance matrix

(with squared elements) is D, D + 1, or D + 2, where D is the dimension of the manifold where the points
are embedded. Here D = 1, which means that the rank of θ̄ is at most 3. Recalling the well-known inequality
rank(A◦B) ≤ rank(A) rank(B), we conclude that the matrix L defining the expected adjacency matrix of the S1

model has a rank of at most 3. For the SD model [48], one can proceed similarly to conclude that its expected
adjacency matrix has a rank of at most D + 2.
• ... the soft directed configuration model also has elements following a Fermi-Dirac distribution such that

〈Wij〉 = φ(Lij) =
Lij

1 + Lij
, Lij = αiβj (S46)

for some positive parameters αi, βj . Thus, L = αβT is a rank-one matrix and α, β are positive vectors defined
in subsection II B.
• ... of the Barabási-Albert model (BA) [96], a model of preferential attachment and a particular case of Price’s

model [97], does not possess an explicit formula of the form 〈W 〉 = Φ(L). However, in Fig. S2b, we show the
singular values of the model for increasing values of m, the number of edges to which a new vertex is attached,
and we observe rapid decreases.

Example S16 (Network science—weighted graphs). All the above-mentioned unweighted graph models can be gen-
eralized to include weights.
• The simplest procedure consists in posing

W = A ◦W , (S47)

where A andW are two independent N ×N random matrices. The first matrix, A, corresponds to the Bernoulli
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matrices introduced in Example S15 that control the existence of edges, while W is a (possibility continuous)
random matrix that only encodes the values of the weights. Due to the independence of A and W, the expected
weight matrix factorizes as

〈W 〉 = 〈A 〉 ◦ 〈W 〉 . (S48)

For instance, supposing that the elements of A are i.i.d. such that Prob(Aij = 1) = p, we get the weighted
G(N, p) model satisfying

Prob(Wij = 0) = 1− p, Prob(Wij 6= 0) = p, 〈W 〉 = p〈W〉, (S49)

meaning that the average matrix of weights completely determine the rank of 〈W 〉. If we additionally impose
that all Wij ’s are i.d.d. with mean w, then we conclude that

〈W 〉 = Npw 1̂1̂> , (S50)

thus corresponding to a rank-one model that we denote G(N, p,w) in Table I.
• When p = 1 in Eq. (S49), all edges exist and one recovers the models of complete weighted graphs, such as

the simplest form of the weighted stochastic block model (WSBM) with q communities (groups) [98, Eq. (2.3)]
(where q = K), for which the probability density function of the weights is

fW (w) =

N∏
i,j=1

1√
2πΣ2

ij

e
−

(wij−Mij)2

2Σ2
i,j , (S51)

where M = (Mij)
N
i,j=1 and Σ = (Σij)

N
i,j=1 are block matrices whose elements can only take a few different values

encoded in the q × q matrices µ and σ as

Mij = µgigj and Σij = σgigj . (S52)

In the last equations, gi ∈ {1, . . . , q} is the group label of vertex i. The expected weight matrix of this WSBM
is simply

〈W 〉 = L = M =

q∑
κ,ν=1

√
nκnν µκν bκb

>
ν , (S53)

where nκ and bκ are defined as in Example S15 for the SBM. Since the vertices belonging to the same group
produce the same rows in matrix M , we conclude that the rank of L is at most q.
• Random models as in Eq. (S47) were also used to define weighted versions of the SBM [99] and planted-partition

model [100]. Moreover, they served to study synchronization in random weighted directed networks [101] as
well as the spectral properties of neuronal networks with inhibition [102] and the transitions to chaos of dilute
random neuronal networks [103]. Separating edges and their weights as in Eq. (S47) is also common practice in
random matrix theory when studying the spectral properties of random weighted directed graphs [104–108].
• Although variables A and W are independent in Eq. (S47), variables A and W = A ◦W depend on each other.

Indeed, they have a non-factorizable joint probability density function (pdf) of the form

FA,W (a,w) =
∏

1≤i<j≤N

(
pijδ(aij − 1)fWij

(wij) + (1− pij)δ(aij)δ(wij)
)
, (S54)

where δ denotes Dirac’s delta distribution, pij is the marginal probability for Aij = 1, and fWij
is the pdf of

the independent variable Wij . Note that we have assumed that the graph is undirected for simplicity. We see
from the previous equation that Wij can interpreted as the random variable Wij given the existence of an edge
from j to i, i.e., Wij |Aij = 1. Setting µij = 〈Wij〉 =

∫
wfWij

(w)dw and returning to Eq. (S48), we conclude
that any model defined using Eq. (S54) also satisfies

〈Wij 〉 = pijµij . (S55)

A good example of such a model is the S1 version of the weighted random geometric model (WRGM) [109] with
fixed hidden variables

θ ∈ [0, 2π)N , κ ∈ RN+ , σ ∈ RN+ , (S56)

and parameters

α ∈ [0, 1), β > 1, µ > 0, ν > 0, R > 0 . (S57)
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One can prove that the pdf of this model is given by Eq. (S54) with

pij =
1

1 + Lβij
, Lij =

Rθij
µκiκj

, fWij
(w) =

νσiσj
(κiκj)1−α(Rθij)α

f(ε) , (S58)

where R stands for the radius of the circle on which the vertices are distributed, θij is the angular distance
between the vertices i and j, respectively placed at angle θi and θj on the circle, and ε is an auxiliary random
variable whose pdf is f and whose mean is equal to 1. The expected weighted matrix is thus

〈Wij 〉 = φ(Lij ,Mij) =
1

Lαij(1 + Lβij)
Mij , Mij =

νσiσj
µακiκj

. (S59)

The rank of the corresponding matrices L and M are at most 3 and equal to 1, respectively.
• All multigraphs can be interpreted as weighted graphs in which the weights can only take nonnegative integer

values. One of the best known and most widely used examples of a random multigraph, and thus a weighted
random graph, is the degree-corrected stochastic block model (DCSBM) [110, 111] with q communities whose
probability mass function is defined as

Prob(W = w) =
∏

1≤i,j≤N

e−αijα
wij
ij

wij !
, (S60)

that is, the random variable Wij follows a Poisson distribution with values wij ∈ N for all i, j and parameter

αij = λgigj (κ̂in)i(κ̂out)j . (S61)

In the last equation, gi ∈ {1, . . . , q} denotes the group (community) label to which vertex i belongs and λgigj is
the expected number of edges from group gj to gi. Moreover, (κ̂in)i and (κ̂out)i are group-normalized expected
in- and out-degrees, i.e.,

N∑
i=1

(κ̂in)iδgi, µ = 1 ,

N∑
i=1

(κ̂out)iδgi, µ = 1 (S62)

for all µ ∈ {1, . . . , q}. The expected weight matrix is thus

〈W 〉 = L = Λ ◦ (κ̂inκ̂
>
out), (S63)

where Λ = (λgigj )
N
i,j=1 is a block matrix of rank at most q while κ̂ is the vector of expected degrees. Now,

according to the rank inequality for the Hadamard product,

rank(L) = rank
(
Λ ◦ (κ̂inκ̂

>
out)

)
≤ rank (Λ)︸ ︷︷ ︸

≤q

rank
(
κ̂inκ̂

>
out

)︸ ︷︷ ︸
1

= q. (S64)

Thus, including a “rank-one correction” for better describing vertex degrees in SBM does not affect its low-rank
property.
• ...the random dot product graph [112] is

〈W 〉 = L = XX> , (S65)

where X is a N × d matrix where the rows are the latent positions of each vertex of the graph. The rank of
〈W 〉 is obviously less or equal to d and from Ref. [112, p.14]: “[...]in the RDPG case, where P [(i.e., 〈W 〉)] is of
low rank [...]”. The model generalizes the SBM, the degree-corrected SBM and the mixed-membership SBM as
shown in Theorem 15 of Ref. [112], which is why we classify it in the weighted networks.
• The authors [113, 114] introduced yet another simple method for providing weights to many classical random

network models. Using entropy maximization, they defined exponential families of random weighted graphs,
such as those whose weights wij are nonnegative integers and whose probability mass function is

Prob(W = w) =
∏

1≤i<j≤N

(1− yiyj)(yiyj)wij (S66)

where yi and yj satisfy 0 < yiyj < 1 for all i, j and are related in a nonlinear way to the expected strengths
while controlling the probability of having an edge from j to i. Indeed,

Prob(Wi,j = 0) = 1− yiyj and Prob(Wi,j 6= 0) = yiyj . (S67)

We see that the random variable Wi,j + 1 follows a geometric distribution of parameter 1 − yiyj . One easily
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shows that the elements of the expected weight matrix follow the Bose-Einstein distribution

〈Wij〉 = φ(Lij) =
Lij

1− Lij
, Lij = yiyj , (S68)

meaning that the expected weight matrix 〈W 〉 is a function of the rank-one matrix

L = yy> . (S69)

The above random graph is somewhat analogous to the model presented in Eq. (S46). For this reason, we call
the weighted graph satisfying Eq. (S66) the weighted soft configuration model (WSCM).
• The weighted random graph defined in Eq. (S66) can be related to the Chung-Lu model. Indeed, supposing
yiyj � 1, we get

〈Wij〉 = yiyj +O
(
(yiyj)

2
)
. (S70)

Comparing with Eq. (S40), we conclude that the limit case 〈W 〉 = yy>, where the rank of the expected
weight matrix is exactly equal to one, corresponds to a weighted Chung-Lu model, sometimes called weighted
configuration model (cf. [115, Eq. 5]).
• To define the weighted directed soft configuration model (WDSCM), we need to modify Eq. (S66). First, we

introduce new positive parameters, say ȳ1, . . . , ȳN . Then we set

Prob(W = w) =
∏

1≤i,j≤N

(1− yiȳj)(yiȳj)wij , wij ∈ N, (S71)

which means that Wij + 1 a random variable having a geometric distribution of parameter 1− yiȳj . Therefore,

〈Wij〉 = φ(Lij) =
Lij

1− Lij
, Lij = yiȳj , , (S72)

meaning that the edge directionality has no impact on the rank of the expected weight matrix.
• The model defined by Eq. (S66) is a special case of the following random graph, also introduced in [113]:

Prob(W = w) =
∏

1≤i<j≤N

(xixj)
Θ(wij)(1− yiyj)(yiyj)wij
1− yiyj + xixjyiyj

, wij ∈ N, (S73)

where Θ denotes the Heaviside function and the xi’s are positive parameters. We call the corresponding random
graph the general weighted soft configuration model (GWSCM). For this general model, the expected weight
matrix depends upon two rank-one matrices, L and M , and its elements follow a Bose-Fermi distribution [113].
Explicitly,

〈Wij 〉 = φ(Lij ,Mij) , (S74)

where

φ(Lij ,Mij) =
LijMij

(1− Lij + LijMij)(1− Lij)
, Lij = yiyj , Mij = xixj . (S75)

• Eqs. (S73) can be easily generalized to include directed edges as follows:

Prob(W = w) =
∏

1≤i,j≤N

(xix̄j)
Θ(wij)(1− yiȳj)(yiȳj)wij
1− yiȳj + xix̄jyiȳj

, wij ∈ N, (S76)

where all parameters are positive. We call the random graph whose weight matrix satisfies (S76) the general
weighted directed soft configuration model (GWDSCM). Its expected weight matrix is

〈Wij 〉 = φ(Lij ,Mij) , (S77)

where

φ(Lij ,Mij) =
LijMij

(1− Lij + LijMij)(1− Lij)
, Lij = yiȳj , Mij = xix̄j . (S78)

There are also counter-examples of network model with high effective ranks. The most obvious examples are perhaps
the Watts-Strogatz model, which had a considerable impact in the network science, and some non-random graphs.

Example S17. The Watts-Strogatz model [116] is described by the random matrix

W = Dk +R (S79)

where Dk is a band matrix of bandwidth k whose k up- and sub- diagonal entries are equal to 1 while R is a matrix
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Fig. S2: Rescaled singular values for a typical (non-random) graphs and b instances of three random graphs with different
parameters. For the Barabási-Albert model, m is the number of edges to which a new vertex is attached. For the (connected)
Watts-Strogatz model, k is the number of neighbors of each vertex in a ring structure and p is the probability of rewiring an
edge. For the random regular model, d is the degree of each vertex. The graphs and random graphs are all available on
networkx (see plots/plot fig SI singular values scree graphs.py on the Github repository), except the disconnected self-loop
graph whose adjacency matrix is simply the identity matrix. The dashed gray lines are shown for the sake of visualization.

with -1’s and 1’s for each site that has been rewired with probability p. This is a perfect counter-example of the
affirmation “popular random network models are low-rank”: the model is a sum of a high-rank matrix and a noise
matrix (first indicator). Figure S2b also shows that the singular values in the model can decrease linearly and even
supralinearly for some parameters (as in the random regular graph). These observations confirm that even though the
Watt-Strogatz satisfy two interesting properties, namely small distances (small-world property) and a high-clustering
coefficient, it doesn’t generally enjoy the low-effective-rank property that we observe in real networks.

Example S18 (Graph theory). Although we often discuss about the rapid decrease of singular values in graphs, they
can in fact have very different singular value distributions in general. As an intuitive example, we gather simple graphs,
common in physics (e.g., path, grids), and illustrate how their singular values decrease differently, from supralinear
to sublinear, in Fig. S2a.

One can also find clear examples of the low-rank models in physics, machine learning, and neuroscience that are
worth mentioning.

Example S19 (Random matrix theory and spin glasses). The typical random matrix ensembles used in physics (e.g.,
Gaussian Orthogonal Ensemble [32]) are matrix models involving normally (Gaussian) distributed random variables
and such that 〈W 〉 = 0, so they have a rank equal to zero. A counter-example is the Circular Unitary Ensemble that
is of full rank with all the singular values being 1. The random matrix J encoding the interactions in the classical
Sherrington-Kirkpatrick spin-glass model [117] is formed by i.i.d. Gaussian variables of mean J0, which implies that
〈J〉 = J011>, meaning that the effective rank of the model is one. Other well-known random matrix models, such as
the Gaussian ensembles with finite-rank external source [118] or spiked random matrices [119], satisfy Eq. (S34) with
〈W 〉 of rank r = O(1), i.e., they have a low-rank formulation in the limit N →∞.

Example S20 (Machine learning and neuroscience).
• In the Hopfield network [120], one of the most influential models of artificial recurrent neural network, the

weight matrix describing the connections between N dynamical binary units is trained to memorize n � N
state vectors vs ∈ {0, 1}N . Starting with an initial random symmetric weight matrix of mean zero, T , the
training consists in mapping T 7→ T +

∑n
s=1 vsv

>
s , resulting in a final weight matrix of effective rank ≤ n.

• In an echo-state network [121], a random weighted directed graph of mean weight zero is used to generate a
reservoir, which is the hidden recurrent part of the artificial neural network that is not affected by learning.
The reservoir thus has a rank of zero (according to the first indicator, about the rank of the expected matrix
defined in the paper).
• Training shallow undercomplete autoencoders is essentially a low-rank approximation problem [22]. The ar-

chitecture formed by encoding/decoding weight matrices and a hidden layer thus form a low-rank model in
itself.
• The chaotic random neural network of Sompolinsky et al. [68] is defined using random i.i.d. synaptic weights of

mean 0 and variance J2/N , thus corresponding to an expected weight matrix of rank 0. This model was later
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used to set the appropriate initial weights for training RNNs [122]. It has been generalized to include P distinct
neuron populations, leading to a rank-P expected weight matrix [103]
• The synaptic weight matrix in the Rajan-Abbott random neural network [102] is given by the equation

W = 〈W 〉+ J ,

where J is a N ×N random matrix whose elements are i.i.d. of mean 0 and variance 1/N , while

〈W 〉 =
1√
N

1v>, v> = (µE , . . . , µE , µI , . . . , µI) ,

where f denotes the fraction of excitatory neurons, whose mean synaptic weight is µE/
√
N > 0, while (1− f)

denotes the fraction of inhibitory neurons, whose mean synaptic weight is µI/
√
N < 0. The rank of the expected

weight matrix is thus equal to 1.
• Another example is the Gaussian mixture low-rank network [123–126] whose weight matrix is defined as

W =

R∑
r=1

mrn
>
r +R,

where R is a zero-mean Gaussian random matrix while mr and nr respectively denote the r-th left singular
vector of 〈W 〉 and its right singular vector multiplied by the r-th singular value. The rank of 〈W 〉 is thus equal
to R. In Ref. [125], for example, the low-rank hypothesis is explicitly made: “We restrict the connectivity matrix
to be of low rank, i.e., the number of nonzero singular values of the matrix J is R � N .” In Table I, we call
this random graph the “rank-perturbed Gaussian model” (RPG) and we absorb the factor 1/N in mµ and nµ.
Moreover, in Ref.[123], “our theory suggests a simple conjecture: the low-dimensional structure in connectivity
determines low-dimensional dynamics and computational properties of recurrent networks.” Our paper proves
partly this conjecture: by Corollary S74, if rank(W ) � N (low-dimensional structure), then the recurrent
neural dynamics evolves in a rank(W )-dimensional space (low-dimensional dynamics) (more explanations in
Example S76).
• It has also been observed experimentally that trained models have a low effective rank (the ones from NWS

[127] in this paper and other references, such as Ref. [128]).

To illustrate the three indicators of the low-rank hypothesis, we use four of the random graphs introduced above,
that is RPG, DCSBM, S1 RGM, and WDSCM, and present the results in Fig. 2 for N = 103 vertices. Below, we
list the parameters used in each model to generate the figure. We denote a N -dimensional realization of a truncated
Pareto density x = p(N, xmin, xmax, γ), where N = 103 is the number of vertices, xmin is the minimum value of the
distribution, xmax is the maximum value, and γ is the shape parameter. Similarly, an N -dimensional instance of a
Gaussian density is denoted n(N,m, v), where m is the mean of the Gaussian and v is its variance, and u(N, xmin, xmax)
is an N -dimensional instance of discrete uniform distribution.
• For RPG, we set the rank to 5, mµ = n(N, 0, 1/N), and nµ = n(N, (µ − 1)/10, µ/10) for all µ ∈ {1, 2, 3, 4, 5}.

The N ×N random noise matrix R has elements following a Gaussian density with mean 0 and variance g2/N
where we call g the noise strength. We set g = 1 in Fig. 2b and g = 3 in Fig. 2f. The parameter g is tuned from
0.01 to 4 in Fig. 2j to increase ‖R‖2.
• For DCSBM, we set the number of blocks to 5 with respective sizes N/10, 2N/5, N/10, N/5, and N/5. The

expected degree distributions are κin = p(N, 2, 100, 2.5) and κout = p(N, 1, 50, 2) which are then normalized by
groups as defined in Eq. (S62). The expected number of edges is

E = gN


0.40 0.10 0.10 0.02 0.13
0.05 0.80 0.02 0.09 0.10
0.02 0.02 0.30 0.05 0.02
0.10 0.05 0.05 0.40 0.01
0.10 0.09 0.05 0.05 0.30

 ,

where g is a multiplicative factor that allows increasing ‖R‖2. We set g = 100 in Fig. 2c and g = 10 in Fig. 2g.

The parameter g is tuned from 200 to 6 to increase ‖R‖2 in Fig. 2k.
• For S1 RGM, we set R = N/2π. To get the angular distance matrix, we set ti = 2π/[u(N, 1, 50)]i and

then compute θij = π − |π − |ti − tj ||. We observed that the numerical computation of the singular val-
ues (and, hence, the rank) of θ is particularly sensitive to the choice of angular matrix and taking a discrete
uniform distribution reduced the sensitivity (see tests/test graphs/test generate s1 random graph and the func-
tion “test thetaij rank” in the Github repository). We also have µ = β sin(π/β)/(2π〈κ〉)) where 〈 〉 is the
arithmetic mean and 〈κ〉 = 〈κin〉 = 〈κout〉. The expected degree distributions are κin = p(N, 2, 100, 2.5),
κout = p(N, 1, 50, 2), and then κout is redefined to κout − 〈κout〉1 + 〈κin〉1 [〈κout〉 < 〈κin〉] to ensure that
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〈κin〉 = 〈κout〉. The temperature 1/β allows increasing ‖R‖2 and we tuned it from 0.01 to 0.96 in Fig. 2l. The
temperature is 0.2 in Fig. 2d and 0.95 in Fig. 2h.
• For WDSCM, we set y = p(N, xmin, 0.8, 2.5) and ȳ = p(N, xmin, 0.7, 3) where ymin = ȳmin = xmin is the

parameter that we tune to increase ‖R‖2. We set xmin = 0.6 in Fig. 2e and xmin = 0.15 in Fig. 2i. To get
Fig. 2m, we increase xmin from 0.1 to 0.65.

In the section “Evidence of the hypothesis for network models” of the paper, we discuss how one can give a more
precise perspective for spiked random matrices, such as RPG. Indeed, the singular values of spiked random matrices
have a “bulk” related to the singular values of the noise matrix R and the presence of outlying singular values is
asymptotically characterized by the Baik-Ben Arous-Péché (BBP) phase transition [129]. Notably, the appearance of
p ≤ r singular values outliers in W only depends upon a threshold σ̄ on σ1(〈W 〉), ..., σr(〈W 〉) [24]. The simplest case
is presented below.

Example S21. Consider that the elements of R are i.i.d. Gaussian white noise of variance 1/N , then as N →∞, the
singular values of R tend to densely fill the interval [0, 2], the threshold becomes σ̄ = 1, and the i-th singular value of
W moves away from the bulk [0, 2] to reach σi(〈W 〉) + 1/σi(〈W 〉) whenever σi(〈W 〉) > σ̄ for i ∈ {1, ..., r}.

Despite the clear dependence of 〈W 〉 over a low-rank matrix L, it is not always clear whether 〈W 〉 has an effective
low-rank. This is the case of soft configuration models (see Example S15) for which the expected adjacency matrix
does not have the explicit form of a rank factorization. In the next section, we introduce the directed soft configuration
model as a maximally entropic random graph. Then, we demonstrate that its singular values decrease exponentially
rapidly.

B. Exponential decrease of singular values in directed soft configuration models

In general, we only have partial information on complex networks. It is thus reasonable to define a set of networks
where each network have a probability to describe the observed complex network. In order to do that in the least
biased way, one can rely on the maximization of Shannon entropy to extract an adequate probability distribution
[130]. A lot of random graphs are defined from a maximally entropic model and although there is a large literature
on the subject [131–134], we provide, for the sake of completeness, some important results and comments. We will
later use them to demonstrate Theorem S32 and Theorem S33 on the exponential decrease of singular values in the
directed soft configuration model and its weighted version, both maximally entropic random network models.

We begin by presenting general theorems about the use of Lagrange multipliers to obtain maximally entropic
network models. Of course, the idea of Lagrange multipliers is old [135, 136]. It goes back to Lagrange and even
Euler, but in both of their work, the conditions in which the method applies are not clearly stated and no rigorous
demonstration was provided. The first author who clearly stated the theorem is most likely Carathéodory, in the first
German edition of his volume on the calculus of variations in 1935 [137, 186 and 187].

Theorem S22 (Lagrange multipliers).
Let:

1. U , be an open set in RN ;
2. f, g1, . . . , gr, be continuously differentiable real functions on U ;
3. E, be a set such that x ∈ E iff x ∈ U and g1(x) = · · · = gr(x) = 0.

If x∗ maximizes or minimizes f on E, then there exists a real vector λ = (λ0, . . . , λr) such that:
1. λ 6= 0;
2. λ0 ≥ 0;

3. λ0∇f(x∗) +

r∑
i=1

λi∇gi(x∗) = 0.

Moreover, if ∇g1(x∗), . . . ,∇gr(x∗) are linearly independent, then λ0 > 0 and

∇f(x∗) +

r∑
i=1

λ∗i∇gi(x∗) = 0 (S80)

for some nonzero vector λ∗ = (λ∗1, . . . , λ
∗
r) in Rr.

Proof. The proof is long and often based on the local inversion theorem. See Carathéodory multiplicative rule in [138]
or [139, Theorem 20.3].

Remark S23. On the one hand, the theorem is valid for a minimum or a maximum. This is an advantage that can
turn out to be an inconvenience if we do not verify the nature of the point x∗. On the other hand, Eq. (S80) is only
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a necessary condition and it is not sufficient in general. We could, for example, find a solution of Eq. (S80) that does
not correspond to the desired extremum. Moreover, the theorem supposes that there exists an extremum in E. If
this is not assumed, one has to consider an open domain of RN , which excludes, for example, the compact domain
D̄ = [0, 1]N . Finally, the gradients of the constraints must be linearly independent; otherwise λ0 can be 0 and that
does not help to find the extremum.

The Lagrange multiplier method begins by solving Eq. (S80) by expressing all x∗i in terms of the multipliers λi. Then,
the multipliers are written in terms of the known variables by solving the set of constraints g1(x) = · · · = gn(x) = 0,
which is generally the most difficult step. We finally verify that the solution x∗ corresponds to the desired extremum.
The following theorem illustrates how the first part of the method can be applied to find the necessary form for the
probability mass function P that maximizes the network entropy under (soft) structural constraints.

Theorem S24. Let A be a N×N random adjacency matrix with support ΩA that satisfies the soft equality constraints

E [hµ(A)] = hµ(a∗), µ ∈ {1, ..., `}, (S81)

where E is the expected value on ΩA, a∗ is some N×N non-random adjacency matrix, and each hµ : {0, 1}N2 → R` is
continuously differentiable. Then, the probability mass function P that maximizes the entropy of A under the equality
constraints (S81) must be of the form

P (a) =
1

Z(λ1, ..., λ`)
exp

[∑̀
µ=1

λµhµ(a)

]
, (S82)

where Z : R` → R is the partition function and λµ 6= 0 for all µ.

We can now provide the mathematical steps to show the rapid decrease of singular values in the directed soft
configuration model. The next corollary is well known from Ref. [131].

Corollary S25. Let kin and kout be two vectors with elements in {1, 2, . . . , N}. Let A be the adjacency matrix of a
random directed graph of N vertices, i.e., a random matrix of dimension N × N and support {0, 1}N×N . Assume,
moreover, that the following constraints are satisfied:

E[A1] = kin and E[A>1] = kout . (S83)

Then the probability mass function P that maximizes the entropy of A must be of the form

P (a) =

N∏
i,j=1

pij
aij (1− pij)1−aij , pij =

αiβj
1 + αiβj

, (S84)

where αi and βj are positive numbers ∀ i, j ∈ {1, . . . , N}.

Remark S26. The 2N scalars (α1, ..., αN , β1, ..., βN ) are such that αi = eλi and βj = eλN+j for all i, j ∈ {1, ..., N}
where λ1, ..., λN are the Lagrange multipliers related to the in-degree constraints, while λN+1, ..., λ2N are the Lagrange
multipliers related to the out-degree constraints.

Having an explicit form for the probability of a graph in the ensemble allows finding an expression for the expected
adjacency matrix, which turns out to have elements following a Fermi-Dirac distribution.

Corollary S27. Let A be the random matrix described in the previous corollary. Then, for all i, j ∈ {1, . . . , N},

〈Aij〉 =
αiβj

1 + αiβj
(S85)

and 0 < 〈Aij〉 < 1.

The next lemma shows that, under some mild conditions, the expected adjacency matrix is an infinite sum of
rank-one matrices with singular values equal to `1, `2, . . . or N , m1, m2, m3, . . .

Lemma S28. Let A be a random matrix satisfying Eq. (S85). Let

α = (α1, . . . , αN )>, β = (β1, . . . , βN )>.

(1) If 0 < αiβj < 1 for all i, j ∈ {1, . . . , N}, then

〈A〉 =

∞∑
k=1

Lk , (S86)
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where Lk denotes a rank-one N ×N matrix whose only nonzero singular value is

`k =

√√√√ N∑
i,j=1

(αiβj)2k . (S87)

(2) If αiβj > 1 for all i, j ∈ {1, . . . , N}, then

〈A〉 = N 1̂1̂> +

∞∑
k=1

Mk ,

where Mk denotes a rank-one N ×N matrix whose only nonzero singular value is

mk =

√√√√ N∑
i,j=1

(αiβj)−2k .

Proof. This lemma is essentially a direct consequence of expanding the closed form of the geometric series and
normalizing the vectors in each term. Indeed, if 0 < αiβj < 1 for all i, j ∈ {1, . . . , N}, we can use the geometric series
and get the following convergent series:

〈A〉 = αβ> − (α ◦α) (β ◦ β)> + (α ◦α ◦α) (β ◦ β ◦ β)> −+ . . .

Setting

Lk = (−1)k+1(α ◦ · · · ◦α︸ ︷︷ ︸
k times

)(β ◦ · · · ◦ β︸ ︷︷ ︸
k times

)>,

we get Eq. (S86). We see that each matrix Lk is factorized as uv>, so we conclude that the rank of each element
of the series is one. Moreover, the SVD for such a matrix is simply uv> = ρ û v̂>, where ρ = ‖u‖‖v‖, û = u/‖u‖,
v̂ = v/‖v‖ . Hence,

Lk = `k α̂k β̂k
>
, (S88)

where

`k = ‖α ◦ · · · ◦α︸ ︷︷ ︸
k times

‖‖β ◦ · · · ◦ β︸ ︷︷ ︸
k times

‖, α̂k = (−1)k+1

k times︷ ︸︸ ︷
α ◦ · · · ◦α
‖α ◦ · · · ◦α︸ ︷︷ ︸

k times

‖
, β̂k =

k times︷ ︸︸ ︷
β ◦ · · · ◦ β
‖β ◦ · · · ◦ β︸ ︷︷ ︸

k times

‖
.

Simple calculations lead to Eq. (S87), which completes the proof of the first part of the lemma. The second part is
proved similarly starting with the geometric series of 〈Aij〉 = 1/(1 + 1/(αiβj)).

The last lemma will allow us to find upper bounds on the singular values of the expected adjacency matrix by using
Weyl inequalities. However, some technical results are required before deducing the upper bounds. In particular, the
coefficients `k and mk in Lemma S28 are ordered and bounded as stated in the next lemma.

Lemma S29. Let `k and mk be the coefficients defined in Lemma S28.
(1) If 0 < αiβj < 1 for all i ∈ {1, . . . , N}, then

`k+1 < `k , ∀ k ∈ Z+ (S89)

and, with γ = maxi,j αiβj,

`k ≤ N γk , ∀ k ∈ Z+ . (S90)

(2) If αiβj > 1 for all i, j ∈ {1, . . . , N}, then

mk+1 < mk , ∀ k ∈ Z+ . (S91)

and, with ω = mini,j αiβj,

mk ≤ N ω−k , ∀ k ∈ Z+ . (S92)

Proof. For the first case, for all k ∈ Z+ and from Eq. (S87),

`k+1 =

√√√√ N∑
i,j=1

(αiβj)2(k+1) =

√√√√ N∑
i,j=1

(αiβj)2k(αiβj)2 <

√√√√ N∑
i,j=1

(αiβj)2k = `k,
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where we have used (αiβj)
2 < 1 since 0 < αiβj < 1 for all i, j ∈ {1, ..., N}. The first inequality of case (1) is thus

established. Moreover, if αiβj ≤ γ for all i, j ∈ {1, . . . , N}, then

`k =

√√√√ N∑
i,j=1

(αiβj)2k ≤

√√√√ N∑
i,j=1

γ2k = N γk . (S93)

The second inequality of case (1) follows froCase (2) is proved similarly.

Moreover, for a given bound on αiβj , there is a corresponding bound for the elements of the expected adjacency
matrix.

Lemma S30. Let A be a random matrix satisfying Eq. (S85). Let γ and ω be two positive constants. Then,

αiβj ≤ γ < 1 ⇐⇒ 〈Aij〉 ≤
γ

1 + γ
<

1

2
and αiβj ≥ ω > 1 ⇐⇒ 〈Aij〉 ≥

ω

1 + ω
>

1

2
. (S94)

Proof. Recall that all the parameters involved in this lemma are positive. The first part of both equivalences is
obtained with basic inequality manipulations:

αiβj ≤ γ ⇐⇒
1

αiβj
≥ 1

γ
⇐⇒ 1

1 + 1
αiβj

≤ 1

1 + 1
γ

⇐⇒ 〈Aij〉 ≤
γ

1 + γ
,

αiβj ≥ ω ⇐⇒
1

αiβj
≤ 1

ω
⇐⇒ 1

1 + 1
αiβj

≥ 1

1 + 1
ω

⇐⇒ 〈Aij〉 ≥
ω

1 + ω
.

The second part is an immediate consequence of γ < 1 ⇐⇒ γ/(1 + γ) < 1/2 and ω > 1 ⇐⇒ ω/(1 + ω) > 1/2.

Remark S31. The inequalities in the last lemma imply that for all i ∈ {1, ..., N}, the expected degrees kin
i and kout

i

are both upper-bounded by Nγ/(1 + γ) when αiβj < γ < 1, and lower bounded by Nω/(1 + ω) when αiβj > ω > 1.
However, these bounds on kin

i and kout
i do not necessarily imply that the inequalities in the last lemma are satisfied.

We are now ready to present the first main theorem of this section, which states that for two broad families of
parameters defining the soft directed configuration model, the singular values of expected adjacency matrix decrease
very rapidly, at least exponentially.

Theorem S32. Let 〈A〉 be the N ×N matrix defined in Eq. (S85) and whose singular values are σ1 ≥ ... ≥ σN . Let
`k and mk be the coefficients defined in Lemma S28.

(1) If 0 < 〈Aij〉 < 1/2 for all i, j ∈ {1, . . . , N}, then the singular values are upper-bounded as

σi ≤
∞∑
k=i

`k ≤
N γi

1− γ
, ∀ i ∈ {1, ..., N} , (S95)

where γ = maxi,j αiβj.

(2) If 1/2 < 〈Aij〉 < 1 for all i ∈ {1, . . . , N}, then the singular values are upper-bounded as

σi ≤ N δi1 +

∞∑
k=i

mk ≤ Nδi1 +
Nω1−i

ω − 1
, ∀ i ∈ {1, ..., N}, (S96)

where δi1 is a Kronecker delta and ω = mini,j αiβj.

Proof.
(1) First of all, 0 < 〈Aij〉 < 1/2 if and only if 0 < αiβj < 1 for all i, j ∈ {1, ..., N} from Lemma S30. Lemma S28 then
implies that the expected adjacency matrix is a convergent infinite sum of rank-one matrices Lk, k ∈ Z+. Thus, the
singular values of the expected adjacency matrix are the singular values of a sum of matrices:

σi(〈A〉) = σi(
∑∞
k=1Lk) , ∀ i ∈ {1, ..., N},

where we write σi(〈A〉) instead of σi for the sake of clarity in the proof.
Next, recall from Theorem S5 that the Weyl inequalities for N ×N matrices B and C are

σr+s−1(B + C) ≤ σr(B) + σs(C) , ∀ 1 ≤ r, s, r + s− 1 ≤ N.
Setting r = s = 1 yields the familiar triangle inequality:

σ1(B + C) ≤ σ1(B) + σ1(C) . (S97)
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The latter inequality implies that for all 1 ≤ i ≤ n− 1 <∞,

σ1

( n∑
k=i

Lk

)
≤

n∑
k=i

σ1(Lk) .

However, given that σ1(Lk) is nonnegative,

n∑
k=i

σ1(Lk) ≤
n+1∑
k=i

σ1(Lk) ≤ · · · ≤
∞∑
k=i

σ1(Lk) =

∞∑
k=i

`k ,

where we have used the notation `k = σ1(Lk) introduced in Lemma S28. To prove the convergence of the infinite
series, we recall from Lemma S29 that `k ≤ Nγk with γ = maxi,j αiβj . This in turn implies that

∞∑
k=i

`k ≤
Nγi

1− γ
,

as stated in the rightmost inequality of (S95). So far, we have proved that for all 1 ≤ i ≤ n− 1 <∞,

σ1

( n∑
k=i

Lk

)
≤
∞∑
k=i

`k ≤
Nγi

1− γ
.

The continuity of σ1 : RN×N → R, which is obvious since σ1 is a norm, and the convergence of
∑∞
k=i Lk allow us to

take the limit n→∞ on the left-hand side of the previous inequality and conclude that

σ1

( ∞∑
k=i

Lk

)
≤
∞∑
k=i

`k ≤
Nγi

1− γ
. (S98)

Let us now go back to the Weyl inequalities and set r = i, s = 1, B =
∑i−1
k=1 Lk, and C =

∑∞
k=i Lk. This yields the

inequality

σi

( ∞∑
k=1

Lk

)
= σi

( i−1∑
k=1

Lk +

∞∑
k=i

Lk

)
≤ σi

( i−1∑
k=1

Lk

)
+ σ1

( ∞∑
k=i

Lk

)
,

which is valid for all 1 ≤ i ≤ N . The matrix
∑i−1
k=1 Lk is the sum of i− 1 matrices of rank one, which means that the

rank of
∑i−1
k=1 Lk is at most i− 1. Hence, σi

(∑i−1
k=1 Lk

)
= 0 , so that

σi

( ∞∑
k=1

Lk

)
≤ σ1

( ∞∑
k=i

Lk

)
, ∀ i ∈ {1, . . . , N} . (S99)

Combining inequalities (S98) and (S99) leads to the desired result:

σi

( ∞∑
k=1

Lk

)
≤
∞∑
k=i

`k ≤
Nγi

1− γ
, ∀ i ∈ {1, . . . , N} .

(2) Similarly to the first case Lemmas S28-S30, and Weyl inequalities imply that

σi(〈A〉) = σi

( ∞∑
k=1

Mk

)
≤ Nδi1 +mi + σ1

( ∞∑
k=i+1

Mk

)
.

Proceeding as for inequality (S98) then leads to the inequality

σi

( ∞∑
k=1

Mk

)
≤ Nδi1 +

∞∑
k=i

mk,

where mk = σ1(Mk). Additionally, Lemma S29 states that mk ≤ Nω−k with ω = mini,j αiβj , which leads to

σi

( ∞∑
k=1

Mk

)
≤ Nδi1 +N

∞∑
k=i

ω−k .

Writing the truncated geometric series in closed form finally gives the expected result.
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Fig. S3: Upper bounds (solid lines) on the singular values (markers) of the expected matrix of the directed soft configuration
model (a, Eq. (S95) and b, Eq. (S96)) and its weighted version (c, Eq. (S100)). The dashed lines between singular values are
shown for the sake of visualization. In all the subfigures, the N -dimensional vectors α, β, y, ȳ defining the expected matrices
are obtained from truncated Pareto distributions and we denote one N -dimensional realization as px(N, xmin, xmax, γ), where
N = 103 is the number of vertices, x is α, β, y, or ȳ, xmin is the minimum value of the distribution, xmax is the maximum
value, and γ is the shape parameter. a, pα(N, 2, αmax, 2)/

√
N where αmax ∈ {10, 20, 30} and pβ(N, 1, βmax, 2.5)/

√
N where

βmax ∈ (5, 10, 15). b, pα(N,αmin, 200, 2)/
√
N where αmin ∈ (150, 75, 50) and pβ(N, βmin, 150, 2.5)/

√
N where

βmin ∈ (120, 60, 40). c, py(N, 0.05, ymax, 2) where ymax ∈ {0.3, 0.6, 0.9} and pȳ(N, 0.05, ȳmax, 2.5) where ȳmax ∈ (0.2, 0.5, 0.8).
All the tuples above correspond to the (blue, orange, green) solid lines.

The upper bounds in the last theorem theoretically validate the low-rank formulation of the directed soft configu-
ration model. The last inequalities in Eqs. (S95) and (S96) are meant to explicitly show the exponential decrease of
the singular values while the first inequalities in Eqs. (S95) and (S96) are tighter versions. In Fig. S3a and S3b, we
illustrate the first inequalities in Eqs. (S95) and (S96) with both axes in log-log scale.

Following similar steps, we prove the second main theorem of the section: the singular values of 〈W 〉 in the weighted
directed soft configuration model (WDSCM) [Example S16] are at least exponentially decreasing.

Theorem S33. Let 〈W 〉 be the N ×N matrix defined in Eq. (S72) and whose singular values are σ1 ≥ ... ≥ σN and

let nk =
√∑N

i,j=1(yiȳj)2k with 0 < yiȳj < 1 for all i, j. Then, the singular values are upper-bounded as

σi ≤
∞∑
k=i

nk ≤
N τ i

1− τ
, ∀ i ∈ {1, ..., N} , (S100)

where τ = maxi,j yiȳj.

Contrarily to Theorem S32, there is no restriction on the domain of the elements of 〈W 〉 for the inequality (S100),
which is a consequence of the Bose-Einstein distribution for the elements of the expected weight matrix. The bound
in Eq. (S100) is illustrated in Fig. S3c.

C. Impact of singular value distribution and matrix density on effective ranks

In this subsection, we take advantage of the formula for the stable rank (srank), the nuclear rank (nrank), and the
erank, which are amenable for analytic calculations, to assess the impact of different singular value decreases on the
effective ranks through various inequalities. In the first part of the subsection, we prove that finding bounding curves,
ψ∗(x) and ψ∗(x), that approximately delineate the region of possible singular value allows us to estimate the srank,
nrank, and erank. In the second part, we show that linear O(N), sublinear O(N1−ε), and constant O(1) asymptotic
behaviors emerge depending on the shape of the singular value distribution. We finally present, in a third part, the
impact of the density of W on srank(W ) through general inequalities.

1. Singular-value envelopes

We define the singular-value envelopes ψ∗ and ψ∗ for the singular values as functions that
1. decrease on the interval [1, N ] ⊂ R, that is

x ≤ y =⇒ ψ∗(x) ≥ ψ∗(y), ψ∗(x) ≥ ψ∗(y) ; (S101)
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2. are nonnegative on the interval [1, N ] ⊂ R;
3. provide lower and upper bounds for the rescaled singular values as

ψ∗(i) ≤
σi
σ1
≤ ψ∗(i) ∀ i ∈ {1, . . . , N}; (S102)

4. are σ1–tight, meaning

ψ∗(1) = 1 = ψ∗(1) . (S103)

The last condition is imposed to always match the only value of the ratio σi/σ1 that is known in all instances. In the
next part of the subsection, it will also prevent us from multiplying ψ∗ and ψ∗ by global scaling factors such as N−ε,
which could impose, somewhat artificially, asymptotic behaviors for the effective ranks such as O(N1−ε). The four
properties of the singular-value envelopes readily imply general inequalities that will be useful to bound the effective
ranks.

Lemma S34 (Basic inequalities). If ψ∗ and ψ∗ satisfy conditions 1–4, then∫ N

1

ψ∗(x)q dx ≤
N∑
i=1

ψ∗(i)
q ≤

N∑
i=1

(
σi
σ1

)q
≤

N∑
i=1

ψ∗(i)q ≤ 1 +

∫ N

1

ψ∗(x)q dx (S104)

for all q ≥ 0 and

0 ≤
N∑
i=2

ψ∗(i) ln
1

ψ∗(i)
≤

N∑
i=1

σi
σ1

ln
σ1

σi
≤ 1

δ

N∑
i=2

(
ψ∗(i)1−δ − ψ∗(i)

)
≤ 1

δ

∫ N

1

(
ψ∗(x)1−δ − ψ∗(x)

)
dx + ∆ (S105)

for all δ ∈ (0, 1), where

∆ =
1

δ

∫ 2

1

ψ∗(x) dx . (S106)

Proof. We first prove the inequalities involving the summations. Using inequality (S102) and the nonnegativeness of
ψ∗, ψ

∗, and σi/σ1, we deduce the inequality

ψ∗(i)
q ≤

(
σi
σ1

)q
≤ ψ∗(i)q, (S107)

which is valid for all q ≥ 0 and i ∈ {1, 2, . . . , N}. Thus

N∑
i=1

ψ∗(i)
q ≤

N∑
i=1

(
σi
σ1

)q
≤

N∑
i=1

ψ∗(i)q , (S108)

as expected.

We now concentrate on the first and last inequalities. We adopt a strategy analogous to the method used for
proving the integral test for convergence. Notice that the ψ∗ and ψ∗ are integrable on any subinterval of [1, N ] since
these functions are monotone. On the one hand,

ψ∗(i)
q =

∫ i+1

i

ψ∗(i)
q dx ≥

∫ i+1

i

ψ∗(x)q dx (S109)

since ψ∗(i)
q ≥ ψ∗(x)q for all x ≥ i (condition 1). The latter inequality and condition 2 then imply

N∑
i=1

ψ∗(i)
q =

N−1∑
i=1

ψ∗(i)
q + ψ∗(N)q

≥
N−1∑
i=1

∫ i+1

i

ψ∗(x)q dx+ ψ∗(N)q =

∫ N

1

ψ∗(x)q dx+ ψ∗(N)q ≥
∫ N

1

ψ∗(x)q dx , (S110)

which proves the leftmost inequality. On the other hand,

ψ∗(i)q =

∫ i

i−1

ψ∗(i)q dx ≤
∫ i

i−1

ψ∗(x)q dx (S111)
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since ψ∗(i)q ≤ ψ∗(x)q for all x ≤ i (condition 1). Thus, with condition 4,

N∑
i=1

ψ∗(i)q = ψ∗(1)q +

N∑
i=2

ψ∗(i)q ≤ ψ∗(1)q +

N∑
i=2

∫ i

i−1

ψ∗(x)q dx = 1 +

∫ N

1

ψ∗(x)q dx , (S112)

which establishes the rightmost inequality.

To prove the last inequalities, we first notice that thanks to condition 4, the term corresponding to i = 1 in the
summation can be omitted:

N∑
i=1

σi
σ1

ln
σ1

σi
=

N∑
i=2

σi
σ1

ln
σ1

σi
. (S113)

We then lower-bound each element of the sum as
σi
σ1

ln
σ1

σi
≥ 0 (S114)

since σ1/σi ≥ 1 for all i. To get the upper bound of (S113), we use the classical inequality lnx ≤ a(x1/a − 1) for all
a, x > 0 [140, (4.5.5)], which implies that

σi
σ1

ln
σ1

σi
≤ 1

δ

σi
σ1

(
σ1

σi

)δ
− 1

δ

σi
σ1

=
1

δ

(
σi
σ1

)1−δ

− 1

δ

σi
σ1

∀ δ > 0, (S115)

where the equality is obtained when δ → 0. Thus,

N∑
i=2

σi
σ1

ln
σ1

σi
≤ 1

δ

N∑
i=2

(
σi
σ1

)1−δ

− 1

δ

N∑
i=2

σi
σ1

≤ 1

δ

N∑
i=2

ψ∗(i)1−δ − 1

δ

N∑
i=2

ψ∗(i) ≤
1

δ

N∑
i=2

ψ∗(i)1−δ − 1

δ

N−1∑
i=2

ψ∗(i) (S116)

where the second inequality is the expected result while the third one is obtained by neglecting the last (negative)
element of the sum. Now, considering that ψ∗(x)1−δ (with δ < 1) and −ψ∗(x) are respectively decreasing and
increasing in x, we can write

N∑
i=2

ψ∗(i)1−δ =

N∑
i=2

∫ i

i−1

ψ∗(i)1−δdx ≤
N∑
i=2

∫ i

i−1

ψ∗(x)1−δdx =

∫ N

1

ψ∗(x)1−δdx, ∀ δ ∈ (0, 1) (S117)

and

−
N−1∑
i=2

ψ∗(i) = −
N−1∑
i=2

∫ i+1

i

ψ∗(i) dx ≤ −
N−1∑
i=2

∫ i+1

i

ψ∗(x) dx = −
∫ N

2

ψ∗(x) dx (S118)

Hence,

N∑
i=2

σi
σ1

ln
σ1

σi
≤ 1

δ

(∫ N

1

ψ∗(x)1−δdx−
∫ N

2

ψ∗(x) dx

)
, (S119)

which is equivalent to the desired result.

In Theorems S32 and S33, we observed exponential decreases of the singular values occurs when working with the
expected adjacency or weight matrix of two frequently used random graphs, namely the directed soft configuration
model (DSCM) and its weighted version (WDSCM). A first consequence of the previous lemma is that an exponential
decrease implies that srank, nrank, and erank are bounded by finite geometric series (or functions of them).

Proposition S35 (Bounds on effective ranks – Exponential decrease). Suppose that the singular values of matrix W ,
σ1 ≥ σ2 ≥ · · ·σN ≥ 0, satisfy the inequalities

αi−1 ≤ σi
σ1
≤ ωi−1, i ∈ {1, . . . , N}, (S120)

https://dlmf.nist.gov/4.5.E5
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for some 0 < α ≤ ω < 1. Then,

g(α2, N) ≤ srank(W ) ≤ g(ω2, N) (S121)

g(α,N) ≤ nrank(W ) ≤ g(ω,N), (S122)

ω g(α,N) exp

(
α g′(α,N)

g(ω,N)

)
≤ erank(W ) ≤ α g(ω,N) exp

(
ω g′(ω,N)

g(α,N)

)
, (S123)

where

g(α,N) =
1− αN

1− α
, g′(α,N) =

∂g(α,N)

∂α
=

1 + (N − 1)αN − αN+1

(1− α)2
. (S124)

Proof. The inequalities for nrank and srank are easily derived from Lemma S34 by setting q = 1 and q = 2, respectively,
together with ψ∗(i) = αi−1 and ψ∗(i) = ωi−1. Then, combining the first inequalities with Eq. (S33), we obtain the
following preliminary result:

g(α,N) exp

(
1

g(ω,N)

N∑
i=1

σi
σ1

ln
σ1

σi

)
≤ erank(W ) ≤ g(ω,N) exp

(
1

g(α,N)

N∑
i=1

σi
σ1

ln
σ1

σi

)
, (S125)

where it is understood that 0 ln 0 = 0. Now,

αi−1 lnωi−1 ≤ σi
σ1

ln
σ1

σi
≤ ωi−1 lnαi−1

for all i ∈ {1, . . . , N}. Hence,

N∑
i=1

αi−1 lnωi−1 ≤
N∑
i=1

σi
σ1

ln
σ1

σi
≤

N∑
i=1

ωi−1 lnαi−1,

which can be simplified as

α lnω

N−1∑
j=0

j αj−1 ≤
N∑
i=1

σi
σ1

ln
σ1

σi
≤ ω lnα

N−1∑
j=0

j ωj−1 .

Using the geometric series and its derivative, we deduce that

α lnω g′(α,N) ≤
N∑
i=1

σi
σ1

ln
σ1

σi
≤ ω lnα g′(ω,N) .

We finally get the desired result by taking the exponential of the previous expression and returning to inequality (S125).

In Lemma S34, the variable x interpolates between the singular value indices i and thus belongs to a domain that
grows with N , which is particularly convenient for studying random network models individually, such as the soft
configuration model. To allow the comparison of real networks of different sizes, as in Fig. 1e, we also need to treat the
case where x belongs to the closed interval [0, 1], a compact domain that remains the same for all N . The following
lemma allows one to go from one perspective to the other.

Lemma S36 (Extensive vs. intensive domains). Let ψ : [1, N ] → [0, 1] be monotonically decreasing. Define Ψ :
[0, 1]→ [0, 1] as

Ψ(y) = ψ
(
(N − 1)y + 1

)
∀ y ∈ [0, 1] . (S126)

Then, for all q > 0,∫ N

1

ψ(x)q dx = (N − 1)

∫ 1

0

Ψ(y)q dy ,

∫ 2

1

ψ(x)q dx = (N − 1)

∫ 1
N−1

0

Ψ(y)q dy , (S127)

Proof. The first result is an immediate consequence of the following linear, and thus invertible, change of variables:

T : [1, N ] −→ [0, 1] (S128)

x 7−→ y =
x− 1

N − 1
(S129)

which maps [`,m] onto [(`− 1)/(N − 1), (m− 1)/(N − 1)] for all 1 ≤ ` ≤ m ≤ N .
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The two previous lemmas and formula (S33) imply the following result stating that srank and nrank are essentially
equal to N times the area under the curves Ψ(y)2 and Ψ(y) with y ∈ [0, 1], respectively, while erank is related to the
area under the curves Ψ(y) and ln Ψ(y)−1.

Lemma S37 (Effective rank as area under a curve). Let ψ∗ and ψ∗ satisfy conditions 1–4. Define Ψ∗ : [0, 1]→ [0, 1]
and Ψ∗ : [0, 1]→ [0, 1] as

Ψ∗(y) = ψ∗
(
(N − 1)y + 1

)
and Ψ∗(y) = ψ∗

(
(N − 1)y + 1

)
. (S130)

Then

(N − 1)

∫ 1

0

Ψ∗(y)2 dy ≤ srank(W ) ≤ 1 + (N − 1)

∫ 1

0

Ψ∗(y)2 dy , (S131)

(N − 1)

∫ 1

0

Ψ∗(y) dy ≤ nrank(W ) ≤ 1 + (N − 1)

∫ 1

0

Ψ∗(y) dy . (S132)

Moreover, for all δ ∈ (0, 1),

(N − 1)

∫ 1

0

Ψ∗(y) dy ≤ erank(W ) ≤
(

1 + (N − 1)

∫ 1

0

Ψ∗(y) dy

)
eH+P , (S133)

where

H =
1

δ


∫ 1

0

Ψ∗(y)1−δ dy∫ 1

0

Ψ∗(y) dy

− 1

 , P =

∫ 1
N−1

0

Ψ∗(y) dy

δ

∫ 1

0

Ψ∗(y) dy

. (S134)

This new perspective on the effective ranks allows us to consider a general family of singular-value envelopes that
can be applied to our experimental results as illustrated in Fig. 1e. Interestingly, this family is related to the Gaussian
hypergeometric function [140, Chap. 15].

Theorem S38 (Bounds on effective ranks – Hypergeometric decrease). Suppose that the singular values of matrix
W , σ1 ≥ σ2 ≥ · · ·σN ≥ 0, satisfy the inequality(

1− i− 1

N − 1

)c∗−2(
1 + ζ∗

i− 1

N − 1

)−b∗
≤ σi

σ1
≤
(

1− i− 1

N − 1

)c∗−2(
1 + ζ∗

i− 1

N − 1

)−b∗
(S135)

for some 0 ≤ b∗ ≤ b∗, 2 ≤ c∗ ≤ c∗, 0 < ζ∗ ≤ ζ∗, and for all i ∈ {1, . . . , N}. Then,

N − 1

2c∗ − 3
2F1(1, 2b∗; 2c∗ − 2;−ζ∗) ≤ srank(W ) ≤ 1 +

N − 1

2c∗ − 3
2F1(1, 2b∗; 2c∗ − 2;−ζ∗) (S136)

N − 1

c∗ − 1
2F1(1, b∗; c∗;−ζ∗) ≤ nrank(W ) ≤ 1 +

N − 1

c∗ − 1
2F1(1, b∗; c∗;−ζ∗), (S137)

N − 1

c∗ − 1
2F1(1, b∗; c∗;−ζ∗) ≤ erank(W ) ≤

(
1 +

N − 1

c∗ − 1
2F1(1, b∗; c∗;−ζ∗)

)
eH+P , (S138)

where, for all δ ∈ (0, 1),

H =
1

δ

(
c∗ − 1

(1− δ)c∗ + 2δ − 1
2F1(1, (1− δ)b∗; (1− δ)c∗ + 2δ;−ζ∗)

2F1(1, b∗; c∗;−ζ∗)
− 1

)
, (S139)

P =
1

N − 1

(c∗ − 1)ρ(b∗, c∗, ζ∗)

δ 2F1(1, b∗; c∗;−ζ∗)
, (S140)

with ρ(b∗, c∗, ζ∗) being bounded as 0 ≤ ρ(b∗, c∗, ζ∗) ≤ 1 for all b∗ ≥ 0 and c∗ ≥ 2.

Proof. We apply Lemma S37 to the case where the enveloping functions ψ∗ and ψ∗ are defined as

ψ∗(x) =

(
1− x− 1

N − 1

)c∗−2(
1 + ζ∗

x− 1

N − 1

)−b∗
, ψ∗(x) =

(
1− x− 1

N − 1

)c∗−2(
1 + ζ∗

x− 1

N − 1

)−b∗
.

Changing the variable x for y = (x− 1)/(N − 1), we get the functions

Ψ∗(y) =
(1− y)c

∗−2

(1 + ζ∗y)b∗
, Ψ∗(y) =

(1− y)c∗−2

(1 + ζ∗y)b∗
.
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Now, using the integral representation of the hypergeometric function 2F1(a, b; c; z) [140, (15.6.1)] and the symmetry
property 2F1(a, b; c; z) = 2F1(b, a; c; z), we get the following formulas:∫ 1

0

(1− y)c−2

(1 + ζy)b
dy =

1

c− 1
2F1(1, b; c;−ζ)

∫ 1

0

(
(1− y)c−2

(1 + ζy)b

)2

dy =
1

2c− 3
2F1(1, 2b; 2c− 2;−ζ) .

Thus, according to the bounds for nrank and srank provided in Lemma S37,

N − 1

c∗ − 1
2F1(1, b∗; c∗;−ζ∗) ≤ nrank(W ) ≤ 1 +

N − 1

c∗ − 1
2F1(1, b∗; c∗;−ζ∗) ,

N − 1

2c∗ − 3
2F1(1, 2b∗; 2c∗ − 2;−ζ∗) ≤ srank(W ) ≤ 1 +

N − 1

2c∗ − 3
2F1(1, 2b∗; 2c∗ − 2;−ζ∗) ,

as expected. Moreover, according to the lower bound in inequality (S133),

erank(W ) ≥ N − 1

c∗ − 1
2F1(1, b∗; c∗;−ζ∗)

To get the upper bound of erank(W ), we use once again inequality (S133):

erank(W ) ≤
(

1 +
N − 1

c∗ − 1
2F1(1, b∗; c∗;−ζ∗)

)
eH+P .

where H and P remain to be evaluated from Eq. (S134). One the one hand, the integral∫ 1

0

(
(1− y)c∗−2

(1 + ζ∗y)b∗

)1−δ

dy =
1

(1− δ)c∗ + 2δ − 1
2F1(1, (1− δ)b∗; (1− δ)c∗ + 2δ;−ζ∗)

yields Eq. (S139). On the other hand, the bounding inequality Ψ∗(y) ≤ 1, valid for all b∗ ≥ 1 and c∗ ≥ 2 implies that∫ 1
N−1

0

Ψ∗(y) dy ≤
∫ 1

N−1

0

dy =
1

N − 1
.

This allows us to define the function ρ such that

ρ(b∗, c∗, ζ∗) = (N − 1)

∫ 1
N−1

0

Ψ∗(y) dy , 0 ≤ ρ(b∗, c∗, ζ∗) ≤ 1 ,

and Eq. (S140) follows along with the theorem.

The singular-value envelopes in the latter theorem are general in the sense that they include, as particular cases,
sub-linear, linear, supra-linear, and power-law decreases or mixes of those shapes. As auxiliary result, we provide the
following proposition for the the sub- to supra-linear decreases which is a direct implication of Lemma S37.

Proposition S39 (Bounds on effective ranks for sub-linear to supra-linear decrease). Suppose that the singular values
of matrix W , σ1 ≥ σ2 ≥ · · ·σN ≥ 0, satisfy the inequalities(

1− a i− 1

N − 1

)b
≤ σi

σ1
≤
(

1− c i− 1

N − 1

)d
, i ∈ {1, . . . , N}, (S141)

for some 0 < c ≤ a ≤ 1 and 0 < d ≤ b. Then,

(N − 1) `(a, 2b, 1) ≤ srank(W ) ≤ 1 + (N − 1) `(c, 2d, 1) , (S142)

(N − 1) `(a, b, 1) ≤ nrank(W ) ≤ 1 + (N − 1) `(c, d, 1) , (S143)

(N − 1) `(a, b, 1) ≤ erank(W ) ≤ [1 + (N − 1) `(c, d, 1)] eH+P , (S144)

where, for all δ ∈ (0, 1),

`(a, b, α) =
1− (1− αa)1+b

a(1 + b)
, H =

1

δ

(
`(c, d(1− δ), 1)

`(a, b, 1)
− 1

)
, and P =

`(a, b, 1
N−1 )

δ `(a, b, 1)
.

The results in this part of the subsection only depend on the curves enveloping the singular values and can thus
be used for observed singular values of real networks or to random matrix/graph models. In the following, we relate
each singular value decreases to asymptotic behaviors in random graphs.

2. Asymptotic behaviors of the effective ranks in growing graphs

https://dlmf.nist.gov/15.6.E1
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We start this part by highlighting a striking consequence of Proposition S35 : if the singular values decrease
exponentially, then the basic effective ranks are O(1) as N → ∞. Thus, the effective rank to dimension ratios are
negligible as N →∞. This is precisely stated in the next corollary.

Corollary S40 (Exponential decrease implies O(1) effective ranks). Let (WN )N∈Z+
be an infinite sequence of ma-

trices in which WN has size N × N . Suppose that there are parameters α and ω such that 0 < α ≤ ω < 1 and for
each N , the singular values σ1 ≥ σ2 ≥ · · ·σN ≥ 0 of WN satisfy the inequalities

αi−1 ≤ σi
σ1
≤ ωi−1, i ∈ {1, . . . , N} . (S145)

Then, as N →∞,

1

1− α2
+O(α2N ) ≤ srank(WN ) ≤ 1

1− ω2
+O(ω2N ) , (S146)

1

1− α
+O(αN ) ≤ nrank(WN ) ≤ 1

1− ω
+O(ωN ), (S147)

ω

1− α
exp

(
α(1− ω)

(1− α)2

)
+O

(
max{ωN , NαN}

)
≤ erank(WN ) ≤ α

1− ω
exp

(
ω(1− α)

(1− ω)2

)
+O(NωN ) . (S148)

Proof. We essentially expand the bounds of Proposition S35 and look for the first subdominant terms as N →∞. On
the one hand,

g(αk, N) =
1− αkN

1− αk
=

1

1− αk
(1− αkN ) .

Hence,

lim
N→∞

∣∣∣∣g(αk, N)− 1

1− αk

∣∣∣∣
αkN

=
1

1− αk
<∞

meaning that

g(αk, N) =
1

1− αk
+O(αkN ) .

The last asymptotic development readily implies the bounds for srank and nrank. On the other hand,

α g′(α,N)

g(ω,N)
=
α(1− ω)

(1− α)2

(
1 +NαN − αN − αN+1

) (
1− ωN

)−1
,

which allows computing the limit

lim
N→∞

∣∣∣∣α g′(α,N)

g(ω,N)
− α(1− ω)

(1− α)2 (1− ωN )

∣∣∣∣
NαN

=
α(1− ω)

(1− α)2
<∞ .

Hence,

α g′(α,N)

g(ω,N)
=

α(1− ω)

(1− α)2 (1− ωN )
+O

(
NαN

)
.

However,

α(1− ω)

(1− α)2 (1− ωN )
=
α(1− ω)

(1− α)2
+O(ωN )

since

lim
N→∞

∣∣∣∣ α(1− ω)

(1− α)2 (1− ωN )
− α(1− ω)

(1− α)2

∣∣∣∣
ωN

=
α(1− ω)

(1− α)2
lim
N→∞

∣∣∣∣ ωN

1− ωN

∣∣∣∣
ωN

=
α(1− ω)

(1− α)2

Thus,

α g′(α,N)

g(ω,N)
=
α(1− ω)

(1− α)2
+O(ωN ) +O

(
NαN

)
=
α(1− ω)

(1− α)2
+O

(
max{ωN , NαN}

)
,

where we have invoked the basic property O(u) +O(v) = O(max{u, v}). Consequently, the lower bound of erank has
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the following asymptotic expansion:

ω g(α,N) exp

(
α g′(α,N)

g(ω,N)

)
=

(
ω

1− α
+O(αN )

)
exp

(
α(1− ω)

(1− α)2
+O

(
max{ωN , NαN}

))
=

(
ω

1− α
+O(αN )

)
exp

(
α(1− ω)

(1− α)2

)(
1 +O

(
max{ωN , NαN}

))
=

(
ω

1− α
+O

(
max{ωN , NαN}

)
)

)
exp

(
α(1− ω)

(1− α)2

)
,

where the second line has been deduced using the well-known asymptotic formulas O(u)O(v) = O(uv) and O(u) +
O(v) = O(max{u, v}). The upper bound for erank is obtained from the last result by permuting α and ω, and
considering O(max{NωN , αN}) = O(NωN ).

In light of Lemma S37, which bounds the effective ranks with terms proportional to N −1, the previous asymptotic
behavior was rather surprising. On the contrary, the next result is fully expected: slowly decreasing envelopes lead
to effective ranks that grow linearly with N .

Corollary S41 (Sub-linear to supra-linear decrease imply O(N) effective ranks). Let (WN )N∈Z+
be an infinite

sequence of matrices in which WN has size N×N . Suppose that there are parameters a, b, c, d such that 0 < c ≤ a ≤ 1
and 0 < d ≤ b, and for each N , the singular values σ1 ≥ σ2 ≥ · · ·σN ≥ 0 of WN satisfy the inequalities(

1− a i− 1

N − 1

)b
≤ σi

σ1
≤
(

1− c i− 1

N − 1

)d
, i ∈ {1, . . . , N} . (S149)

Then, as N →∞ and for all δ ∈ (0, 1),

N `(a, 2b, 1) +O(1) ≤ srank(WN ) ≤ N `(c, 2d, 1) +O(1) , (S150)

N `(a, b, 1) +O(1) ≤ nrank(WN ) ≤ N `(c, d, 1) +O(1), (S151)

N `(a, b, 1) +O(1) ≤ erank(WN ) ≤ N `(c, d, 1) exp

[
1

δ

(
`(c, d(1− δ), 1)

`(a, b, 1)
− 1

)]
+O(1) , (S152)

where ` is the function defined in Proposition S39.

So far, we have obtained effective ranks that have either O(1) or O(N) asymptotic behaviors as N → ∞. We are
going to prove O(N1−ε) asymptotic behaviors are also possible for all ε > 0.

Corollary S42 (Hypergeometric decrease admits O(N1−ε) effective ranks). Let (WN )N∈Z+
be an infinite sequence

of matrices in which WN has size N×N . Suppose that there are parameters b∗, b
∗, c∗, c

∗, ζ∗, ζ
∗ such that 0 ≤ b∗ ≤ b∗,

2 ≤ c∗ ≤ c∗, 0 < ζ∗ ≤ ζ∗ and such that for each N , the singular values σ1 ≥ σ2 ≥ · · ·σN ≥ 0 of WN satisfy(
1− i− 1

N − 1

)c∗−2(
1 + ζ∗

i− 1

N − 1

)−b∗
≤ σi

σ1
≤
(

1− i− 1

N − 1

)c∗−2(
1 + ζ∗

i− 1

N − 1

)−b∗
∀ i ∈ {1, . . . , N} .

1. If c∗ = c∗ = N ε/d for some d > 0 and ε ∈ (0, 1], then as N →∞,

d

2
N1−ε +O(N1−2ε) ≤ srank(WN ) ≤ 1 +

d

2
N1−ε +O(N1−2ε) ,

dN1−ε +O(N1−2ε) ≤ nrank(WN ) ≤ 1 + dN1−ε +O(N1−2ε) ,

dN1−ε +O(N1−2ε) ≤ erank(WN ) ≤ (1 + dN1−ε)e
1

1−δ +O(max(1, N1−2ε)) ,

where the last inequality holds for all δ ∈ (0, 1).

2. If b∗ > 1 , ζ∗ = ζ∗ = N ε/d for some d > 0 and ε ∈ (0, 1], and b∗, b
∗ /∈ Z, then

d

2b∗ − 1
N1−ε +O(N1−2ε) ≤ srank(WN ) ≤ 1 +

d

2b∗ − 1
N1−ε +O(N1−2ε) ,

d

b∗ − 1
N1−ε +O(N1−2ε) ≤ nrank(WN ) ≤ 1 +

d

b∗ − 1
N1−ε +O(N1−2ε) ,

d

b∗ − 1
N1−ε +O(N1−2ε) ≤ erank(WN ) ≤

(
1 +

d

b∗ − 1
N1−ε

)
exp

(
b∗ − bδ
δ(bδ − 1)

)
+O(max{1, N1−bδε, N1−2ε}) ,

where the last inequality holds for all δ ∈ (0, 1− 1/b∗) and bδ := (1− δ)b∗.
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3. If b∗ < 1, ζ∗ = ζ∗ = N ε/d for some d > 0, and ε ∈ (0, 1], and b∗, b
∗ /∈ Z, then

g(2b∗, 2c∗ − 2, d)N1−2b∗ε +O
(
N1−(2b∗+1)ε

)
≤ srank(WN ) ≤ 1 + g(2b∗, 2c∗ − 2, d)N1−2b∗ε +O

(
N1−(2b∗+1)ε

)
,

g(b∗, c∗, d)N1−b∗ε +O
(
N1−(b∗+1)ε

)
≤ nrank(WN ) ≤ 1 + g(b∗, c∗, d)N1−b∗ε +O

(
N1−(b∗+1)ε

)
,

g(b∗, c∗, d)N1−b∗ε +O
(
N1−(b∗+1)ε

)
≤ erank(WN ) ≤

(
1 + g(b∗, c∗, d)N1−b∗ε

)
ey(N) +O

(
N1−γε ey(N)

)
,

where the last inequality holds for all δ ∈ (0, 1 + (1− 2b∗)/b∗) with b∗ > 1/2 and b∗ > 2b∗− 1, γ = 1− 2(b∗− b∗) + δb∗,
and

g(b, c, d) =
Γ(1− b)Γ(c− 1) db

Γ(c− b)
, y(N) =

g((1− δ)b∗, (1− δ)c∗ + 2δ, d)

δ g(b∗, c∗, d)
N ε(b∗−bδ) − 1

δ
. (S153)

Proof. First, we use the following asymptotic expansion for c→∞ [140, (15.12.2)]:

2F1(a, b; c;−ζ) = 1− ab

c
ζ +O(c−2).

Hence, for c = N ε/d,

N − 1

c− 1
2F1(a, b; c;−ζ) = dN1−ε (1 +O(N−ε)

)
,

N − 1

2c− 3
2F1(a, b; c;−ζ) =

d

2
N1−ε (1 +O(N−ε)

)
,

The substitution of the last equations into the bounds of Theorem S38 readily provides the desired inequalities for
srank, nrank, and the lower bound of erank. For the upper bound of the erank, we need to get the asymptotics of

H =
1

δ

(
c∗ − 1

(1− δ)c∗ + 2δ − 1
2F1(1, (1− δ)b∗; (1− δ)c∗ + 2δ;−ζ∗)

2F1(1, b∗; c∗;−ζ∗)
− 1

)
.

However,

2F1(1, (1− δ)b∗; (1− δ)c∗ + 2δ;−ζ∗)
2F1(1, b∗; c∗;−ζ∗)

= 1 +O(N−ε),
c∗ − 1

(1− δ)c∗ + 2δ − 1
=

1

1− δ
+O(N−ε),

leading to the conclusion that H = 1
1−δ +O(N−ε). Moreover,

P =
1

N − 1

(c∗ − 1)ρ(b∗, c∗, ζ∗)

δ 2F1(1, b∗; c∗;−ζ∗)
= O(N ε−1) ,

from which we deduce that asymptotic expansions

H+ P =
1

1− δ
+O(N−ε) +O(N ε−1) and eH+P = e

1
1−δ
(
1 +O(N−ε) +O(N ε−1)

)
where the latter result holds for all δ ∈ (0, 1). Hence,

erank(WN ) ≤
(

1 + dN1−ε +O(N1−2ε)
)
e

1
1−δ

(
1 +O(N−ε) +O(N ε−1)

)
= e

1
1−δ + d e

1
1−δ N1−ε +O(max(1, N1−2ε))

as expected.

Second, we use the following identity valid for |z| > 1 and a− b /∈ Z [140, (15.8.2)]:

2F1(a, b; c; z) =
Γ(b− a)Γ(c)

Γ(c− a)Γ(b)

1

(−z)a 2F1

(
a, a− c+ 1; a− b+ 1;

1

z

)
+

Γ(a− b)Γ(c)

Γ(c− b)Γ(a)

1

(−z)b 2F1

(
b− c+ 1, b; b− a+ 1;

1

z

)
Thus, for a = 1 and z = −ζ,

2F1(1, b; c;−ζ) =
c− 1

b− 1

1

ζ
2F1

(
1, 2− c; 2− b;−1

ζ

)
+

Γ(1− b)Γ(c)

Γ(c− b)
1

ζb
2F1

(
b− c+ 1, b; b;−1

ζ

)
However, according to [140, (15.2.1)],

2F1

(
α, β; γ;−1

ζ

)
= 1− αβ

1!γ

1

ζ
+
α(α+ 1)β(β + 1)

2!γ(γ + 1)

1

ζ2
−+ . . . = 1 +O(ζ−1)

https://dlmf.nist.gov/15.12.E2
https://dlmf.nist.gov/15.8.E2
https://dlmf.nist.gov/15.2.E1
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The last two results imply that as ζ →∞ (ζ := ζ∗ = ζ∗ = N ε/d),

2F1(1, b; c;−ζ) = f(b, c, ζ) +O(ζ−2) +O(ζ−b−1), f(b, c, ζ) =
c− 1

b− 1

1

ζ
+

Γ(1− b)Γ(c)

Γ(c− b)
1

ζb
. (S154)

Substituting this result into Theorem S38, we get the following asymptotic expansion for ζ →∞:

N − 1

2c∗ − 3

(
f(2b∗, 2c∗ − 2, ζ) +O(ζ−2) +O(ζ−2b∗−1)

)
≤ srank(W ) ≤ 1 +

N − 1

2c∗ − 3

(
f(2b∗, 2c∗ − 2, ζ) +O(ζ−2) +O(ζ−2b∗−1)

)
,

N − 1

c∗ − 1

(
f(b∗, c∗, ζ) +O(ζ−2) +O(ζ−b∗−1)

)
≤ nrank(W ) ≤ 1 +

N − 1

c∗ − 1

(
f(b∗, c∗, ζ) +O(ζ−2) +O(ζ−b∗−1)

)
,

N − 1

c∗ − 1

(
f(b∗, c∗, ζ) +O(ζ−2) +O(ζ−b∗−1)

)
≤ erank(W ) ≤

(
1 +

N − 1

c∗ − 1

(
f(b∗, c∗, ζ) +O(ζ−2) +O(ζ−b∗−1)

))
eH+P .

Setting ζ = N ε/d and simplifying the resulting expressions lead to the desired inequalities for srank, nrank, and the
lower bound of erank. Regarding the upper bound of the erank, the use of Eq. (S154) allows us to write

2F1(1, bδ; cδ;−ζ∗)
2F1(1, b∗; c∗;−ζ∗)

=
(cδ − 1)(b∗ − 1)

(bδ − 1)(c∗ − 1)

[
1− r(bδ, cδ, d) N ε(1−bδ) +O(N−ε) +O(N−εbδ)

1− r(b∗, c∗, d) N ε(1−b∗) +O(N−ε) +O(N−εb∗)

]
,

where bδ := (1− δ)b∗, cδ := (1− δ)c∗ + 2δ, and

r(b, c, d) =
Γ(2− b) Γ(c− 1) db−1

Γ(c− b)
.

Moreover, setting bδ > 1 implies that

2F1(1, bδ; cδ;−ζ∗)
2F1(1, b∗; c∗;−ζ∗)

=
(cδ − 1)(b∗ − 1)

(bδ − 1)(c∗ − 1)

(
1 +O

(
N ε(1−bδ)

))(
1 +O

(
N ε(1−b∗)

))
=

(cδ − 1)(b∗ − 1)

(bδ − 1)(c∗ − 1)
+O

(
N ε(1−bδ)

)
along with

H =
b∗ − bδ
δ(bδ − 1)

+O
(
N ε(1−bδ)

)
and P = O

(
N ε−1

)
.

Hence,

eH+P = exp

(
b∗ − bδ
δ(bδ − 1)

)(
1 +O

(
N ε(1−bδ)

)
+O

(
N ε−1

))
and the upper bound of the erank is

erank(WN ) ≤
(

1 +
d

b∗ − 1
N1−ε +O(N1−2ε)

)
exp

(
b∗ − bδ
δ(bδ − 1)

)
(1 +O(N ε(1−bδ)) +O(N ε−1))

=

(
1 +

d

b∗ − 1
N1−ε

)
exp

(
b∗ − bδ
δ(bδ − 1)

)
+O(max{1, N1−εbδ , N1−2ε}) .

Third, setting b∗ < 1 gives

2F1(1, bδ; cδ;−ζ∗)
2F1(1, b∗; c∗;−ζ∗)

=
g(bδ, cδ, d)

g(b∗, c∗, d)
N ε(b∗−bδ) +O(N ε(2b∗−bδ−1)) ,

where the function g is defined in Eq. (S153). This leads to

H =
g(bδ, cδ, d)

δ g(b∗, c∗, d)
N ε(b∗−bδ) − 1

δ
+O(N ε(2b∗−bδ−1)).

With P = O(N b∗ε−1), we find

eH+P = ey(N) eO(Nε(2b
∗−bδ−1)) with y(N) =

g(bδ, cδ, d)

δ g(b∗, c∗, d)
N ε(b∗−bδ) − 1

δ

If 2b∗ − bδ − 1 < 0, or equivalently, b∗ < bδ+1
2 , then

erank(WN ) ≤
(

1 + g(b∗, c∗, d)N1−b∗ε +O
(
N1−(b∗+1)ε

))
ey(N)(1 +O(N ε(2b∗−bδ−1)))

=
(
1 + g(b∗, c∗, d)N1−b∗ε

)
ey(N) +O(N1−(1−2(b∗−b∗))ε+δb∗ε ey(N))

as desired.

Remark S43. For the upper bound of the erank, we also note the following. In the case 2, additionally, if b∗ − b∗ = δ
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for some δ ∈ (0, 1− 1/b∗), then

exp

(
b∗ − bδ
δ(bδ − 1)

)
= exp

(
b∗ + 1

b∗ − 1

)
+O(δ) .

One can also simplify the upper bound for the erank in the case 3 by setting b∗ − b∗ = δ and c∗ − c∗ = γδ, by
considering a small δ, and by using Stirling’s formula for the gamma functions in g(bδ, cδ, d).

It is worth emphasizing that the hypergeometric envelopes of the previous corollary, given their generality, not
only admit O(N1−ε) growth of the effective ranks, but can also produce O(1) and O(N) growths. Indeed, when
b∗ = b∗ = 0, one recovers special sub-linear to supra-linear decreasing envelopes included in Corollary S41, leading
to O(N) effective ranks. When c∗ = c∗ = 2 and b∗ = b∗ → ∞, one gets exponentially decreasing envelopes as
in Corollary S40, corresponding to O(1) effective ranks. Finally, when c∗ = c∗ = 2 while b∗ and b∗ remain finite,
one instead obtains power-law decreasing envelopes and it can be shown, using the asymptotics of the Hurwitz zeta
function, that it leads to O(N1−ε) effective ranks.

We have thus proved that different choices for ψ∗ and ψ∗ can induce very distinct asymptotic behaviors of the
above-mentioned effective ranks as N → ∞. Figure S4 depicts these findings by showing different singular-value
envelopes, leading to three different classes of maximum growth of nrank as N becomes large: linear O(N), sub-linear
O(N1−ε) with 0 < ε < 1, and constant O(1).
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Fig. S4: Typical singular-value envelopes ψ(x), describing the decreasing behavior of the normalized singular values σi/σ1, vs.
the continuous variable x, interpolating between the indices i, and their impact on the asymptotics of srank, nrank, and erank
(bottom-right panel). The scale of values for ψ(x) is linear on the left while it is logarithmic on the right. From top to bottom,

the decreasing functions are:
(

1− a x−1
N−1

)b
with a = 3

4
, b = 1

5
(blue), and b = 1 (orange);

(
1− x−1

N−1

)c−2

/
(

1 + ζ x−1
N−1

)b
with

b = 3
4
, c = 2 1

4
, ζ = N0.3 (green), and ζ = N0.6 (red); ωx−1 with ω = 0.97 (purple). For all cases, N = 2000.

As previously mentioned, the hypergeometric case generalizes several types of decrease, including the power-law
decrease (c∗ = c∗ = 2). The latter has been observed in the adjacency spectrum of scale-free random graphs [69] and
in the eigenspectra of covariance matrices in various settings, including fractional Brownian motion [141], EEG time
series [142], neuronal activity in the mouse [143, 144] and macaque [145] visual cortex.

In their seminal work, Stringer et al. [143] examined the eigenspectrum of the covariance matrix derived from sig-
nals of large populations of neurons in the visual cortex of awake mice viewing natural images. They argued that the
evoked neuronal population activity in this context is “high-dimensional”. Their conception of high dimensionality is
anchored in sophisticated theoretical findings, including methods from functional data analysis and fractal geometry.
As they noted [143, Supplementary information p.7]: These results demonstrate that unless eigenspectra decay faster
than n−1 , population codes are pathological, either exhibiting discontinuous responses, or infinite population variance.
Furthermore, for stimuli drawn from a set of manifold dimension d, codes with eigenspectra decaying slower than
n−1−2/d are also pathological, displaying infinite variance of the code’s derivative and fractal geometry of the response
manifold. We conclude that our experimental observations of eigenspectrum decay only just faster than n−1−2/d indi-
cate a neural code that is as high-dimensional as possible before hitting the regime where these pathological conditions
must occur. Therefore, the dimensionality of the neural code is deemed “high” when the eigenvalues of the covariance
matrix decrease as slow as possible, nearing the threshold indicative of pathological responses, and “low” when the
decrease is faster, significantly distanced from this critical threshold.

However, no measure of dimension is used to quantify the decrease of the eigenvalues. In fact, as shown below, the
decrease of the covariance-matrix eigenvalues implied by the above power-law is fast enough to lead to effective ranks
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of order strictly less than O(N), where N corresponds to the number of neurons, thus suggesting low dimensionality
from our perspective. Indeed, let us assume that the visual stimuli’s manifold dimension dstim > 2 and that the n-th
eigenvalue of the covariance matrix is less than n−1−2/dstim as described in [143], implying that its n-th singular value
is bounded above by n−1/2−1/dstim . Moreover, let us assume without loss of generality that σ1 = 1. This scenario
aligns with the third case of Corollary S42 for b∗ = 1/2 + 1/dstim < 1, c∗ = 2, and ζ∗ = N − 1 ≈ N (i.e., d = 1,
ε = 1). We can deduce from this that srank and nrank asymptotically grow as 1 +O(N−2/dstim) and O(N1/2−1/dstim),
respectively. This presents an intriguing case where at least two effective ranks exhibit completely different asymptotic
behaviors. Yet, in this power-law scenario, both the stable rank to dimension ratio and nuclear rank to dimension
ratio tend to zero as N grows to infinity.

3. Impact of matrix density on the stable rank

Let us now derive some intuitive inequalities for the stable rank of graphs based on inequalities for the weight
matrix.

Lemma S44. Let W be a N ×N matrix. Then the Frobenius norm of W is upper bounded as

‖W‖F ≤ N max
i,j
|Wij | . (S155)

Moreover, the spectral norm of W is lower bounded as

‖W‖2 ≥ max
{

max
i
‖ri‖, max

j
‖cj‖,

1√
N
‖kin‖, 1√

N
‖kout‖

}
, (S156)

where ri and cj respectively denote the i-th row and j-th column of W while kin = W1 and kout = W>1.

Proof. The first inequality trivially follows from the definition of the Frobenius norm:

‖W‖F =

√∑
i,j

W 2
ij ≤

√∑
i,j

W 2
max =

√
N2W 2

max = NWmax , Wmax = max
i,j
|Wij | .

The second inequality is the maximum between four lower bounds. To derive them, we start with the definition

‖W‖2 = max
‖x‖=1

‖Wx‖ ,

which implies that ‖W‖2 ≥ ‖Wx‖ for any x such that ‖x‖ = 1. Choosing x = ej , the j-th unit vector, leads to the
inequality ‖W‖2 ≥ ‖cj‖. But this inequality holds all j, so we can combine all the inequalities and infer that

‖W‖2 ≥ max
j
‖cj‖.

Now, because the spectral norm is invariant under matrix transposition, we also know that ‖W‖2 ≥
∥∥W>x∥∥ for any

x such that ‖x‖ = 1. Setting once again x = ei for all i, we conclude that

‖W‖2 ≥ max
i
‖ri‖.

Choosing x = 1/
√
N in ‖W‖2 ≥ ‖Wx‖ and in ‖W‖2 ≥

∥∥W>x∥∥ readily provides the two other lower bounds.

Proposition S45. Let W be the adjacency matrix of a directed graph of N vertices and M edges. Moreover, let kmax

be the maximum among all ingoing and outgoing degrees of the graph. Then,

srank(W ) ≤ M

kmax
. (S157)

Proof. We first note that when W is an adjacency matrix, all its elements are either 0 or 1, which implies that its
Frobenius norm squared is exactly equal to M . Indeed,

‖W‖2F =
∑
i,j

W 2
ij =

∑
(j,i)
j→i

1 = M. (S158)

Moreover, we know from the previous lemma that the spectral norm squared is bounded by the degrees:

‖W‖22 ≥ max
{

max
i

∑
j

W 2
ij , max

j

∑
i

W 2
ij

}
= max

{
max
i

∑
j

Wij , max
j

∑
i

Wij

}
= max

{
max
i
kin
i , max

j
kout
j

}
= kmax .

Thus, srank(W ) = ‖W‖2F /‖W‖22 ≤M/kmax , as expected.
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In dense directed graphs of N vertices, the number of edges M typically scales as N2 while the maximum degree
scales as N . The previous proposition thus implies that the stable rank is of order O(N) for such graphs. A slightly
different scaling law exists for sparse graphs. Indeed, if M = O(N2−ε) and kmax = O(N1−ε) for some ε > ε > 0, then
the stable rank is of order O(N1+ε−ε) = o(N). As shown in next proposition, similar scaling behaviors emerge when
considering general square matrices, which are relevant for studying signed weighted directed graphs.

Proposition S46. Let p ≥ 0 and 0 < α ≤ β. Let W be a N ×N matrix such that

αN−p ≤W 2
ij ≤ βN−p (S159)

for all 1 ≤ i, j ≤ N . Then, the stable rank satisfies the inequality

srank(W ) ≤ α−1β N . (S160)

More generally, if the maximum number of nonzero elements in a row or in a column of W is γN , the total number
of nonzero elements of W is δN2, and all these nonzero elements satisfy inequality (S159), then

srank(W ) ≤ α−1βγ−1δ N . (S161)

Proof. We use Lemma S44 and proceed essentially as for Proposition S45.

Sparse N ×N matrices are characterized by a total number of nonzero elements of order strictly less than N2 and a
maximum number of nonzero elements in each row or column of order strictly less than N . In the last proposition, this
situation corresponds to the case where γ = γ̄ N−ε and δ = δ̄N−ε for some ε > ε > 0, which implies that once again,
srank = O(N1+ε−ε) = o(N). A typical sparse matrix has ε = 2ε, leading to a stable rank scaling as O(N1−ε), which
tends to O(1) when considering the ultra-sparse case ε = 1. In words, the stable rank of (signed weighted directed)
graphs having N vertices increases at most linearly with N and sparsity makes the increase become sub-linear. This
means that sparse graphs are characterized by a ratio srank/N that goes to zero as N grows, obviously corresponding
to a low effective rank.

D. Directed network centrality measures

For a directed network, the eigenvalues and the eigenvectors of its matrix representation will generally be complex
and one have to adapt the usual approach to define a centrality. A natural way of doing that is to use the SVD of
the directed network, which provides two vertex centrality measures: the authority centrality (dominant left singular
vector u1) and the hub centrality (dominant right singular vector v1) [146, 147], as illustrated in Fig. S5. This
remark guided us in choosing the observables of the reduced dynamics and it can be used to give an interpretation
to the different terms and equations involved when applying Theorem S52 with the reduction matrix being the
right singular vectors. Note, however, that for signed networks (described by matrices with negative values), these
centrality measures may lead to ambiguities, since the first left and right singular vectors generally have negative
values (Perron-Frobenius theorem [71, Theorem 38] doesn’t apply).
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Fig. S5: (a) Authority and hub centralities are provided by the elements of the dominant left and right singular vectors,
respectively. (b) Centralities for the mesoscopic connectome of the larval zebrafish with N = 71 communities with added
self-loops (modified from Ref. [148]).
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E. Adaptive networks

Complex systems are not only characterized by their nonlinear dynamics and network structure, but also by their
capacity to adapt themselves to environmental changes [149]. The effective rank of a complex network should thus be
expected to change according to time. We performed a preliminary investigation of this phenomenon by extracting
the effective rank of the C. elegans connectome at different stages of its maturation [150] as shown in Fig S6. We
observed that the stable rank decreases with age. More work should be done on this subject to verify if this decrease
is significant and to determine the biological meaning of an effective rank decrease with maturation.

Developmental stage 1

Developmental stage 5

Developmental stage 8

Fig. S6: Singular values of the matrices describing the connectivity of the C. elegans brain at different maturation stages.
The stable ranks are 21.6 (developmental stage 1), 19.7 (developmental stage 5), 18.5 (developmental stage 8).

In Ref. [128], the authors numerically show that training a neural network decreases the stable rank, which is
somewhat in line with what we observe in the latter biological example.

F. SVD for dynamical systems

The applications of SVD for dynamical systems is very broad, especially in engineering and linear control systems
[40]. SVD is also generalized for nonlinear operators [151] and it is even possible to perform a quasi-optimal low-
rank approximation for matrix dynamics with time-evolving matrices U,Σ, V > [152], which could have interesting
applications in the study of temporal networks [153]. As illustrated in the paper, one can also leverage the power
of SVD in the dimension reduction of dynamical systems on networks. As explained in Ref. [154, Appendix C], it
can be very hard to choose adequately the reduction matrix M . Having real nonnegative singular values and real
singular vectors is an advantage when it comes to interpreting the spectra and to define interpretable observables
for the dynamics (as opposed to eigenvalue decomposition for general real matrices, which can raise the problem of
dealing with complex reduction matrices and create complex reduced dynamics for an initially real dynamics [155,
p.145][154]). In the following section, we give details about the dimension reduction of complex systems and especially,
in subsection III D, we show how to use the salient properties of SVD to get insights on the low-rank hypothesis of
complex systems.
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III. DIMENSION REDUCTION OF COMPLEX SYSTEMS

Dimension reduction of high-dimensional dynamics is a powerful technique to get analytical and numerical insights
on complex systems. For instance, it helps predict the onset of explosive phenomena [156] or getting suitable observable
to assess the controllability of the system [157]. The range of applications of dimension-reduction techniques is
therefore very broad—ranging from statistical physics and chemistry to finance and neuroscience— and the methods
substantially differ along with the terminology: dimension reduction [12, 158], coarse graining [159–161], reduced-order
model [4], model reduction [162], lumping [163, 164] [165, Section 2.4], compression [166], pruning [167], dominance
analysis [168], variable or state aggregation [169], etc. Many useful dimension-reduction techniques remain unused for
complex systems which may be a consequence of this great diversity of terminologies. In this section, we give details
about dimension reduction of ordinary differential equations from its more general aspects to the specific ones used
in the paper.

A. Notation and generalities on dimension reduction

Consider the following notation for the complete dynamical systems:
• x ∈ RN is a state of the system;
• t ∈ [0,∞) denotes time;
• φ : [0,∞)× RN 7→ RN is the flow;
• x : [0,∞)→ RN is the trajectory (note the abuse of notation with the state);
• f : RN → RN is the vector field, assumed to be continuously differentiable;
• x0 = x(0) is the initial condition;
• ẋ = f(x) is the complete dynamics, or more explicitly, ẋ1

...
ẋN

 =

 f1(x1, ..., xN )
...

fN (x1, ..., xN ).


Consider the following notation for the reduced dynamical system:
• R : RN 7→ Rn with n < N is called the reduction function or a vectorial observable;
• R = (R1, ..., Rn) where Rµ : RN 7→ R is the µ-th observable;
• X = R(x) ∈ Rn is a reduced state;
• Φ : [0,∞)× Rn 7→ Rn is the reduced flow;
• X = R ◦ x : [0,∞)→ Rn is the reduced trajectory (note the abuse of notation with the reduced state);
• F : Rn → Rn is the reduced vector field, assumed to be continuously differentiable;
• X0 = R(x0) = (R ◦ x)(0) is the initial condition;

• Ẋ = F (X) is the reduced dynamics.

The logic behind the notation is that the “microscopic” objects are in lowercase and the “macroscopic” objects
are in uppercase, except for N and n which denote some high dimension and a lower dimension respectively. Latin
indices are used for these microscopic objects, while Greek indices are used for the macroscopic objects. With this
notation, we now define what we mean by exact dimension reduction, in a similar spirit as Ref. [164], but avoiding
the subtleties in the characteristics of the reduction function R.

Definition S47. The function R : RN 7→ Rn induces an exact dimension reduction of the dynamics

ẋ = f(x) (S162)

if there exists a vector field F : Rn → Rn such that for all solutions x(t) of Eq. (S162), the reduced trajectory

X = R ◦ x : [0,∞)→ Rn (S163)

obeys the differential equation

Ẋ = F (X) . (S164)

The pair of functions (R,F ) thus characterizes a dimension reduction, where the goal is to close the differential
equation for X in terms of X solely. Dimension reduction can also be seen as a special commutation relation of the
vector fields and the flows.

Theorem S48. The following statements are equivalent:
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1. the dimension reduction is exact;
2. the general compatibility equation

U [R] = JR ◦ f = F ◦R, (S165)

holds where U is the Koopman operator generator and JR is the Jacobian matrix of R;
3. the complete flow φt and the reduced flows Φt commutes with R such that

R ◦ φt = Φt ◦R. (S166)

Proof.

(1. ⇐ 2.) By definition, X = R ◦ x and by assumption, JRf = F ◦R. Then, the time derivative of X (the generator
of the Koopman operator) is

Ẋ =
d(R ◦ x)

dt
= U [R] ◦ x = JR ◦ f ◦ x = F ◦R ◦ x = F ◦X, (S167)

which is the definition of an exact dimension reduction.
(1. ⇒ 2.) Similarly, using the time derivative of X = R ◦ x again, we have

Ẋ = U [R] ◦ x = JR ◦ f ◦ x. (S168)

But the dimension reduction is exact and Ẋ = F ◦X = F ◦R ◦ x holds. Then, by comparison, it is sufficient to have
U [R] ◦ x = JR ◦ f = F ◦R.
(1. ⇔ 3.) On the one hand, the solution of ẋ = f(x) is x(t) = φt(x(0)) and thus, the exact evolution of X(t) is given

by X(t) = R ◦ φt ◦ x(0). On the other hand, the solution to Ẋ = F (X) with X(0) = R(x(0)) is X(t) = Φt(X(0)) =
Φt ◦R ◦ x(0). The comparison gives the desired result.

Since we have commutation relations, there is a clear picture with commutative diagrams. In particular, statement 3.
tells us that that we have an exact dimension reduction if there is a commutative diagram such that

RN RN

Rn Rn

φt

R
Φt ◦R

R ◦φt
R

Φt

(S169)

In the article and the rest of the Supplementary information, we focus on the case where R is a linear transformation,
which greatly simplifies the analysis and gives access to a whole range of notions and tools from linear algebra. Let
us thus assume that X = R(x) = Mx where M is a n × N matrix, called the reduction matrix [154] (or lumping
matrix [163, 170]). Then, JR = M and condition (S165) for closure states that for an exact dimension reduction, the
complete and reduced vector fields must commute with M :

RN RN

Rn Rn

f

M
F ◦M

M ◦ f
M

F

(S170)

where we have made a slight abuse of notation, using the same symbol for the matrix and the linear transformation
M : x 7→ Mx, that we will use again in the document. Note that the latter scheme is related to the notions of Ck-
equivalent and Ck-conjugate vector fields defined in Ref. [171, p.190 and p.191]. In subsection III D [Definition S51],
we introduce the alignment error which is directly defined from the compatibility equation M ◦ f = F ◦M and we
will find a bound on it.

Remark S49. In our work, we consider that the network of the system is already known (or could be known experimen-
tally) and the dynamics is described by a given theoretical model, but the time series/functional data (trajectories)
are unknown. This is the ideal setting for determining how the low effective rank of the weight matrix W can affect
the evolution of the state of the whole system, starting with arbitrary initial conditions, since no limitation in our
analysis can be induced by the finite number of observed time series or their finite length.

Given a reduction matrix M , a projector can always be defined as

P = M+M , (S171)
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Fig. S7: Schematization of dimension reduction associated with the reduction matrix M , the corresponding projector P , and
the induced vector subspaces.

where M+ is the Moore-Penrose pseudo-inverse of M . Under this linear setup, the dimension reduction can be seen
as a projection of the elements x of the high-dimensional space unto a low-dimensional space with elements X. This
situation as well as the four natural vector subspaces induced by M are illustrated in Fig. S7.

In general, it is far from simple to solve the compatibility equations M ◦f = F ◦M for F and M . Even when f and
F are linear transformations, respectively encoded by the N ×N matrix W and the n× n matrix W, the condition
M ◦ f = F ◦M takes the form of the compatibility equation [154]

MW =WM (S172)

which is in fact a system of coupled quadratic equations in the elements of W and M that cannot always be solved
analytically. However, for a fixed M , one can find a unique optimal reduced matrix W.

Theorem S50 (Ref. [154]). Let M and W be respectively of size n×N and N×N with n < N . Then, the compatibility
equation WM = MW has a solution for W if and only if

MWM+M = MW (S173)

where M+ is the Moore-Penrose pseudoinverse of M , in which case the solution is

W = MWM+ + Y − YMM+, (S174)

where Y is an arbitrary n × n matrix. If rankM = n, then there is at most one solution to the compatibility
equation, i.e.,

W = MWM+. (S175)

For any M , this solution minimizes ‖WM −MW‖F with error ‖MW (I −M+M)‖F .

Proof. From Penrose 1955 [44, Theorem 2], a necessary and sufficient condition for the equation AXB = C to have
a solution is AA+CB+B = C, in which case the general solution is X = A+CB+ + Y − A+AY BB+, where Y is
arbitrary. Set A = I, X = W, B = M , C = MW in the latter equations and the result in Eq. (S174) follows. If
rankM = n, then the n rows of M are linearly independent. This implies that MM+ = I and

W = MWM+ + Y − Y = MWM+,

which does not depend on the arbitrary matrix Y anymore. It is thus the only possible solution.
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Finally, it is well known, at least since the least-squares theorem of Penrose in 1956 [172], that

arg min
U∈Rk×`

‖UA− V ‖F = V A+ and min
U∈Rk×`

‖UA− V ‖F = ‖V (I −A+A)‖F ,

for matrices V ∈ Rk×m and A ∈ R`×m. Setting A = M , U =W, and V = MW implies thatW = MWM+ minimizes
‖WM −MW‖F with error ‖MW (I −M+M)‖F .

As it will be discussed in another paper, the first preliminary results on these compatibility equations seems to go
back to 1969 in chemistry [163] and for a fixed W, the compatibility equations are homogeneous Sylvester equations
(1884) [173].

In the next section, we provide a way to find an optimal reduced vector field F given a reduction matrix M , thus
generalizing the idea behind Theorem S50.

B. Least-square optimal vector field

Low-dimensional dynamical systems can be obtained from an optimization problem, where some error is minimized
under a set of constraints [174] in order to preserve the salient properties of the original high-dimensional system. For
dynamical systems, a natural optimization variable is the reduced vector field F itself, which is chosen to represent
approximately the complete vector field f . Yet, it is rather puzzling to find how the different vector field errors are
related to each other and which one can be minimized analytically. We found that there was a useful scheme that
helps solve this puzzle. Recalling the definitions of subsection III A, we introduce the following diagram for dimension
reduction of dynamical systems:

x f(x)

Px f(Px) M+F (X)

Mf(x)

X F (X) Mf(Px)

f

P

M

ε(x)

M

f

M

ε′(x)

M

E(x)

F

M+

M+

E′(x)

, (S176)

where P = M+M and the dashed lines represent root-mean-square errors (RMSE) between adjacent vector fields,
i.e., different alignment errors as defined below [see also Fig. 3 for an illustration of E(x)].

Definition S51. Let f be a complete vector field in RN , F be a reduced vector field in Rn, and M be the n × N
reduction matrix. At x ∈ RN , the alignment error ...

• ... in RN is the RMSE between the vector fields f and M+ ◦ F ◦M , i.e.,

ε(x) =
1√
N
‖f(x)−M+F (Mx)‖ ; (S177)

• ... in Rn is the RMSE between the vector field M ◦ f and F ◦M , i.e.,

E(x) =
1√
n
‖Mf(x)− F (Mx)‖ , (S178)

where ‖ ‖ is the Euclidean vector norm.

By applying the definition of alignment errors on the projected complete vector field f ◦ P instead of f only, we
have defined

ε′(x) =
1√
N
‖f(Px)−M+F (Mx)‖ (S179)
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and

E ′(x) =
1√
n
‖Mf(Px)− F (Mx)‖ (S180)

in Diagram S176. In principle, the alignment error E(x) in Rn is to be minimized in order to be as close as possible
to an exact dimension reduction [Definition S47, Theorem S48, and Diagram S170], but this is far from a simple task.
However, the alignment error ε′(x) can be directly minimized using least squares which has for consequence that the
alignment error E ′(x) in Rn is exactly 0, as shown in the following theorem.

Theorem S52. Let f be a complete vector field in RN , F be a reduced vector field in Rn, and M be a n×N reduction
matrix. The vector field of the reduced dynamics

Ẋ = Mf(M+X) (S181)

is optimal in the sense that it minimizes the alignment error ε′(x) in RN , i.e.,

F ∗(X) = arg min
F (X)∈Rn
X=Mx

‖f(Px)−M+F (X)‖ = Mf(M+X). (S182)

Consequently, the alignment error E ′(x) in Rn is 0.

Proof. Let v ∈ Rk and A ∈ Rk×`. Then, using least squares (particular case of Penrose [172]) implies that

arg min
u∈R`

‖v −Au‖ = A+v. (S183)

Setting A = M+, u = F (X), v = f(Px) = f(M+Mx) = f(M+X) readily yields the result. Since F ∗(X) =
Mf(M+X) and Px = M+X, we obviously have ‖Mf(Px)− F ∗(X)‖ = 0.

Remark S53.

• Minimizing ε′(x) does not tell much about the alignment error E(x) of interest. Yet, in subsection III D, we find
that using the ensuing vector field from the minimization of ε′(x) allows obtaining an upper bound on E(x).
• Recalling the optimal solution MWM+ for the compatibility equation MW =WM in Theorem S50, we observe

that we now have an optimal solution (involving a nonlinear vector field)M◦f◦M+ for the compatibility equation
M ◦ f = F ◦M that boils down to the previous linear solution when f = W and F =W.
• When we set n = N , we could expect the “reduced” vector field F to be equivalent in some way to the complete

vector field. In fact, if f : RN → RN is a C1(RN ) vector field, the vector fields f and F = M◦f◦M+ = M◦f◦M−1

are C1-conjugate on RN [171, p.191], which is straightforward to observe from the form of F itself where M is
the C1-diffeomorphism.
• To the authors’ knowledge, even if the vector field in Eq. (S182) is known at least since 1989 [175], the result

hasn’t been stated and proved clearly, simply, and in a general way for dynamical systems described by a set
of differential equations. One can find many papers on the method (e.g., in fluid mechanics and chemistry)
[175–178] and especially, on a similar-looking technique for time series which is also loosely [179, 180] called
Galerkin projection or Petrov-Galerkin method [4, 40, 177, 181]. In our paper, we recall that it is implicitly
assumed that we do not have access to the time series, only the initial vector field with the network is known.
• In principle, there is a whole world of objective functions that could be used for the optimization problem.

Other constraints and regularization terms could also be added to satisfy the modeler’s restrictions. This is a
promising avenue to be further explored in the future to obtain optimal reduced dynamical systems.

Let us now apply the latter theorem to one of the most influential models in neuroscience, the Wilson-Cowan model
[182–185] [186, Chap. 11].

Example S54 (Neuroscience). Consider a system of N = NE + NI neurons (or neuronal population) with NE
excitatory neurons and NI inhibitory neurons. Let Ee (resp. Ii) be the time-averaged firing rate of the e-th excitatory
neuron for e ∈ E = {1, ..., NE} (resp. i-th inhibitory population for i ∈ I = {NE + 1, ..., N}). The Wilson-Cowan
model [182] describes the time evolution of the firing rates as

Ėe = −deEe + (1− aEe) S[b(
∑NE
e′=1Wee′Ee′ +

∑N
i′=NE+1Wei′Ii′ − ce)] (S184)

İi = −diIi + (1− aIi) S[b(
∑NE
e′=1Wie′Ee′ +

∑N
i′=NE+1Wii′Ii′ − ci)], (S185)

where dy is the inverse time constant and a is related to the refractory period. Moreover, for all i, i′ ∈ I and e, e′ ∈ E ,
Wee′ ≥ 0, Wie′ ≥ 0, Wei′ ≤ 0, Wii′ ≤ 0, and

S[b(z − c)] =
1

1 + e−b(z−c)
(S186)
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is the logistic function with b being its steepness and c being its midpoint or physically, an external input. By defining

(x1, ..., xN ) := (E1, ..., ENE , INE+1, ..., IN )>, (S187)

we get a concise form of the model [185, Eq. (11)]:

ẋj = −djxj + (1− axj)S[b(γ yj − c)], ∀ j ∈ {1, ..., N}, (S188)

where yj =
∑N
k=1Wjkxk and we have set W → γW to have a coupling constant γ to tune. Note that the excitatory

and inhibitory variables don’t have to be labeled and ordered as above and the weight matrix W just describes a
general signed network. From Theorem S52, we directly obtain the optimal reduced dynamics

Ẋµ =

n∑
ν=1

DµνXν +

N∑
j=1

Mµj(1− a
∑n
ν=1M

+
jνXν)S [b(γ

∑n
ν=1WjνXν − c)] , (S189)

where Dµν = −
∑N
j=1MµjdjM

+
jν and Wjν =

∑N
k=1WjkM

+
kν .

Under the form Mf(M+X) or, elements by elements,
∑N
i=1Mµifi(

∑n
ν=1M

+
iνXν), there is still an explicit depen-

dence of the vector field over N . Yet, we can sometimes eliminate this dependence by simplifying Mf(M+X) under
certain properties of f which reveals something special about the resulting interaction between the observables.

C. Emergence of higher-order interactions

The critical role of higher-order interactions in complex systems is now increasingly recognized [187–191] and in this
section, we aim at clarifying their origin by demonstrating the profound interplay between the description dimension
of a system and the possibility of having higher-order interactions. When reducing the dimension of a dynamical
system on a network, it is not always clear what to expect about the structure of the reduced dynamical system [see
Fig. 3 in the paper]. We demonstrate that the structure that emerges from the dimension reduction in Theorem S52
generally yields higher-order interactions between the observables. For that, we first introduce some assumptions.

Assumptions S55.

(1) The N -dimensional dynamics on a network of weight matrix W is

ẋi = hi(xi, yi), i ∈ {1, ..., N}, (S190)

where, for all i, xi : t 7→ RN , yi =
∑N
j=1Wijxj, and hi : R× R→ R is an analytic function.

(2) The n-dimensional reduced dynamics is the least-square optimal dynamics [Theorem S52]

Ẋµ =

N∑
i=1

Mµihi(x̃i, ỹi), µ ∈ {1, ..., n}, (S191)

where X = Mx with any real reduction matrix M , x̃ = M+X, and ỹ = WM+X.

Condition (1) of Assumptions S55 might look restrictive because of the dependence over the linear function x 7→Wx.
Yet, a considerable amount of complex system models satisfy condition (1) as shown in the following examples (from
the power series in xi, yi of their analytic vector field, it is possible to classify the dynamics on networks of the next
examples).

Example S56 (Epidemiology). In the Susceptible-Infected-Susceptible (SIS) dynamics, an infected individual i (e.g.,
from a virus or disinformation) transmits its infection at a rate γ and recovers with rate di. In its exact form, the
SIS dynamics is a homogeneous Markovian jump process and is described by master equations (forward Kolmogorov
equations) [165, 192, 193]. Yet, since there are 2N equations in this complete description and N is generally large,
the typical approach is to consider some approximations of the process [90, 165, 193]. By neglecting the dynamical
correlations between the states of the neighbors [194, Sec. 2.3.1], the quenched mean-field (QMF) approach [90] yields
the deterministic system of equations

ẋi = −dixi + γ(1− xi) yi, i ∈ {1, ..., N}, (S192)

called the QMF SIS model, where xi is the probability for the vertex i to be infected. In Fig. 4, we use the
latter dynamics as a simple introductory example. More generally, quenched mean-field approximations of many
binary stochastic processes, such as the SIS dynamics above, the Cowan dynamics [185, 195], and the Glauber
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dynamics [196, 197] have the general form

ẋi = (1− xi)α(ki − yi, yi) + xi β(ki − yi, yi), i ∈ {1, ..., N} , (S193)

where xi is the probability for vertex i to be active, ki =
∑N
i=1Wij is the in-degree of vertex i, α (resp. β) is some

analytic activation (resp. deactivation) probability function R× R→ [0, 1].

Example S57 (Neuroscience). The Wilson-Cowan dynamics in Example S54 satisfies condition (1) of Assump-
tion S55. Another popular model of neuronal activity, the threshold-linear model [198, 199], is defined by the equa-
tions

ẋi = −xi +

 N∑
j=1

Wijxj + bi


+

, i ∈ {1, ..., N}, (S194)

where y 7→ [y]+ = max{0, y} is the standard rectifier or ReLU function. To meet condition (1), the latter must be
replaced by an analytic approximation, such as the softplus function y 7→ ln(1 + eky)/k for some k > 0.

Example S58 (Population dynamics). Population dynamics are widely used in science from ecology [200] and game
theory [187] to chemistry (e.g., kinetic equations) [201] and physics (e.g., lasers) [202]. The generalized Lotka-Volterra
model [203, 204] is a very typical population dynamics with the form

ẋi = −dxi + γxiyi . (S195)

Refined models such as

ẋi = −dxi − sx2
i + γ

xiyi
α+ yi

(S196)

in Ref. [200] or the microbial population dynamics [205]

ẋi = a− d xi + bx2
i − cx3

i + γ xi yi. (S197)

have also been used to incorporate more realistic effects, like the Allee effect in which a population exhibits negative
growth for low abundances [206, 207]. In the latter dynamics, which is used in the paper, the correspondences with
the parameters of Ref. [205] are a = F , b = B(1 +K/C), c = B/C, and d = BK where F is the migration rate, B is
the logistic growth rate, C is the carrying capacity, and K is the Allee effect strength. In Extended Data Table 1, we
consider that the parameter d can vary for each vertex only for the sake of coherence with the other dynamics.

Example S59 (Oscillators). The Kuramoto-Sakaguchi dynamics [208, 209] is a canonical model for a large class of
oscillatory systems [155, 210] and finds many applications, e.g., for Josephson junctions [211], nanoelectromechanical
oscillators [212], and neuroscience [213]. The dynamics of the phase oscillators with a phase lag α is such that

θ̇j = ωj + γ

N∑
k=1

Wjk sin(θk − θj + α), (S198)

where θj(t) is the position of the j-th oscillator at time t, ωj is the j-th natural frequency, and γ is the coupling
constant. By setting zj = eiθj [154], the Kuramoto-Sakaguchi model becomes

żj = iωjzj + γ e−iα yj − γ eiα z2
j ȳj , (S199)

where yj =
∑N
k=1Wjkzk and ¯ denotes complex conjugation. Note that the Winfree model [214] and the theta

model [215] on networks [154] also satisfy the condition (1) of Assumption S55.

Example S60 (Machine learning). The universal approximation theorem of Funahashi and Nakamura [216, Theo-
rem 1] guarantees that a solution to a general dynamical system is approximately given, up to the desired accuracy,
by a solution of a continuous-time recurrent neural network [216, 217]

ẋi = − 1

τi
xi +

N∑
j=1

WijS(xj) + Ii, (S200)

where xi is the trajectory of the i-th neuron, τi is the time-scale of neuron i, S is the sigmoid (logistic) function, Wij

is the element (i, j) of the N ×N weight matrix W , and Ii is the input current applied on neuron i. Equation (S200)
is also called or similar, up to some variations in its form, Cohen-Grossberg model [218, 219], Hopfield model [220],
activation dynamics [221], continuous rate RNN [222, 223], or reservoir computers. This recurrent neural network
does not directly have the form to satisfy the condition (1) of Assumption S55, but from Ref. [224], we know that
there is a class of (continuous-time) recurrent neural networks with the form

ẋi = −dixi + tanh(γyi + ci), (S201)
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d1, ..., dN are real constants, ci : t 7→ ci(t) ∈ R is the i-th current, that is a universal approximator and satisfy the
condition (1).

Following these considerations, we introduce a general proposition about the emergence of higher-order interactions
when reducing the dimension of a dynamical system on network using Theorem S52.

Proposition S61. If the conditions of Assumptions S55 hold, the reduced dynamics can be expressed in terms of
higher-order interactions between the observables as

Ẋµ = Cµ +

∞∑
dx=1

∑
α∈Zn+

D(dx+1)
µα Xα +

∞∑
dy=1

∑
β∈Zn+

W(dy+1)
µβ Xβ +

∞∑
dx,dy=1

∑
α,β∈Zn+

T (dx+dy+1)
µαβ Xαβ, (S202)

where we have introduced the multi-indices α = (α1, ..., αdx) and β = (β1, ..., βdy ) with αp, βq ∈ {1, ..., n}, the compact
notation for products Xγ = Xγ1

...Xγd , while Cµ denotes a real constant and µ ∈ {1, . . . , n}. The higher-order
interactions are described by three tensors of respective order dx + 1, dy + 1, dx + dy + 1, and whose elements are

D(dx+1)
µα =

N∑
i=1

cidx0MµiM
+
iα1

...M+
iαdx

, (S203)

W(dy+1)
µβ =

N∑
i,j1,...,jdy=1

ci0dyMµiWij1 ...Wijdy
M+
j1β1

...M+
jdyβdy

, (S204)

T (dx+dy+1)
µαβ =

N∑
i,j1,...,jdy=1

cidxdyMµiM
+
iα1

...M+
iαdx

Wij1 ...Wijdy
M+
j1β1

...M+
jdyβdy

, (S205)

for some real coefficients cidxdy with i ∈ {1, ..., N} and dx, dy ∈ Z+.

Proof. By definition of an analytic function, there is a convergent power series describing the vector field of the
complete dynamics, i.e.,

hi(xi, yi) =

∞∑
dx=0

∞∑
dy=0

cidxdyx
dx
i y

dy
i , i ∈ {1, ..., N}, (S206)

where we have chosen to express the power series around xi = yi = 0 without loss of generality. The reduced dynamics
is therefore

Ẋµ =

∞∑
dx,dy=0

N∑
i=1

cidxdyMµi

(
n∑
α=1

M+
iαXα

)dx  N∑
j=1

n∑
β=1

WijM
+
jβXβ

dy

.

The sum can be separated as

Ẋµ = Cµ +

∞∑
dx=1

N∑
i=1

cidx0Mµi

(
n∑
α=1

M+
iαXα

)dx
+

∞∑
dy=1

N∑
i=1

ci0dyMµi

 N∑
j=1

n∑
β=1

WijM
+
jβXβ

dy

+

∞∑
dx,dy=1

N∑
i=1

cidxdyMµi

(
n∑
α=1

M+
iαXα

)dx  N∑
j=1

n∑
β=1

WijM
+
jβXβ

dy

,

where we have defined Cµ =
∑N
i=1Mµici00. Expanding the exponents and introducing the multi-indices directly

provide the desired result.

Remark S62.

1. As explained in Section 1.1 (p.3) of Ref. [225], the tensors above could be more precisely called hypermatrices.
2. For clarity, we specify the order of the tensor as an exponent in parentheses. In the paper and in Example S68,

the order is clear from the indices and we thus avoid this notation for simplicity. Also, we let the indices
differentiate the tensors, e.g., T1(2,3)(4) (dx = 2, dy = 1) and T1(2)(3,4) (dx = 1, dy = 2) are elements of two
different tensors. Finally, when it’s clear in the context, if a multi-index is a singleton, than we remove the
parentheses, e.g., Tµ(ν)(κ) becomes Tµνκ.

3. The coefficients cidxdy can be chosen as the ones of the Taylor series of hi for all i.
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4. For the sake of simplicity, let us consider the case where ci01 = 1 for all i. We observe that W(2) = MWM+

appears in the reduced dynamics, which can be viewed as the reduced weight matrix. From Theorem S50, it
is also the unique solution to the compatibility equation [154] WM = MW when rankM = n and it is the
least-square optimal solution to the problem ‖WM −MW‖2F with W as the optimization variable. Remember
from Ref. [154] that solving the compatibility equation is necessary to cancel the first-order errors in DART
or less generally, to close the reduced dynamics of any linear dynamics ẋ = Wx. Indeed, for X = Mx,
Ẋ = MWx =WMx =WX where one can reasonably choose W =W(2) as explained before.

5. If there was already higher-order interactions in the complete dynamics, the least-square optimal reduced dy-
namics would have new higher-order interactions that depends on the original ones, the parameters of the
dynamics, and the reduction matrix.

6. The latter proposition can easily be extended to complex variables. First assume that the complex dynamics
has the form ẋi = ri(xi, yi, x̄i, ȳi), where ¯ is complex conjugation and ri : C4 7→ C is a holomorphic function
(and thus analytic):

ri(xi, yi, x̄i, ȳi) =

∞∑
dx=0

∞∑
dy=0

∞∑
d̄x=0

∞∑
d̄y=0

cidxdy d̄xd̄yx
dx
i y

dy
i x̄

d̄x
i ȳ

d̄y
i , i ∈ {1, ..., N}. (S207)

The rest of the proof is similar to its real counterpart. This is especially interesting for phase dynamics such as
the Kuramoto model (see Example S68).

7. This is not the only dimension reduction that yields higher-order interactions. We did not realize it clearly at
the moment of writing Ref. [154], but DART also yields higher-order interactions, which can be explicitly seen in
Eqs. (28-30). However, these higher-order interactions could be avoided by noting that the phase dynamics have
a vector field of the form hi(xi, yi). Indeed, using Taylor’s theorem for both x and Wx, there is no compatibility
equation for the degrees that appears to cancel the first-order terms and it ultimately removes the higher-order
contributions with K in Eqs. (28-30). In general, a dimension reduction method where the original vector field
is evaluated at a function of the original variables is susceptible to yield higher-order interactions.

In the last proposition, the graph with N vertices of the complete dynamics (and its parameters encoded by all the
coefficients cidxdy ) is thus replaced by a hypergraph H [225–227] with n vertices [see Fig. 3d of the paper], defined

from the tensors D(dx+1), W(dy+1), and T (dx+dy+1), in the reduced dynamics. Below, we define more precisely the
notion of directed, weighted, and signed hypergraphs.

Definition S63. A hypergraph is a triple H = (Υ,Ξ,Ω), where
– Υ = {1, ..., n} is the set of vertices;
– Ξ is a set of hyperarcs (or directed hyperedges) defined as an ordered pair E = (H,T ), where H is the head of

the hyperarc (a nH -tuple with elements in Υ), T is the tail of the hyperarc (a nT -tuple with elements in Υ),
and 2 ≤ nH +nT ≤ n with nH , nT ≥ 1. For nH = 1 and nT = 1, the hyperarc is a directed edge. If nH = 1 and
nT > 1, it is a backward hyperarc and if nH > 1 and nT = 1, it is a forward hyperarc;

– Ω is a function that assigns a real value to the hyperarcs.

Remark S64.
• The latter definition is a generalization of hypergraphs [226] and of directed hypergraphs as defined in Ref. [227],

where the head and the tails of the hyperarcs are sets instead of tuples.
• For the weight matrix with elements Wij , we use the convention that the edge (or arc) (i, j) is directed from j

to i. For consistency, in the definition above, we use the convention that the hyperarc (H,T ) (instead of (T,H)

as in Ref. [227]) is directed from the tail T to the head H. As a consequence, in the tensor notation T (dx+dy+1)
µαβ ,

the index µ and the multi-index α are part of the head while β is part of the tail of the hyperarc. Thus, T1(2)(3)

(nT = 1) is a forward hyperarc ((1, 2), (3)) while T1()(2,3) (nH = 1) is a backward hyperarc (1, (2, 3)). Note that

the tensor W(dy+1) with elements in Eq. (S204) always form backward hyperarcs (from β to µ) since dx = 0,
while the tensor with elements in Eq. (S205) can be any type of hyperarc (with µ always belonging to the head).
In the example of the paper for the epidemiological dynamics, Eq. (7) is a forward hyperarc (from κ to µν).

We now derive two key consequences of Proposition S61. First, Proposition S61 shows that there can be an infinite
number of higher-order interactions in the reduced dynamics. Yet, for a special family of vector fields, we prove that
there is a finite number of them which are related to the nonlinearity of the original dynamics.

Corollary S65. If hi(xi, yi) is a polynomial of total degree δ in xi and yi for all i ∈ {1, ..., N} and condition (2) of
Assumptions S55 holds, then the reduced dynamics has a polynomial vector field of total degree δ with interactions of
maximal order δ + 1.

Proof. Since any polynomial is analytic, condition (1) of Assumptions S55 is satisfied. Then, by Proposition S61, the
reduced dynamics is given by Eqs. (S202-S205). In the following, the conclusions are valid for all i ∈ {1, ..., N}. Let
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Ii = {cidxdy}∞dx,dy=0 be the i-th (countable) infinite set of coefficients related to the i-th analytic function hi. The fact

that hi is a polynomial implies that there is a finite subset of nonzero coefficients Fi ⊂ Ii describing a polynomial
vector field for the reduced dynamics. Consider any coefficient ci′d′xd′y ∈ Fi such that d′x + d′y = δ, the total degree of

the polynomial hi. Then, at least one of the tensors D(d′x+1),W(d′y+1), T (d′x+d′y+1), with elements in Eqs. (S203-S205),
have the highest possible order δ+ 1. Moreover, there will be at least one monomial term Xα1

...Xαd′x
, Xβ1

...Xβd′y
, or

Xα1 ...Xαd′x
Xβ1 ...Xβd′y

in Eq. (S202) that is of maximal degree δ, which means that reduced dynamics has a polynomial

vector field of total degree δ.

Second, the tensors describe Proposition S61 strongly depends on the reduction matrix M , or in other words, the
reduction matrix will play a role on the form of the higher-order interactions. One can therefore ask if one can choose
M in such a way that there are only pairwise interactions in the reduced dynamics. In the next corollary, we provide
sufficient conditions to have pairwise interactions in the least-square reduced dynamics.

Corollary S66. Let s : V → Υ be a surjection where V = {1, ..., N} and Υ ∈ {1, ..., n} are the vertex sets of the
complete and reduced system respectively. If Assumptions S55 hold, the reduction matrix M has elements Mµi =
mµiδµ s(i) with mµi ∈ R for all µ, i, and hi linearly depends on yi for all i, then there are solely pairwise interactions
in the reduced system. The result doesn’t hold in general for nonlinear dependencies of hi over yi.

Proof. For such reduction matrix, the elements of its Moore-Penrose pseudoinverse are, for all µ ∈ Υ and i ∈ V,

M+
iµ = mµiδs(i)µ/qµ, where qµ =

∑N
i=1m

2
µiδs(i)µ. Substituting M and M+ in Eqs. (S203-S205) yields

D(dx+1)
µα =

1

qα

N∑
i=1

cidx0mµαi δµ s(i)δs(i)α1
... δs(i)αdx ,

W(dy+1)
µβ =

1

qβ

N∑
i,j1,...,jdy=1

ci0dymµi δµ s(i)Wij1 ...Wijdy
δs(j1) β1

... δs(jdy ) βdy
,

T (dx+dy+1)
µαβ =

1

qαβ

N∑
i,j1,...,jdy=1

cidxdymµαi δµ s(i)δs(i)α1
... δs(i)αdxWij1 ...Wijdy

mβ1j1 ...mβdy jdy
δs(j1) β1

... δs(jdy ) βdy
,

where qγ = qγ1
...qγd and mµαi = mµimα1i...mαdi. For D(dx+1) and any dependence of hi over yi, it is straightforward

to observe that the only nonzero elements are such that µ = α1 = ... = αdx . The tensor can therefore be mapped to
a n× n diagonal matrix. Henceforth, we only consider W(dy+1) and T (dx+dy+1).

The fact that hi(xi, yi) linearly depends on yi for all i is equivalent to setting dy = 1 in its power series in Eq. (S206),
i.e.,

hi(xi, yi) =

∞∑
dx=0

cidx1x
dx
i yi, i ∈ {1, ..., N}.

Proposition S61 thus implies that

W(2)
µβ =

1

qβ

N∑
i,j=1

ci01mµimβjδµ s(i)Wijδs(j) β and T (dx+2)
µαβ =

1

qαβ

N∑
i,j=1

cidx1mµαiδµ s(i)δs(i)α1
... δs(i)αdxWijmβj δs(j) β .

Clearly, W(2) is a matrix and the nonzero elements of T (dx+2) are for µ = α1 = ... = αdx (there are at most n2 of
them), which means that it can be mapped to a n × n matrix. Hence, there are solely pairwise interactions in the
least-square reduced dynamics.

If dy > 1 (i.e., for a nonlinear dependency of hi over yi), a simple example suffices to prove the last statement. Let
dy = 2, V = {1, 2, 3, 4, 5}, Υ = {1, 2, 3}, and s(1) = 1, s(2) = 1, s(3) = 2, s(4) = 3, s(5) = 3. Moreover, consider that
W52, W53, m12, m23, m35, c502 are not equal to zero. Then, Proposition S61 gives

W(3)
µ(β1,β2) =

1

qµβ1β2

N∑
i=1

ci02mµi δµ s(i)

 N∑
j,k=1

mβ1jmβ2kWijWikδs(j) β1
δs(k) β2

 .

It only remains to prove that there can be nonzero elements for β1 6= β2. For β1 = 1, β2 = 2, j = 2, and k = 3 in
the parentheses of the last equation, there is a term m12m23Wi2Wi3δs(2) 1δs(3) 2 = m12m23Wi2Wi3. Considering the
whole equation for i = 5 and µ = 3, there is a nonzero term c502m35m12m23W52W53/q312. Hence, in this example,
W3(1,2) 6= 0 despite the fact that the observables are defined on disjoint sets of vertices.
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Remark S67. If n = N , the higher-order interactions between the observables does not necessarily disappear because
of the linear transformation done by M on x. Obviously, if M = I, X = x and Ẋµ = ẋi = hi(xi, yi) for all i and there
are no higher order interactions. However, the vector field M ◦h◦M+ will generally contain higher-order interactions.
But of course, if M has full rank N , it is invertible and one can transform back the dynamics of the observable X
(with higher-order interactions) to the dynamics in x (without higher-order interactions), since x = M−1X.

Let’s now provide the details about the examples presented in Extended Data Table 1.

Example S68 (Emergence of higher-order interactions in typical models). Proposition S61 and Corollary S65 imply
the following results in different fields of application.

1. QMF SIS dynamics [Eq. (S192) in Example S56]:

Ẋµ =

n∑
ν=1

(Dµν +Wµν)Xν +

n∑
ν,κ=1

TµνκXνXκ, (S208)

where D = −MDM+ with D = diag(d1, ..., dN ), W = γMWM+, and

Tµνκ = −γ
N∑

i,j=1

MµiM
+
iνWijM

+
jκ,

with α = (ν) = ν and β = (κ) = κ. Interestingly, for n = 1, one can find the exact solution to Eq. (S192) since
it is a Bernouilli differential equation.

2. Microbial population dynamics [Eq. (S197) in Example S58]:

Ẋµ = Cµ +

n∑
ν=1

DµνXν +

n∑
ν,κ=1

(Dµ(ν,κ) + Tµνκ)XνXκ +

n∑
ν,κ,τ=1

Dµ(ν,κ,τ)XνXκXτ (S209)

where D = −dMM+ and

Dµ(ν,κ) = b

N∑
i=1

MµiM
+
iνM

+
iκ , Tµνκ = γ

N∑
i,j=1

MµiM
+
iνWijM

+
jκ , Dµ(ν,κ,τ) = −c

N∑
i=1

MµiM
+
iνM

+
iκM

+
iτ .

3. Kuramoto-Sakaguchi dynamics [Eq. (S199) in Example S59]:

Ẋµ =

n∑
ν=1

(Dµν +Wµν)Xν +

n∑
ν,κ,τ=1

Tµ(ν,κ)τXνXκX̄τ (S210)

where D = iMDM+ with D = diag(ω1, ..., ωN ), W = γe−iαMWM+, and

Tµ(ν,κ)τ = −γeiα
N∑

j,k=1

MµjM
+
jνM

+
jκWjkM

+
kτ ,

with α = (ν, κ), β = (τ) = τ . In this case, the reduced variables X1,...,Xn and the involved tensors are complex.

Remark S69.

• We found that there can be computational benefits to write the vector fields in terms of tensors (subsection III G).
• The fact that the least-square optimal reduced vector field contains higher-order interactions raises the problem

of getting mathematical insights from dynamics on hypergraphs, which recalls again the pertinence of this field
in the study of complex systems. Fortunately, many recent papers address the problem, such as Ref. [228] or
Ref. [229]. See Ref. [190] for more references.

In phase reduction techniques [210], dN -dimensional weakly coupled limit-cycle oscillators dynamics, where each
of the N oscillators is described by d variables, are reduced to a N -dimensional dynamics of their phase. It is known
that these phase reductions lead to higher-order interactions between the phases [212, 230, 231] or, in other words,
between microscopic observables (i.e., there is a phase for each oscillator, considered as the microscopic level, except
in Ref. [232, Fifth section]). In contrast, the higher-order interactions that we observe emerge from a large variety of
dynamical systems and they are between observables that can cover different scales, which strongly depends over the
choice reduction matrix. The generality of our results thus suggests that the emergence could be quite ubiquitous.
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D. Upper bound on the alignment error and exact dimension reduction

In this subsection, we evaluate the impact of choosing the least-square optimal vector field in Theorem S52 on the
alignment error E(x) in Rn. In particular, we will see that obtaining an upper bound on E(x) is useful to find a
reasonable choice of reduction matrix M . More importantly, to determine more quantitatively the repercussions of
the low-rank hypothesis on the dynamics, we aim at estimating the error caused by the optimal reduced dynamics as
a function of n. Let us start by listing the assumptions that will be made throughout this subsection.

Assumptions S70.

(1) The N -dimensional complete dynamics on a network defined by the real N ×N weight matrix W is

ẋ = g(x, y) =

 g1(x1, ..., xN , y1, ..., yN )
...

gN (x1, ..., xN , y1, ..., yN )

 , (S211)

where x : t 7→ RN , y = Wx, and g : RN × RN → RN is a continuously differentiable function.

(2) The n-dimensional reduced dynamics (n < N) is the least-square optimal dynamics of Theorem S52, i.e.,

Ẋ = Mg(M+X,WM+X) . (S212)

(3) The reduction matrix M is the truncated left singular vector matrix V >n of W .

Note the first assumption is less restrictive than the first one of the Assumptions S55. We chose n < N to
ensure dimension reduction and also, because it is obvious to show that we can have a zero alignment error when
n = N = rankM . In this case, the “reduced” dynamics is not reduced anymore, but it is still a linear transformation
of the complete dynamics.

Lemma S71. If conditions (1) and (2) in Assumptions S70 hold with n = N = rankM , the alignment error is 0.

Proof. If M has rank N , the pseudoinverse of M is its inverse and the related projector is P = M+M = M−1M = I.
Hence, the alignment error in Rn is obviously zero: E(x) = ‖M [g(x,Wx)− g(Px,WPx)]‖/

√
n = 0.

Let us now turn to one of the important results of the paper. The next theorem demonstrates that the alignment
error between a high-dimensional vector field depending on a network and its optimally reduced version is intrinsically
related to the network’s singular value profile: when the singular values σn decrease rapidly with n, so does the
alignment error. Therefore, a low-rank hypothesis induces a low-dimension hypothesis for dynamical systems.

Theorem S72. If all conditions of Assumptions S70 hold, the alignment error in Rn at x ∈ RN is upper-bounded as

E(x) ≤ 1√
n

[
‖V >n Jx(x′, y′)(I − VnV >n )x‖+ σn+1‖V >n Jy(x′, y′)‖2‖x‖

]
, (S213)

where y′ = Wx′ with x′ being some point between x and VnV
>
n x, σi is the i-th singular value of W , and Jx(x′, y′),

Jy(x′, y′) are the Jacobian matrices of g with derivatives according to the vectors x and y respectively. Moreover, for
any x not at the origin of RN , the following upper bound on the relative alignment error holds:

E(x)

‖x‖
≤ 1√

n

[
α(x′, y′) + σn+1β(x′, y′)

]
, (S214)

where α(x′, y′) = σ1(Jx(x′, y′)) and β(x′, y′) = σ1(Jy(x′, y′)).

Proof. From the definition of the alignment error and the first two conditions in Assumptions S70, we have

E(x) =
1√
n
‖M [g(x, y)− g(x̃, ỹ)]‖,

where y = Wx, x̃ = Px, and ỹ = WPx with P = M+M . Let’s define the function

u(x) = g(x, `(x)), (S215)

with the linear function `(x) = Wx. Since g is a continuously differentiable function, u is also continuously differen-
tiable and Taylor’s theorem with 0-th order Lagrange remainder guarantees that

u(x) = u(x̃) +Du(x′)(x− x̃) (S216)
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for some x′ between x and Px and where Du(x′) is the total derivative of u. From Eq. (S215) and the chain rule for
the total derivative, we have (abusing the matrix notation)

Du(x′) = Dg(x′, y′) =
∂g

∂x
(x′, y′) +

∂g

∂y
(x′, y′)

∂`

∂x
(x′) = Jx(x′, y′) + Jy(x′, y′)W, (S217)

where y′ = `(x′) = Wx′, the elements of the Jacobian matrices Jx(x′, y′), Jy(x′, y′) are respectively

[Jx(x′, y′)]ij =
∂gi(x, y)

∂xj

∣∣∣∣∣
(x,y)=(x′,y′)

, [Jy(x′, y′)]ij =
∂gi(x, y)

∂yj

∣∣∣∣∣
(x,y)=(x′,y′)

,

and we have used the fact that W is the Jacobian matrix of `. The Taylor expansion (S216) of u with N variables
(xi)

N
i=1 for some x′ therefore implies a Taylor expansion for g with 2N variables (xi, yi)

N
i=1 for some x′ with y′ = Wx′:

g(x, y) = g(x̃, ỹ) + Jx(x′, y′)(x− x̃) + Jy(x′, y′)W (x− x̃). (S218)

The alignment error becomes

E(x) =
1√
n
‖M [Jx(x′, y′)(I − P )x+ Jy(x′, y′)W (I − P )x]‖

and the triangle inequality gives

E(x) ≤ 1√
n

[
‖MJx(x′, y′)(I − P )x‖+ ‖MJy(x′, y′)W (I − P )x‖

]
.

Moreover, the induced spectral norm for the second term yields

E(x) ≤ 1√
n

[
‖MJx(x′, y′)(I − P )x‖+ ‖MJy(x′, y′)W (I − P )‖2‖x‖

]
and the submultiplicativity of the spectral norm implies

E(x) ≤ 1√
n

[
‖MJx(x′, y′)(I − P )x‖+ ‖W (I − P )‖2‖MJy(x′, y′)‖2‖x‖

]
. (S219)

From condition (3) of Assumption S70, we have M = V >n which is, by Theorem S9, the optimal solution to the
minimization of ‖W (I − P )‖2 with error σn+1 (square root of the problem (P2) and the error for the spectral norm
in Eq. (S11)). The second inequality is deduced as follows:

E(x)

‖x‖
≤ 1√

n

[
‖V >n Jx(x′, y′)(I − VnV >n )‖2 + σn+1‖V >n Jy(x′, y′)‖2

]
(S220)

≤ 1√
n

[
‖V >n Jx(x′, y′)‖2 + σn+1‖V >n Jy(x′, y′)‖2

]
(S221)

≤ 1√
n

[
‖Jx(x′, y′)‖2 + σn+1‖Jy(x′, y′)‖2

]
, (S222)

where we have used successively the submultiplicativity of the spectral norm and identities ‖(I − VnV
>
n )‖2 = 1,

‖V >n ‖2 = 1. The desired upper bound is found upon noticing that ‖Jx(x′, y′)‖2 = σ1(Jx(x′, y′)) and ‖Jy(x′, y′)‖2 =
σ1(Jy(x′, y′)).

Remark S73.
• The dynamics used in the paper have the less general form (compared to condition (1) in Assumptions S70)

ẋi = hi(xi, yi), i ∈ {1, ..., N}, (S223)

where, for all i, xi : t 7→ RN , yi =
∑N
j=1Wijxj and hi : R2 7→ R. This implies that for all dynamics considered

in the paper, the Jacobian matrices Jx(x′, y′) and Jy(x′, y′) are diagonal.
• Even if the effective ranks of real networks are low compared to N , they are generally larger than one, meaning

that σn+1 is not negligible when n = 1. According to our analysis, we therefore do not expect one-dimensional
reductions [207, 233, 234] to yield accurate results in general, which is consistent with numerical observations
made in previous studies [154, 233, 235–237]. Some very simple synthetic networks, however, such as those
generated by the Erdös-Rényi and Chung-Lu models, typically have a very small second singular value, suggesting
that accurate one-dimensional reductions are possible for those cases.
• Using the induced spectral norm in the upper bound introduces a factor of about

√
N/2 when sampling x

uniformly between 0 and 1. This is one of the main reasons why the bound is not always tight. But our focus
is not on magnitude of the error or the tightness of the bound, but on the decrease of the error. The extra

√
N
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is removed by considering the relative alignment error.
• The relative alignment error E(x)/‖x‖ is upper-bounded by purely spectral factors, which can be classified into

two types: (1) those related to the Jacobians and thus depending upon the dynamics, and (2) σn+1 that only
depends on the network. The second type is universal in the sense that it applies to all dynamics. Contrary to
what is observed with σn+1 in real networks, the factors α(x′, y′) and β(x′, y′) do not necessarily decrease as n
increases.
• The relative alignment error bound above can be improved, but it has a price. Indeed, the first steps of the

theorem, the induced spectral norm and the submultiplicativity lead to E(x)/‖x‖ ≤ ‖M‖2‖Du(x′)(I−P )‖2/
√
n.

From there, one could consider that M is dependent over x′ and set M := R>n (x′), the truncated right singular
vector matrix of the Jacobian matrix Du(x′). Again, this choice minimizes ‖Du(x′)(I −P )‖2 from Theorem S9
and one has the simple upper bound E(x)/‖x‖ ≤ γn+1(x′)/

√
n, where γn+1(x′) is the (n+ 1)-th singular value

of Du(x′) depending on x′. The dependence of the reduction matrix over x′ is, however, not desired since we
want the reduced dynamics to be independent of the N -dimensional dynamics.

As a byproduct of the last theorem, the fact that the term ‖W (I − M+M)‖2 appears in the upper bound in
Eq. (S219) of the alignment error suggests a reasonable choice of reduction matrix, M = V >n , which minimizes
‖W (I −M+M)‖2 from Theorem S9. Of course, this doesn’t mean that it is the reduction matrix that minimizes the
alignment error in Rn (which is another problem in itself), but it provides a reduction matrix that is independent of
position x and time t: it solely depends on the structure of the system. The theorem also provides a criterion for
exact dimension reduction or in images, perfect alignment of the complete and reduced vector fields, as shown in the
following corollary.

Corollary S74. If all conditions of Assumptions S70 hold, Jx(x′, y′) = aI for some real constant a, and n = rankW ,
then the alignment error E(x) vanishes for all x.

Proof. Setting Jx(x′, y′) = aI eliminates the first term of the bound in Theorem S72 for any M :

‖MJx(x′, y′)(I − P )x‖ = a‖(M −MM+M)x‖ = 0, (S224)

since MM+M = M according to the defining properties of the Moore-Penrose pseudoinverse. Finally, if n = rankW ,
then σn+1 = 0, which cancels out the second term of the bound.

Let s be a vector of N functions si : R→ R. Let W be a N ×N matrix of rank r < N with compact SVD UrΣrV
>
r .

If M = V >r , then by Corollary S74, the dynamics

ẋ = −d x+ s(Wx) (S225)

can be exactly reduced to the r-dimensional reduced dynamics

Ẋ = −dX + V >r s(UrΣrX), X = V >r x . (S226)

Example S75. The simplest example is the linear dynamics

ẋ = Wx , (S227)

where W is not restricted to be the weight matrix in itself and the exact reduction is

Ẋ = V >r UrΣrX, X = V >r x . (S228)

Example S76. A noteworthy example of dynamics of the form (S225) is the RNN defined by Eqs. (S201). Therefore,
when rankW = r < N and di = d for all i ∈ {1, ..., N}, the RNN exactly reduces to the r-dimensional dynamics

Ẋ = −dX + V >r tanh(UrΣrX + c), X = V >r x , (S229)

where Ur, Σr, V
>
r form the compact SVD of the neural network W .

The RNN used in reservoir computing [121] also involves a dynamics of the form (S201) (with, of course, the
important output equation y = W (out)x). It can thus be exactly reduced too. Note, however, that the learned matrix
W is generally of full rank, but it can have a low effective rank. By shrinking the singular values (with optimal
shrinkage [29] for instance) of W , one can get a new RNN and then apply the last result to have a low-dimensional
RNN. In other words, one can truncate the neural network W at some rank k —yielding the rank k matrix Wk—in
such a way that there is no cost at reducing to k equations the N -dimensional RNN depending on Wk (except the
preliminary cost of truncating W ).

Example S77. The Wilson-Cowan dynamics in Eq. (S188) with a = 0 and dj = d for all j ∈ {1, ..., N} is essentially
equivalent, from a mathematical perspective, to the RNN of the last example. It can thus be exactly reduced to the
dynamics

Ẋ = −dX + V >r S[b(γUrΣrX − c)], X = V >r x . (S230)
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n = 38 = shrank(W) n = 273 = rank(W)n = 1

Exact dimension reduction

n = 9     srank(W)

Fig. S8: Comparison between the global observable at equilibrium X ∗ of the complete (blue) and reduced (orange)
Wilson-Cowan dynamics on the (unsigned) C. elegans connectomes (N = 279, rank(W ) = 273) vs. the global coupling γ for
n ∈ {1, 9, 38, 273}. Parameters: d = 1, a = 0, b = 1, c = 3. For the weight matrix, see the GitHub repository, module
get real network.py, function get connectome weight matrix (graph name=“celegans”). The effective ranks of this
connectome with weight matrix W are srank(W ) ≈ 9, thrank(W ) = 27, elbow(W ) = 31, nrank(W ) ≈ 36, shrank(W ) = 38,
energy(W ) = 106, and erank(W ) ≈ 192.

In Fig. S8, we illustrate this result for a real connectome by comparing the global observable at equilibrium (see

subsection III F) of the complete and reduced dynamics Ẋ = −dX + V >n S[b(γUnΣnX − c)] with X = V >n x and
different values of n.

Example S78. The threshold-linear model in Eq. (S194) with rankW = r < N can also be exactly reduced (despite
the discontinuity in the vector field) to the r-dimensional reduced dynamics

Ẋ = −X + V >r [UrΣrX + b]+ , X = V >r x , (S231)

where X = V >r x and Ur, Σr, V
>
r form the compact SVD of the neural network W . To apply Corollary S74, one can

simply replace [ ]+ by the softplus function to satisfy the condition 1 of Assumptions S70.

In the case of a linear dynamics, not only the dimension reduction is exact for n = r (Example S75), but the upper
bound S214 on the relative alignment error in Theorem S72 takes a very simple form.

Corollary S79. If the dynamics is a linear system ẋ = Wx and Assumptions S70 (2) and (3) are satisfied, the
relative alignment error in Rn at x ∈ RN is

E(x)

‖x‖
≤ σn+1√

n
, (S232)

where σi is the i-th singular value of W .

Proof. It is clearly seen by following the steps of Theorem S72. Indeed, for the linear case, the reduced dynamics is

Ẋ = WM+X (S233)

and the alignment error is

E(x) =
1√
n
‖M(Wx−WM+X)‖ =

1√
n
‖MW (I − P )x‖, (S234)

where P = M+M . The induced spectral norm and the submultiplicativity imply that

E(x) ≤ 1√
n
‖M‖2‖W (I − P )‖2‖x‖. (S235)

Assumption S70 (3) then leads to

E(x) ≤ 1√
n
‖W (I − VnV >n )‖2‖x‖ (S236)

and using Theorem S9 gives the desired result.

For a linear system, the relative alignment error is solely dependent on the (n+ 1)-th singular values and a scaling
factor 1/

√
n. As a consequence, a rapid decrease of the singular values of W directly induces a rapid decrease of the

alignment error.

https://github.com/VinceThi/low-rank-hypothesis-complex-systems
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E. Computation of the upper bound on the alignment error

The bound in Theorem S72 depends on some real point x′ which is unknown a priori. Yet, according to Eqs. (S216-
S218), it is possible to find x′ analytically (sometimes exactly) or numerically from

[Gx(x′) +Gy(x′)W ] (I − P )x = u(x)− u(Px) , (S237)

where Gx(x′) = Jx(x′, y′), and Gy(x′) = Jy(x′, y′). Below, we give four examples, one for each dynamics used in the
paper to produce Fig. 4, from the simplest to the more complex case.

Example S80 (Epidemiological). For the QMF SIS dynamics in Eq. (S192), we can exactly find x′. We have

u(x) = −Dx+ γ(1− x) ◦Wx (S238)

Gx(x′) = −D − γ diag(Wx′) (S239)

Gy(x′) = γ[I − diag(x′)], (S240)

where D = diag(d1, ..., dN ). By substituting the expressions above in Eq. (S237) and by canceling some terms, we
have

Wx′ ◦ χ+ x′ ◦Wχ = x ◦Wx− Px ◦WPx. (S241)

where χ = (I − P )x. The commutativity of the Hadamard product implies

χ ◦Wx′ +Wχ ◦ x′ = x ◦Wx− Px ◦WPx, (S242)

which can be written as a linear equation in x′, i.e.,

[diag(χ)W + diag(Wχ)]x′ = x ◦Wx− Px ◦WPx, (S243)

If the matrix diag(χ)W + diag(Wχ) is invertible (which is true in general), then the unique solution to the linear
system is

x′ = [diag(χ)W + diag(Wχ)]−1(x ◦Wx− Px ◦WPx). (S244)

In rare cases, if the matrix diag(χ)W + diag(Wχ) is singular, then one can use the least-square optimal solution
by using the pseudo-inverse. That being said, using Eq. (S244), one can compute exactly the upper bound on the
alignment error for the QMF SIS. In Fig. 4a, we compute the bound for the network of high school contacts from
Netzschleuder. For each n and each of the 1000 samples of x with elements between 0 and 1 (the dynamics is bounded
between 0 and 1), the diagonal elements in D are sampled from a Gaussian probability density function with mean
1 and standard deviation 0.001 and the coupling constant γ is sampled from a uniform probability density function
between 0.01 and 4. In this parameter region, there is a transcritical bifurcation for the global observable defined in
subsection III F (see Fig. 4e).

It is sometimes unnecessary to find x′ in itself to compute the bound if the Jacobian matrices solely depend on a
function of x′, as shown in the next example.

Example S81 (RNN). Another way to write the RNN (with no current) is

ẋi = −dixi + tanh(γ
∑N
i=1Wijxj) = −dixi + 2S(2γ

∑N
i=1Wijxj)− 1. (S245)

For the RNN dynamics, we have

u(x) = −Dx+ tanh(γWx) = −Dx+ 2S(2γWx)− 1 (S246)

Gx(x′) = −D (S247)

Gy(x′) = 4γ diag [S(2γWx′)[1− S(2γWx′)]] (S248)

where D = diag(d1, ..., dN ), S is the sigmoid function. We observe that Gx(x′) do not depend over x′ and Gy(x′)
solely depends on the derivative of S(2γWx′) so we won’t have to look for x′. By substituting the expressions above
in Eq. (S237) and by canceling some terms, we get

S(2γWx′)[1− S(2γWx′)] =
1

2γ
diag[W (I − P )x]−1[S(2γWx)− S(2γWPx)] (S249)

which can be directly substituted into Gy(x′) to compute the upper bound. In Fig. 4c, we compute the bound for
the learned network mouse-control1-model.npz from Ref. [238]. For each n and each of the 1000 uniform samples
of x with elements between -1 and 1 (the dynamics is bounded between -1 and 1), the diagonal elements in D are
sampled from a Gaussian probability density function with mean 1.6 and standard deviation 0.001 and the coupling
constant γ is sampled from a uniform probability density function between 0.16 and 4.8. This parameter region

https://networks.skewed.de/net/sp_high_school
https://data.mendeley.com/datasets/dghdz45rfd/2
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covers convergent and oscillatory dynamics for the RNN. See the script simulations/trajectories rnn.py on the Github
repository low-rank-hypothesis-complex-systems to generate trajectories.

Letting some parameters be small or using numerical optimization, one can get reasonable approximations of the
upper bound.

Example S82 (Neuronal). For the Wilson-Cowan dynamics, we have

u(x) = −Dx+ (1− ax) ◦ S[b(γWx− c)] (S250)

Gx(x′) = −D − adiag(S[b(γWx′ − c)]) (S251)

Gy(x′) = bγ[I − diag(x′)] diag(S[b(γWx′ − c)](1− S[b(γWx′ − c)])). (S252)

From there, various methods can be used to evaluate the upper bound.
1. If a = 0, one can get evaluate the upper bound exactly as in the RNN case, with the difference that the sigmoid

function depends over the two other parameters b and c. If a is sufficiently close to 0, one can also proceed
as in the RNN case, but it will give an approximation of the error bound. In this case, the Jacobian Gx(x′),
depending on a and appearing in the first term of the error bound, become more and more important relatively
to the second term as n increases.

2. Instead of trying to solve Eq. (S237) for x′, one can naively set x′ as x or Px and choose the one that gives
the maximum upper bound value on the alignment error. In this case, the approximation of the upper bound
is more accurate for larger n since x and Px get closer and x′ is a point between them.

3. Numerical optimization, such as a least-squares method, can be used to find x′. This method requires consider-
ably more computational resources, since for each n and each sample in x, one need to solve a high-dimensional
optimization problem.

The code and the tests for each case are given in the Python scripts simulations/errors wilson cowan.py and
tests/test error vector fields wilson cowan.py on the Github repository low-rank-hypothesis-complex-systems. In
Fig S9, we show the correspondence between the three methods for the C. elegans signed network (see
graphs/get connectome weight matrix on the GitHub repository of the paper). For each n and each of the uni-
form samples in x with elements between 0 and 1 (the dynamics is bounded between 0 and 1), the diagonal elements
in D are sampled from a Gaussian probability density function with mean 1 and standard deviation 0.001, the pa-
rameter a is sampled uniformly between 0.001 and 0.1, the parameter b is sampled uniformly between 0.5 and 2, the
parameter c is sampled uniformly between 2 and 4, and the coupling constant γ is sampled from a uniform probability
density function between 0.01 and 1. In Fig. 4b, the same parameters as above are used and we apply the second
method to get x′ since it is faster to compute and it is more precise for large n than the first one.

For some dynamics, it is not trivial to find an approximation like the first method in Example S82 that helps solve
Eq. (S237) in x′.
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Fig. S9: The upper bounds on the alignment error E(x) of the neuronal dynamics for different approximation methods of x′.
The blue line corresponds to the approximation a ≈ 0 (1000 samples for each n), the orange line corresponds to the
approximation that x′ is either x or Px (1000 samples for each n) and the green circles correspond to the approximation of x′

using a least-squares method (10 samples for each n ∈ {1, 50, 100, 150, 200, 250, 296}).

https://github.com/VinceThi/low-rank-hypothesis-complex-systems
https://github.com/VinceThi/low-rank-hypothesis-complex-systems


52

1 200 400 600 800
Dimension n

10 3

10 2

10 1

100

101

102

Av
er

ag
e 

up
pe

r b
ou

nd
s o

n 
(x

)

x or Px approximation
Least-squares method

Fig. S10: The upper bounds on the alignment error E(x) of the microbial dynamics for different approximations of x′. The
orange line is related to the approximation that x′ is x or Px (1000 samples for each n, 35h of simulations on a personal
computer with an Intel i7 processor) and the green circles are related to the approximation of x′ using a least-squares method
(7 samples for each n ∈ {1, 50, 200, 400, 600, 800, 830}).

Example S83 (Microbial). For the microbial population dynamics defined in Eq. (S197), we have

u(x) = a− dx+ b x ◦ x− c x ◦ x ◦ x+ γ x ◦Wx (S253)

Gx(x′) = −dI + diag(2bx′ − 3c x′ ◦ x′ + γWx′) (S254)

Gy(x′) = γ diag(x′). (S255)

In matrix form, it is easily shown that the system of equations to solve is

A(x′ ◦ x′) +Bx′ − C = 0, (S256)

where χ = (I − P )x, Dv = diag(v1, ..., vN ), and

A = −3cDχ (S257)

B = 2bDχ + γDWχ + γDχW (S258)

C = b [x ◦ x− Px ◦ Px]− c [x ◦ x ◦ x− Px ◦ Px ◦ Px] + γ [x ◦ (Wx)− (Px) ◦ (WPx)]. (S259)

In this case, we could not find x′ mathematically, since we have to find a root of a system of N coupled quadratic
equations, which is a problem in the realm of geometric algebra. Concerning the possibility of making approxima-
tions, from our numerical experiments, neither the coupling term γDχWx′ nor the quadratic term can be neglected.
Moreover, for the parameters a = 5, b = 13, c = 10/3 (or c = 1), d = 30, γ ∈ [0.5, 3] and the human gut microbiome
network [205, 239], the dynamics is not bounded above by 1. Since the alignment error is not a relative error, it
can thus take very high values. Even if it’s not a problem in itself, to be coherent with the dynamics in the three
previous example, we rescale xi and t in the dynamics to have trajectories approximately bounded between 0 and 1
and to normalize the human gut microbiome network by its largest singular value σ1 = 171. To achieve that, we have
generated trajectories for the given set of parameters above and we found that the trajectories are (safely) bounded
by 30 given, and so we set xi 7→ xi/30. Thus, with t 7→ 20σ1 t, we get the differential equations

dxi
dt

= a− d xi + b x2
i − c x3

i + γ xi

N∑
j=1

Ŵijxj , (S260)

where the parameters are redefined such that a 7→ a/T ≈ 5×10−5, d 7→ d/T ≈ 0.01, b 7→ bd/T ≈ 0.1, c 7→ cd2/T ≈ 0.9,

γ 7→ γd/20 ∈ [0.5, 4.5], and Ŵ = W/σ1. In Fig. 4d, we use the second method in Example S82 (x′ is x or Px), which
is compared to the least-squares method in Fig. S10. Because this is just an approximation of the bound, it is not
guaranteed that for a given instance in x and a given n, the value of the bound is above the error, but it is above
on average as one can see in Fig. 4d. Also, for each n and each of the uniform samples in x with elements between
0 and 1, d = 0.01, the parameter a is sampled uniformly between 0.00001 and 0.0001, the parameter b is sampled
uniformly between 0.05 and 2, the parameter c is sampled uniformly between 0.5 and 1.5, and the coupling constant
γ is sampled from a uniform probability density function between 0.1 and 5.
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F. Global observables

We here describe how to define an observable that describes the activity (state) of dynamics on networks at large
scale, allowing the production of a two-dimensional diagram depicting the influence of a structural parameter on the
equilibrium states of the (macro-)dynamics.

Numerically, the SVD might give a right singular vector matrix V = (v1 ... vN ) with many negative entries. For
instance, the leading singular vector might contain solely negative elements. Other singular vectors v could be such
that

∑
i vi < 0. As a consequence, the dynamics of the observables Xµ (even the leading one, i.e., X1 related to σ1)

can have equilibrium points below 0, which might be harder to interpret. One way to get more positive values without
using any approximation (e.g., nonnegative matrix factorization [154, 240]) is to play with the non-uniqueness of the
SVD by multiplying the singular vector matrices by a diagonal matrix D± of +1 and -1. Let

D± = diag [ s(
∑
i(v1)i) , ... , s(

∑
i(vN )i) ] , (S261)

where s is defined such that

s(x) =

{
1 if x ≥ 0
−1 if x < 0.

(S262)

Since D± is diagonal, it commutes with any diagonal matrices. Moreover, D±D± = I. Therefore,

W = UΣV > = UΣD±D±V
> = UD±ΣD±V

> := U ′ΣV ′>. (S263)

To get an approximate reduced dynamics of dimension n, we use the truncated SVD UnΣnV
>
n , where Σn :=

diag(σ1, ..., σn) and the N × n truncated singular vector matrices are

Un := (u′1 ... u
′
n) and Vn := (v′1 ... v

′
n). (S264)

After integrating the reduced dynamics with M = V >n , we compute the global observable

X = w ·X = m · x , (S265)

where w is a n× 1 vector of constants, m = w>M and · is the scalar product. From there, one can define observables
on different scales (we will roughly say that we have a global/macroscopic observable if all or almost all vertices
contributes to its value through their state). Indeed, depending on w and M , the 1 × N vector w>M could have
zero elements (say, elements i, j, ...), thus canceling the contribution of the activity of some vertices (xi, xj , ...) to the
observable X . The weight matrices used in the paper (ultimately defining M = V >n ) and the chosen vector w will
lead to global observable, as defined in what follows.

For the epidemiological dynamics, we choose

w = (w1 0 ... 0)> , where w1 =
1∑

j=1(v1)j
(S266)

with v1 being the leading right singular vector. This defines, from Eq. S265, the leading right-singular-vector observable

X =
N∑
i=1

mixi with mi =
(v1)i∑N
j=1(v1)j

. (S267)

Since the high-school contact network is a nonnegative matrix, it satisfies the Perron-Frobenius theorem and the weight
mi can be interpreted as the hub centrality of vertex i (cf. Fig. S5). The leading right-singular-vector observable hence
describes the activity of all the vertices by giving more importance to the ones with high centrality. For the neuronal
dynamics, we use the rescaled leading right-singular-vector observable where

w = (w1 0 ... 0)> , where w1 =
1

r
∑
j=1(v1)j

(S268)

with r = 0.15, to have a bifurcation diagram between 0 and 1 approximately in the range of coupling considered in
Fig. 4f.

For the microbial dynamics on the gut microbiome (signed network), a different global observable to show positive,
stable equilibrium point branches and to illustrate another way of defining a global observable with our framework.
Two criteria are imposed to define the vector m defining the global observable: (1) it does not vary with n and (2)
it is as close as possible to the uniform observable where muni

i = 1/(rN) for all i ∈ {1, ..., N} and for some rescaling
constant r. The first one is imposed strictly while the other is not. To satisfy these conditions, let nmin be the smallest
dimension considered (in Fig. 4g, nmin = 76) and define the n-dimensional vector

w = (w1 ... wnmin
0 ... 0)> (S269)
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and the nmin-dimensional vector

w̄ = (w1 ... wnmin)>. (S270)

Satisfying condition (2) is equivalent to the problem of finding the coefficient w̄ that minimizes ‖Vnmin
w̄ − 1/(rN)‖

where 1 is a N -dimensional vector of ones, which simply gives

w̄ =
1

rN
V >nmin

1. (S271)

where we chose r = 10. Condition (1) is thus satisfied and one can compare the equilibrium points of the global
observable at different values of n ≥ nmin (such as n ∈ {76, 203, 735} in Fig.4).

Note that the above global observables are not chosen in a way that the bifurcation diagram or the trajectories
of the complete dynamics are described in the best way possible by the reduced dynamics (in other words, some
global observable are better described by the reduced dynamics than others), but rather in a way that they are more
intuitive.

G. Numerical efficiency

When integrating the dynamics, the vector field is evaluated many times. For instance, with the integration
method DOPRI45, the vector field is evaluated six times at each time step. It is therefore interesting to report a
speed comparison for the evaluation of (1) the exact reduced vector field M ◦h, (2) the reduced dynamics M ◦h◦M+,
and (3) the reduced dynamics in its tensor form.

TABLE SI: Average time taken to evaluate the exact vector field M ◦ h, the unsimplified reduced vector field M ◦ h ◦M+,
and the reduced vector field in closed form with higher-order interactions (closed-tensor form) for different dynamics and
different values of n. Parameters: N = 500, xi ∼ U [0, 1), θi, α ∼ U [0, 2π), Dii ∼ U [0, 1), Wij ∼ U [−1, 1). The average was
computed over 500 time samples of the above parameters. The experiments were done on a basic laptop (Intel i7 MSI GL62
6Qf) and the related Python scripts are gather in the folder tests/test dynamics of the openly accessible GitHub repository
low-rank-hypothesis-complex-systems.

Average evaluation time [s]

n Reduced vector field Lotka-Volterra QMF SIS Kuramoto-Sakaguchi

1

10

100

Exact M ◦ h
Unsimplified M ◦ h ◦M+

Tensor form

Exact M ◦ h
Unsimplified M ◦ h ◦M+

Tensor form

Exact M ◦ h
Unsimplified M ◦ h ◦M+

Tensor form

3.2× 10−4

3.3× 10−4

1.0× 10−5

3.6× 10−4

3.0× 10−4

2.0× 10−5

5.4× 10−4

4.6× 10−4

8.6× 10−4

3.3× 10−3

3.1× 10−3

2.0× 10−5

3.4× 10−3

2.8× 10−3

2.9× 10−5

3.4× 10−3

3.3× 10−3

9.0× 10−4

9.4× 10−3

9.0× 10−3

5.6× 10−5

9.2× 10−3

8.9× 10−3

9.2× 10−5

1.0× 10−2 ∗

1.1× 10−2 ∗

1.2× 10 0 ∗

*Computed with 10 samples instead of 500.

As shown in Table SI, when we have the argument of each vector field in hand and n is small, there can be
significant benefits to use the reduced dynamics in its tensor form (approximately 10-100 times faster than the
unsimplified reduced vector field and the complete vector field). The advantage of this reduced dynamics is that the
tensors can be computed before the integration of the dynamics. Hence, only quantities depending on n are involved in
the integration. For reasonable sizes n, N , and for small enough tensor order, the tensors can be efficiently computed
using some tensor calculus or using nested for loops optimized with Numba [see graphs/compute tensors.py and the
speed test in tests/test graphs/test compute tensor.py].

Note, however, that for specific M,W,X, the vector field M ◦ h ◦M+ might be faster to evaluate than the closed-
tensor form. For large values of n, the tensor form is particularly slow to compute, especially when the order of the

https://github.com/VinceThi/low-rank-hypothesis-complex-systems
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tensor is higher (e.g., Kuramoto-Sakaguchi for n = 100). The time required to evaluate the unsimplified vector field is
more stable according to the size n. We thus extensively used it to compute the alignment error and its upper bound.
More exhaustive numerical work should be done in the future to assess the benefits and the limitations of choosing a
particular form of the reduced vector field in terms of computation time.

H. Numerical integration of the dynamics

The dynamics on real networks considered in Fig. 4 have very different properties at equilibrium and choosing a
correct ordinary differential equation integrator is essential to ensure reliable results. For the epidemiological, neuronal
and recurrent neural dynamics, using the algorithm DOPRI45 (see the github repository, dynamics/integrate.py,
function integrate dopri45) to get the equilibrium points of the dynamics worked properly when adjusting the time
length and the integration step correctly. For the epidemiological dynamics, the phenomenon of critical slowing down
appears, but it can be easily dealt with by increasing the number of time steps near the bifurcation.

The more challenging problem was the integration of the microbial dynamics on the gut microbiome, since the
differential equations are stiff: an really small time step for DOPRI45 was needed to capture the very fast transitions
in the first steps of the trajectories and the numerical integration was excessively long. Moreover, there are multiple
branches of stable equilibrium points close to each other for the global observable (see subsection III F).

We have thus turned to solve ivp from scipy.integrate with the backward differentiation formula (BDF), an implicit
method with variable step length and order. As mentioned in the documentation [https://docs.scipy.org/doc/
scipy/reference/generated/scipy.integrate.solve_ivp.html] and in Ref. [241], the method is well suited for
stiff problems and we have made great computational time gain by using this method since the integrator uses very
small steps at the beginning and much larger steps near the equilibrium point. We observed that a relative tolerance
of 10−8 and an absolute tolerance of 10−12 for the complete dynamics and a relative tolerance of 10−6 and an absolute
tolerance of 10−10 for the reduced dynamics were reasonable in terms of integration reliability and computational time
for our problem while being in line with the recent benchmarks in Ref. [241]. Moreover, we provided the Jacobian
matrices of the complete and reduced dynamics to the integrator as recommended in the documentation of solve ivp
for the BDF method. We have already computed the Jacobian matrix for the complete microbial dynamics to compute
the alignment errors in subsection III E, we recall that it is given by

Du(x) = Gx(x) +WGy(x), (S272)

where u, Gx and Gy are given in Eqs. (S253-S255) for the microbial dynamics. One can then easily show that the
Jacobian matrix of the reduced dynamics with vector field U = MuM+ is

DU(X) = M Du(M+X)M+. (S273)

In our simulations, we observed that there are many lower (forward) branches of stable equilibrium points near 0
and many other stable equilibrium points (backward) branches at higher values for the global observable. Getting
all these branches would be a tremendous challenge and would require sampling an 838-dimensional space of initial
conditions, which is far from the goal of the paper. We thus sampled from different initial value uniform distributions
to capture some of these branches. We have focused on one forward branch only to illustrate one transition: we
observed that sampling the initial condition x0 from a uniform distribution between 0 and 1 gave only one branch
that eventually loses its stability to fall on some other branch at higher activity when increasing the coupling value.
To obtain a backward branch, (1) we sampled the initial condition x0 from a uniform distribution between 0 and z
where z is a random integer between 1 and 15, (2) we integrated to get an equilibrium point, (3) we decreased the
coupling and used the last equilibrium point as the initial condition for the integration in step (2), and (4) we repeat
the steps (2) and (3) until the minimum coupling value (0.1 in Fig. 4g) was reached. We repeated these four steps
100 times (300 for n = 76) to generate different initial conditions and different stable branches while ensuring at each
iteration that the equilibrium points had reached the tolerance (10−7) and that the equilibrium points were positive.
The code to obtain Fig. 4g is on the Github repository, in simulations/bifurcations microbial.py.

Because of the performances of BDF with the microbial dynamics, we also integrated the other dynamics with the
BDF method with a relative tolerance of 10−8 and an absolute tolerance of 10−12.

https://docs.scipy.org/doc/scipy/reference/generated/scipy.integrate.solve_ivp.html
https://docs.scipy.org/doc/scipy/reference/generated/scipy.integrate.solve_ivp.html
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IV. REAL NETWORK DATASET

In this section, we list the real networks used in the paper and we provide two supplementary figures. Every network
in the table is from Netzschleuder, except 31 of them, listed below.
• ‘celegans signed’: It is obtained by completing (with Dale’s principle) the connectome NT+R method

prediction of the open-source database EleganSign [242] [see graphs/get real networks.py, function
get connectome weight matrix in the GitHub repository].
• ‘drosophila’: It is taken from Ref. [243].
• ‘cintestinalis’ The Ciona intestinalis connectome is from Ref. [244] and is available on our Github repository in

graphs/graph data/connectome/ciona intestinalis lavaire elife-16962-fig16-data1-v1 modified.xlsx.
• ‘pdumerilii neuronal’: The neuronal Platynereis dumerilii connectome is from Ref. [245] and it is an updated

version shared personally by the author G. Jékely to V. Thibeault. The connectome is available on our Github
repository in graphs/graph data/connectome/pdumerilii neuronal.xml.
• ‘pdumerilii desmosomal’: The desmosomal Platynereis dumerilii connectome is from Ref. [246] and it is an

updated version shared personally by the author G. Jékely to V. Thibeault. The connectome is available on our
Github repository in graphs/graph data/connectome/pdumerilii desmosomal.xml.
• ‘mouse meso’: The mesoscopic mouse connectome is given in Ref. [247] and available on our Github repository

in graphs/graph data/connectome/mouse connectome-Oh Nature 2014.csv.
• ‘zebrafish meso’: The zebrafish mesoscopic connectome is adapted from Ref. [148] and the treatment is available

on the paper’s GitHub repository low-rank-hypothesis-complex-systems.
• ‘mouse voxel’: The mouse connectome at the level of voxels is available in Mendeley data

mouse connectome voxelwise [248].
• ‘mouse control rnn’, ‘mouse rnn’, ‘zebrafish rnn’: recurrent neural networks from Hadjiabadi et al. [238].
• ‘fully connected layer cnn XXXXX’ with XXXXX in {00100, 00200, ..., 01000} : fully connected layers from the

convolutional neural networks in the repository NWS[127].
• ‘gut’: The human gut microbiome is from Ref. [239] and was constructed as in the supplementary material of

Ref. [205] [see graphs/get real networks.py, function get microbiome weight matrix in the GitHub repository].
• ‘AT 2008’, ’CY 2015’, ’EE 2010’, ’PT 2009’, ’SI 2016’: Economic networks from Ref. [249].
• ‘financial institution07-Apr-1999’, ‘non financial institution04-Jan-2001’, ‘households 04-Sep-1998’, ‘house-

holds 09-Jan-2002’: Economic networks from Ref. [250] on Dryad.
The code to extract each network made available on Github is in graphs/get real networks. Other information about
the real networks in the dataset is available on the Github repository low-rank-hypothesis-complex-systems. In par-
ticular, see real networks and their effective ranks.pdf on in graphs/graph data for the source of each network or
equivalently, Supplementary Table 1 (supplementary table 1 real networks.pdf). Note that, in a preliminary treat-
ment before getting the effective ranks, many Netzschleuder’s networks have been removed from a larger dataset of
1145 networks to avoid over-representation of particular types of networks (specifically, ‘board directors net1m...’,
‘edit wikibooks...’, ‘ego social gplus...’).

In subsection II C, asymptotic results about the effective ranks of graph models have been presented for different
singular value decays, showing all sorts of behavior, ranging from constant O(1), to sub-linear O(N1−ε) with 0 < ε < 1,
to linear O(N) growth as N → ∞. Although we do not expect one graph model to describe every network in the
dataset (which would allow doing asymptotic analysis), we can still wonder how the effective ranks are distributed
according to the size N of the networks. In Fig. S11, we present such distributions and perform nonlinear regressions,
which suggest sub-linear increases of the effective ranks as N increases. As mentioned in subsection II E, it would
be pertinent to explore the behavior of the effective ranks in growing graphs and real growing networks to verify the
presence of sub-linear growth.

Moreover, sparse matrices have been observed for many real and synthetic networks and in subsection II C, it was
shown that sparse matrix models lead to a low stable rank. Yet, Fig. S12 illustrates that the effective ranks are rather
anti-correlated with the density of the weight matrices of real networks, thus suggesting that it is really the rapid
decrease of the singular values that lead to our observations on the effective ranks in Fig. 1.

https://networks.skewed.de/
https://elegansign.linkgroup.hu/#!NT+R%20method%20prediction
https://elegansign.linkgroup.hu/#!NT+R%20method%20prediction
https://github.com/VinceThi/low-rank-hypothesis-complex-systems
https://data.mendeley.com/datasets/dxtzpvv83k/2
https://data.mendeley.com/datasets/dghdz45rfd/2
https://github.com/gabrieleilertsen/nws
https://doi.org/10.5061/dryad.5b8n621
https://github.com/VinceThi/low-rank-hypothesis-complex-systems
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Fig. S11: Different effective ranks vs. the number of vertices N for 679 real networks (see SI IV). The solid black lines are L1
nonlinear regressions with the function aNb + c and a, b, c as the optimization variables. The insets show zoomed version of
the data for the smaller values of effective ranks and N where the nonlinearity is better seen especially in a to d. The
optimization was performed with the method BFGS of scipy.optimize.minimize with the bounds (0, 10), (0, 1), (-100, 30) for
a, b, c respectively and the initial guesses aguess = 1, bguess = 0.5, and cguess = −1 (see plot fig SI effective rank vs size.py on
the Github repository). The L1 norm was chosen for its better robustness to outliers, but the conclusions hold when using the
L2 norm instead. From srank to rank, the optimization parameters [a b c] are approximately [ 6.09, 0.13, -7.45], [ 1.04 0.53
-1.00], [ 0.76 0.59 -1.00], [ 1.02 0.73 -1.01], [ 0.78 0.70 -11.97 ], [ 1.27 0.67 -17.44], [ 2.92 0.72 -0.83 ], [ 4.80 0.75 -51.34] and the
normalized mean absolute errors

∑679
i=1 |yi − ŷi|/[679〈y〉] are 0.76, 0.69, 0.54, 0.72, 0.51, 0.49, 0.45, 0.41.
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Fig. S12: Different effective ranks vs. the density for 679 real networks (see SI IV). The (matrix) density is the number of
nonzero elements in the weight matrices of the networks divided by the total number of elements N2. The parameter r
denotes Pearson’s correlation coefficient between the log of the effective ranks and the log of the density.

https://docs.scipy.org/doc/scipy/reference/generated/scipy.optimize.minimize.html
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[250] S. Ranganathan, M. Kivelä, and J. Kanniainen, “Dynamics of investor spanning trees around dot-com bubble,” PLOS

ONE 13, e0198807 (2018).

https://doi.org/ 10.1016/j.neuron.2021.06.007
https://doi.org/ 10.1016/j.neuron.2021.06.007
https://doi.org/10.1038/s41597-020-0516-5
https://doi.org/10.1109/TPAMI.2008.277
https://doi.org/10.1109/TPAMI.2008.277
https://doi.org/10.1038/s41598-021-82196-2
https://doi.org/10.1371/journal. pcbi.1007974
https://doi.org/10.1371/journal. pcbi.1007974
https://doi.org/10.7554/elife.57443
https://doi.org/10.7554/eLife.16962
https://doi.org/10.1101/2020.08.21.260984
https://doi.org/10.7554/eLife.71231
https://doi.org/10.1038/nature13186
https://doi.org/10.1126/SCIADV.ABB7187
https://doi.org/10.1007/s41060-019-00204-1
https://doi.org/10.1007/s41060-019-00204-1
https://doi.org/ 10.1371/journal.pone.0198807
https://doi.org/ 10.1371/journal.pone.0198807


Supplementary Table 1: Real networks and their effective ranks

The following table lists all the real networks that were used in the paper, where all the names have a clickable link to the
source of the data, along with their number of vertices N , their rank, and their effective ranks. We have shortened the names of
six celegans networks by replacing “2019 hermaphrodite ” by “...”.

Name N rank srank nrank elbow energy thrank shrank erank

7th graders 29 29 1.7 4.6 4 10 2 3 18.8
AT 2008 2271 842 51.6 170.0 376 410 82 108 687.5
CY 2015 335 108 14.6 33.3 108 54 6 8 90.1
EE 2010 1260 312 6.1 29.9 60 114 20 34 227.5
PT 2009 1257 560 19.0 84.4 128 309 16 36 471.7
SI 2016 1792 790 11.2 65.8 136 281 80 108 566.3
adjnoun 112 109 4.9 17.0 10 42 10 15 75.2
advogato 6541 5550 15.7 169.8 302 993 905 1053 3180.3
ambassador 1985 1989 16 11 1.9 3.6 1 5 1 1 8.4
ambassador 1990 1994 16 14 2.1 4.1 3 6 2 2 10.6
ambassador 1995 1999 16 15 1.6 3.4 1 5 3 3 10.1
ambassador 2000 16 15 1.4 3.1 1 5 1 1 9.9
ambassador 2001 16 15 1.4 3.1 1 5 1 1 9.9
ambassador 2002 16 14 1.4 2.9 1 5 1 2 9.0
ambassador OPERATION ID 16 15 1.4 3.1 1 5 1 1 9.9
ambassador TIE EXTINGUISH 16 15 1.4 3.1 1 5 1 1 9.9
ambassador TIE YEAR 16 15 1.4 3.1 1 5 1 1 9.9
anybeat 12645 4152 9.4 111.1 184 788 583 711 2487.6
arxiv collab astro-ph-1999 16706 15668 73.4 558.9 1120 2315 3643 4097 7040.2
arxiv collab cond-mat-1999 16726 15523 156.7 872.5 1537 2649 3370 3791 7801.7
arxiv collab hep-th-1999 8361 7101 44.7 340.9 485 1539 1507 1722 3926.6
baseball player-player 72 72 1.1 3.2 4 2 7 8 28.3
baseball user-provider 84 24 3.8 7.7 8 12 2 2 19.3
bible nouns 1773 1757 2.7 23.0 59 68 351 404 636.0
bison 26 26 1.8 4.3 5 7 4 4 15.3
bitcoin alpha 3783 1982 13.5 107.2 152 538 304 374 1278.2
bitcoin trust 5881 2785 15.8 134.9 197 721 411 504 1778.2
blumenau drug 75 56 5.9 12.7 17 17 13 15 34.6
board directors net1m 2002-05-01 1013 1012 10.1 69.7 84 374 144 155 733.6
board directors net1m 2002-12-01 1076 1076 23.1 110.3 185 406 150 163 781.3
board directors net1m 2003-01-01 1098 1098 21.3 105.9 187 400 153 164 792.8
board directors net1m 2003-12-01 1142 1142 22.1 109.8 190 418 156 172 826.5
board directors net1m 2004-01-01 1145 1145 22.1 110.2 191 419 157 173 829.4
board directors net1m 2004-12-01 1194 1194 22.9 114.9 144 434 164 182 866.5
board directors net1m 2005-01-01 1198 1198 23.1 115.7 144 434 167 185 870.1
board directors net1m 2005-12-01 1310 1310 23.3 125.6 226 544 184 202 972.4
board directors net1m 2006-01-01 1316 1316 23.4 126.0 227 547 186 202 977.3
board directors net1m 2006-12-01 1471 1469 40.8 177.5 273 608 219 248 1094.7
board directors net1m 2007-01-01 1499 1497 41.6 180.7 281 619 226 253 1114.4
board directors net1m 2007-12-01 1521 1517 38.0 176.4 202 630 230 260 1143.4
board directors net1m 2008-01-01 1518 1513 43.7 190.3 309 638 231 264 1145.5
board directors net1m 2008-12-01 1519 1515 68.1 242.2 316 673 238 268 1159.9
board directors net1m 2009-01-01 1526 1523 68.2 242.8 313 680 235 265 1166.3
board directors net1m 2009-12-01 1483 1480 34.9 169.9 252 656 220 249 1131.8

1
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board directors net1m 2010-01-01 1473 1470 34.6 168.6 254 649 220 249 1123.7
board directors net1m 2010-12-01 1444 1442 59.9 221.6 288 649 223 248 1106.4
board directors net1m 2011-01-01 1442 1440 60.3 221.7 289 642 224 249 1103.3
budapest connectome all 1m 1015 1015 3.1 21.1 28 73 191 232 422.5
budapest connectome all 200k 1015 1015 3.6 27.1 36 140 170 214 493.7
budapest connectome all 20k 1015 1015 5.3 40.0 40 225 139 185 577.6
budapest connectome female 1m 1015 1015 3.1 21.8 31 83 190 231 430.8
budapest connectome female 200k 1015 1015 3.7 27.7 34 142 168 210 494.1
budapest connectome female 20k 1015 1015 5.6 41.4 46 225 148 193 574.5
budapest connectome male 1m 1015 1015 3.1 20.7 26 66 215 250 395.5
budapest connectome male 200k 1015 1015 3.6 26.2 29 119 201 240 461.4
budapest connectome male 20k 1015 1015 5.7 41.0 45 215 139 186 566.6
caida as 20040105 16301 4679 16.8 169.2 208 1169 521 671 3096.8
caida as 20040202 16493 4669 17.0 170.1 197 1180 521 665 3094.6
caida as 20040301 16655 4771 17.1 173.4 223 1216 543 676 3173.6
caida as 20040405 16874 4829 17.0 173.1 207 1220 556 690 3204.6
caida as 20040503 17160 4904 17.3 177.0 244 1240 569 721 3256.1
caida as 20040607 17306 4924 17.4 177.1 268 1230 580 717 3255.4
caida as 20040705 17509 4991 17.7 179.9 250 1248 584 736 3303.2
caida as 20040802 17655 5056 18.1 183.4 257 1271 592 737 3348.7
caida as 20040906 17848 5084 17.6 180.3 256 1255 594 747 3352.3
caida as 20041004 18100 5213 17.7 182.7 241 1282 594 752 3434.2
caida as 20041101 18278 5190 17.8 183.4 228 1302 596 761 3436.6
caida as 20041206 18501 5234 18.0 184.7 239 1287 608 772 3447.2
caida as 20050103 18740 5312 18.4 189.2 263 1329 620 787 3519.4
caida as 20050207 18911 5323 18.6 191.2 242 1351 619 785 3539.1
caida as 20050307 19090 5334 18.4 190.0 272 1349 623 784 3547.1
caida as 20050404 19267 5415 18.6 192.0 224 1356 638 799 3589.6
caida as 20050502 19489 5516 18.5 192.8 277 1376 649 818 3652.6
caida as 20050606 19720 5542 18.5 193.6 278 1387 632 800 3668.5
caida as 20050704 19846 5538 18.4 192.7 262 1382 638 802 3663.3
caida as 20070917 8020 2595 11.4 95.9 129 494 255 323 1605.8
cattle 28 25 2.2 4.8 6 7 5 6 14.3
celegans ...chemical 453 300 10.6 35.1 47 69 56 69 173.1
celegans ...chemical corrected 454 300 10.6 35.1 47 69 56 69 173.1
celegans ...chemical synapse 468 271 9.8 33.1 33 71 52 61 158.7
celegans ...gap junction 468 460 2.9 9.7 19 4 100 117 119.4
celegans ...gap junction corrected 469 460 2.7 8.7 19 4 98 116 106.6
celegans ...gap junction synapse 466 303 5.9 23.8 28 58 51 61 159.2
celegans 2019 male chemical 575 375 9.9 35.7 48 77 83 95 197.3
celegans 2019 male chemical corrected 575 375 9.9 35.7 48 77 83 95 197.3
celegans 2019 male chemical synapse 514 296 8.9 30.0 41 61 68 80 149.1
celegans 2019 male gap junction 585 536 3.1 13.7 12 21 120 146 173.4
celegans 2019 male gap junction corrected 586 537 3.1 13.7 12 21 122 148 173.3
celegans 2019 male gap junction synapse 514 298 5.2 18.9 33 35 69 78 120.4
celegans interactomes BPmaps 537 318 34.2 90.0 59 180 9 19 273.6
celegans interactomes Genetic 759 619 21.0 86.1 79 253 55 78 459.2
celegans interactomes IntegratedNetwork 6176 5102 2.7 49.4 108 547 1038 1205 2415.5
celegans interactomes Interolog 2724 2052 5.7 59.4 67 439 243 314 1264.0
celegans interactomes LCI 431 244 8.2 35.8 20 124 16 20 199.0
celegans interactomes Microarray 2436 2180 2.1 27.7 52 256 482 565 1021.3
celegans interactomes Phenotypes 912 912 5.0 35.8 46 147 197 229 474.8
celegans interactomes WI8 2528 1523 40.6 193.1 146 675 113 156 1184.9
celegans interactomes wi2004 1237 702 24.9 104.5 80 330 44 61 557.0
celegans interactomes wi2007 1496 906 35.5 143.4 108 450 62 85 732.3
celegans metabolic 453 450 3.0 13.2 25 15 54 66 161.8
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celegans signed 297 292 8.7 29.6 39 63 70 80 149.1
celegansneural 297 248 3.1 13.2 16 35 67 74 103.3
ceo club 40 30 4.5 9.8 4 18 2 2 25.5
chess 7301 6383 23.6 252.0 334 1752 1021 1261 3900.2
chicago road 12982 12666 2183.5 4427.1 2258 6277 9 332 10134.0
cintestinalis 213 203 3.7 12.8 19 23 52 60 81.6
college freshmen 32 31 3.3 7.7 5 15 2 3 22.9
collins yeast 1622 1558 5.1 49.0 54 296 231 284 956.3
contact 274 82 1.3 4.5 1 13 23 26 32.2
contiguous usa 49 49 7.6 16.0 9 26 2 3 39.3
copenhagen bt 692 692 20.6 68.9 119 137 192 213 324.9
copenhagen calls 536 420 6.0 19.7 38 30 113 130 118.7
copenhagen fb friends 800 799 12.8 71.4 60 282 79 112 537.4
copenhagen sms 568 502 3.7 12.7 25 13 124 137 117.3
crime 1380 900 94.6 254.5 140 516 10 30 777.3
cs department 61 61 3.7 10.4 6 20 8 11 39.6
dblp cite 12590 3137 42.8 290.7 214 1495 168 251 2501.0
dnc 2029 627 2.3 15.5 30 53 153 176 280.2
dolphins 62 60 6.1 14.9 8 26 3 6 43.8
drosophila 21733 21687 11.6 173.5 724 1062 4868 5543 6702.8
dutch criticism 35 35 3.6 8.4 8 15 3 3 25.0
dutch school klas12b-net-1 26 24 3.2 7.0 3 12 2 2 18.7
dutch school klas12b-net-2 26 25 2.2 5.3 3 10 2 3 17.6
dutch school klas12b-net-3 26 22 1.6 4.1 3 8 2 3 14.8
dutch school klas12b-net-3m 26 22 1.6 4.1 3 8 2 3 14.8
dutch school klas12b-net-4 26 24 2.1 5.2 4 10 1 2 17.2
dutch school klas12b-net-4m 26 24 2.1 5.2 4 10 1 2 17.2
dutch school klas12b-primary 26 23 1.8 4.7 2 11 1 2 17.4
ecoli transcription v1 0 424 115 7.4 24.0 18 62 8 12 95.8
ecoli transcription v1 1 423 115 7.3 23.9 18 62 8 12 95.7
edit wikibooks aa 115 72 6.3 17.3 8 40 4 6 60.0
edit wikibooks az 6596 772 6.4 24.4 40 31 176 192 248.2
edit wikibooks be 1160 360 4.4 13.4 26 9 58 70 112.5
edit wikibooks bs 1135 362 5.6 15.3 22 10 46 56 112.7
edit wikibooks ca 8052 1541 9.7 39.4 106 65 448 484 348.7
edit wikibooks cy 781 326 5.0 18.6 34 26 62 72 159.1
edit wikibooks da 4567 884 3.8 13.0 30 11 196 218 153.9
edit wikibooks eu 1197 361 3.4 9.1 20 9 74 80 64.6
edit wikibooks fa 16002 2396 5.7 26.7 96 32 530 598 509.6
edit wikibooks fy 739 288 3.2 10.4 18 7 36 42 102.0
edit wikibooks gl 3466 494 2.8 9.4 30 10 96 112 101.2
edit wikibooks hr 3771 522 6.4 19.3 54 23 114 124 138.1
edit wikibooks ie 705 258 3.6 11.1 14 6 32 40 96.9
edit wikibooks ka 5267 494 4.1 12.8 38 16 102 112 101.8
edit wikibooks ky 647 270 2.8 9.3 12 6 38 42 97.9
edit wikibooks la 1014 377 3.4 10.3 18 9 64 74 93.1
edit wikibooks my 98 50 3.7 9.4 8 16 8 8 35.0
edit wikibooks na 300 100 2.9 7.5 6 6 16 16 44.1
edit wikibooks no 4821 1273 4.2 21.9 66 51 378 406 319.0
edit wikibooks oc 875 304 3.5 11.9 20 10 44 52 110.8
edit wikibooks si 3427 429 6.8 21.5 52 27 88 104 144.3
edit wikibooks sr 3308 627 6.8 27.2 56 48 156 170 229.5
edit wikibooks tg 960 274 4.8 18.5 30 32 40 48 146.0
edit wikibooks tt 1671 342 5.4 18.7 24 21 54 58 148.9
edit wikibooks ur 1584 433 12.7 34.4 62 32 80 88 177.8
edit wikibooks xh 167 74 2.2 5.1 6 2 6 8 31.2

3

https://doi.org/10.1016/j.neuron.2021.06.007
http://www-personal.umich.edu/~mejn/netdata
http://konect.cc/networks/brunson_club-membership
http://konect.cc/networks/chess
http://konect.cc/networks/tntp-ChicagoRegional
https://doi.org/10.7554/eLife.16962
http://konect.cc/networks/moreno_vdb
http://interactome.dfci.harvard.edu/S_cerevisiae/index.php?page=download
http://konect.cc/networks/contact
http://konect.cc/networks/contiguous-usa
https://doi.org/10.6084/m9.figshare.7267433
https://doi.org/10.6084/m9.figshare.7267433
https://doi.org/10.6084/m9.figshare.7267433
https://doi.org/10.6084/m9.figshare.7267433
http://konect.cc/networks/moreno_crime
https://manliodedomenico.com/data.php
http://konect.cc/networks/dblp-cite
http://konect.cc/networks/dnc-corecipient
http://www-personal.umich.edu/~mejn/netdata/
https://doi.org/10.7554/eLife.57443
http://vlado.fmf.uni-lj.si/pub/networks/data/esna/literature.htm
http://www.stats.ox.ac.uk/~snijders/siena/tutorial2010_data.htm
http://www.stats.ox.ac.uk/~snijders/siena/tutorial2010_data.htm
http://www.stats.ox.ac.uk/~snijders/siena/tutorial2010_data.htm
http://www.stats.ox.ac.uk/~snijders/siena/tutorial2010_data.htm
http://www.stats.ox.ac.uk/~snijders/siena/tutorial2010_data.htm
http://www.stats.ox.ac.uk/~snijders/siena/tutorial2010_data.htm
http://www.stats.ox.ac.uk/~snijders/siena/tutorial2010_data.htm
http://www.weizmann.ac.il/mcb/UriAlon/e-coli-transcription-network
http://www.weizmann.ac.il/mcb/UriAlon/e-coli-transcription-network
http://konect.cc/networks/edit-enwikibooks
http://konect.cc/networks/edit-enwikibooks
http://konect.cc/networks/edit-enwikibooks
http://konect.cc/networks/edit-enwikibooks
http://konect.cc/networks/edit-enwikibooks
http://konect.cc/networks/edit-enwikibooks
http://konect.cc/networks/edit-enwikibooks
http://konect.cc/networks/edit-enwikibooks
http://konect.cc/networks/edit-enwikibooks
http://konect.cc/networks/edit-enwikibooks
http://konect.cc/networks/edit-enwikibooks
http://konect.cc/networks/edit-enwikibooks
http://konect.cc/networks/edit-enwikibooks
http://konect.cc/networks/edit-enwikibooks
http://konect.cc/networks/edit-enwikibooks
http://konect.cc/networks/edit-enwikibooks
http://konect.cc/networks/edit-enwikibooks
http://konect.cc/networks/edit-enwikibooks
http://konect.cc/networks/edit-enwikibooks
http://konect.cc/networks/edit-enwikibooks
http://konect.cc/networks/edit-enwikibooks
http://konect.cc/networks/edit-enwikibooks
http://konect.cc/networks/edit-enwikibooks
http://konect.cc/networks/edit-enwikibooks
http://konect.cc/networks/edit-enwikibooks
http://konect.cc/networks/edit-enwikibooks


edit wikibooks zh 14125 3699 13.2 76.9 280 179 854 950 1080.8
edit wikibooks zu 271 122 3.7 8.8 12 5 12 14 49.7
edit wikinews bg 4457 603 3.0 4.7 12 4 122 136 20.1
edit wikinews el 10982 563 2.2 3.0 8 2 132 144 7.6
edit wikinews hu 5541 612 2.8 6.6 20 4 134 158 61.0
edit wikinews no 4523 816 3.2 13.8 42 16 170 194 206.6
edit wikinews sv 9105 940 2.3 5.4 14 3 174 206 61.8
edit wikiquote als 111 68 4.1 11.4 10 27 4 8 48.9
edit wikiquote et 1822 580 6.0 21.5 42 21 128 140 198.7
edit wikiquote id 4414 1159 10.2 42.1 104 58 196 238 439.1
edit wikiquote ml 3834 811 4.2 14.9 52 14 182 206 184.5
edit wikiquote te 3795 529 3.1 11.1 30 12 120 138 119.2
edit wikiquote zh 11164 3442 7.5 45.2 158 76 726 808 978.7
edit wikiquote zh min nan 550 208 5.3 17.3 28 24 28 34 109.2
edit wiktionary be 7426 594 4.5 15.8 48 22 136 156 151.3
edit wiktionary fo 2064 464 3.7 12.9 34 15 98 108 124.4
edit wiktionary mi 2262 398 3.7 13.2 44 17 88 96 124.7
edit wiktionary roa rup 2137 334 6.2 16.6 32 15 70 86 101.8
edit wiktionary st 2312 366 3.9 13.3 26 17 66 76 114.9
edit wiktionary vec 3366 349 3.4 9.5 26 9 78 92 72.6
edit wiktionary zu 1624 418 3.3 12.6 26 14 76 86 135.4
ego social facebook 0 333 327 3.7 21.6 19 87 52 66 203.4
ego social facebook 107 1034 1034 3.5 33.8 32 252 115 161 617.3
ego social facebook 1684 786 783 5.7 40.9 26 221 92 127 488.5
ego social facebook 1912 747 745 2.3 19.8 23 135 73 106 422.2
ego social facebook 3437 534 531 6.4 36.9 31 153 60 84 334.8
ego social facebook 348 224 223 2.6 14.4 13 61 26 36 137.6
ego social facebook 3980 52 51 3.3 9.4 4 19 7 9 36.0
ego social facebook 414 150 149 2.7 11.5 11 37 15 20 87.9
ego social facebook 686 168 167 2.8 13.6 11 50 18 23 105.3
ego social facebook 698 61 60 2.5 8.1 6 19 6 6 39.3
ego social facebook combined 4039 3955 6.7 87.2 109 859 515 691 2304.8
ego social gplus 100129275726588145876 1650 1624 2.7 28.6 43 217 312 384 774.1
ego social gplus 100329698645326486178 2213 2183 5.3 60.5 64 473 453 533 1172.2
ego social gplus 100466178325794757407 344 331 3.1 18.3 18 78 44 60 189.0
ego social gplus 100500197140377336562 638 622 3.9 26.8 31 128 113 138 328.5
ego social gplus 100518419853963396365 326 326 2.3 15.4 13 82 35 50 189.2
elec 7118 2382 9.7 100.8 78 721 333 431 1565.2
elite 44 40 5.2 11.1 6 17 2 4 29.2
email company 167 138 3.9 11.1 13 18 36 42 52.6
escorts 16730 9978 48.4 368.6 630 1543 1570 1894 5477.5
eu airlines 450 326 2.6 15.4 21 61 69 81 168.3
euroroad 1174 1125 176.2 386.5 136 620 2 18 943.8
faa routes 1226 858 63.6 198.8 129 490 51 78 727.2
facebook friends 362 342 6.7 29.7 26 94 44 59 214.1
facebook organizations L1 5793 3412 14.1 124.8 172 677 630 747 1935.9
facebook organizations L2 5524 5524 30.8 273.8 275 1732 646 877 3558.3
facebook organizations M1 1429 1428 8.1 67.4 85 386 217 277 858.5
facebook organizations M2 3862 3862 33.8 247.6 186 1320 353 514 2573.8
facebook organizations S1 320 320 5.4 27.8 15 102 38 52 206.4
facebook organizations S2 165 155 5.2 19.7 16 54 16 21 102.5
fao trade 214 159 2.0 4.6 8 5 59 62 21.5
fediverse 4860 806 1.7 16.1 18 122 32 44 483.3
financial institution07-Apr-1999 31 31 3.2 7.7 4 16 2 2 23.5
florentine families 16 15 3.2 5.5 6 7 1 3 11.2
foldoc 13356 12919 65.1 636.3 511 4244 1747 2198 8449.5
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foodweb baywet 128 98 2.7 4.2 11 5 41 41 7.7
foodweb little rock 183 45 2.6 6.6 5 10 8 11 25.9
football 115 115 10.5 26.0 13 46 10 11 81.2
football tsevans 115 115 10.5 26.0 13 46 10 11 81.2
foursquare NYC restaurant checkin 4936 4020 17.5 136.0 184 662 620 784 2091.8
foursquare NYC restaurant tips 6410 4980 64.0 430.5 406 2116 400 572 3804.5
fresh webs AkatoreA 85 35 2.4 6.6 5 13 3 5 24.9
fresh webs AkatoreB 58 17 2.5 5.2 3 9 1 1 13.6
fresh webs Berwick 79 32 2.2 6.1 2 13 2 3 22.7
fresh webs Blackrock 87 33 2.3 6.7 2 16 1 1 25.5
fresh webs Broad 95 39 1.8 5.6 1 15 1 2 27.7
fresh webs Canton 110 43 2.0 6.4 3 17 2 3 30.7
fresh webs Catlins 49 18 2.0 4.6 4 8 1 2 13.8
fresh webs Coweeta1 58 20 2.5 5.7 2 10 1 1 16.2
fresh webs Coweeta17 71 26 2.4 6.1 3 12 2 2 20.2
fresh webs DempstersAu 86 36 2.0 5.9 3 15 2 2 26.2
fresh webs DempstersSp 97 39 1.9 6.0 4 15 2 4 27.5
fresh webs DempstersSu 107 45 1.9 6.3 3 18 2 3 32.6
fresh webs German 86 32 2.3 6.3 4 14 2 3 23.5
fresh webs Healy 96 40 2.0 6.2 2 16 2 3 28.6
fresh webs Kyeburn 98 38 1.9 5.8 3 15 1 3 27.0
fresh webs LilKyeburn 78 27 2.2 5.9 3 12 2 3 20.6
fresh webs Martins 105 41 3.3 9.0 6 18 3 4 31.0
fresh webs Narrowdale 71 26 2.3 5.6 4 10 2 4 18.6
fresh webs NorthCol 78 29 2.6 6.5 6 12 3 4 21.2
fresh webs Powder 78 35 2.2 6.3 3 13 2 4 24.9
fresh webs Stony 113 46 1.7 5.8 2 17 2 3 32.3
fresh webs SuttonAu 83 31 1.9 5.6 1 14 1 1 23.3
fresh webs SuttonSp 79 24 1.7 4.7 1 11 1 1 18.1
fresh webs SuttonSu 94 17 1.5 3.6 1 8 1 1 12.7
fresh webs Troy 78 28 2.9 7.2 2 14 1 2 22.3
fresh webs Venlaw 69 27 2.3 6.1 2 12 1 2 20.8
freshmen t0 34 11 1.0 1.1 1 1 1 1 1.9
freshmen t2 34 34 1.1 2.1 1 1 1 2 11.0
freshmen t3 34 34 1.0 2.0 1 1 1 2 10.4
freshmen t5 34 34 1.0 1.9 2 1 2 2 8.6
freshmen t6 34 30 1.1 1.9 2 1 2 2 8.4
fully connected layer cnn 00100 820 299 1.2 1.7 4 2 124 125 3.1
fully connected layer cnn 00200 980 10 1.1 1.4 3 1 3 3 2.2
fully connected layer cnn 00300 900 128 5.0 16.4 124 39 12 16 81.1
fully connected layer cnn 00400 1028 256 9.3 27.3 129 47 65 77 126.8
fully connected layer cnn 00500 892 380 20.6 78.4 51 237 4 9 336.4
fully connected layer cnn 00600 1076 308 30.2 85.1 308 199 8 14 273.8
fully connected layer cnn 00700 1028 256 28.2 69.6 256 135 13 22 206.0
fully connected layer cnn 00800 628 116 11.4 29.5 116 60 7 10 92.2
fully connected layer cnn 00900 396 128 1.2 2.1 7 2 40 44 5.9
fully connected layer cnn 01000 820 308 19.8 56.6 97 117 28 36 221.1
game thrones 107 98 5.0 12.6 22 18 25 28 46.0
genetic multiplex Arabidopsis 6980 2509 15.3 138.7 127 873 277 362 1798.5
genetic multiplex Bos Multiplex Genetic 325 119 13.3 35.3 15 77 2 5 105.9
genetic multiplex Candida 367 46 2.0 6.5 8 17 5 7 32.9
genetic multiplex Celegans 3879 1078 12.1 82.0 73 398 107 142 792.5
genetic multiplex DanioRerio 155 74 6.4 18.6 10 46 5 8 63.8
genetic multiplex Drosophila 8215 4877 45.0 322.4 313 1538 678 865 3259.7
genetic multiplex Homo 18222 8436 14.1 199.8 338 1757 1492 1794 4746.9
genetic multiplex HumanHerpes4 216 25 1.8 4.8 1 10 1 1 18.3
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genetic multiplex Mus 7747 2552 18.6 154.6 176 915 272 363 1838.4
genetic multiplex Oryctolagus 144 26 2.0 5.4 3 12 2 2 20.1
genetic multiplex Plasmodium 1203 575 27.1 100.3 80 265 49 70 455.8
genetic multiplex Rattus 2640 752 6.1 49.1 43 312 43 67 577.6
genetic multiplex Sacchcere 6570 5116 12.1 149.6 175 1203 1010 1210 2866.0
genetic multiplex Sacchpomb 4092 1734 9.0 80.2 89 450 318 384 1060.6
genetic multiplex Xenopus 461 195 17.1 49.0 30 109 8 14 165.5
genetic multiplex YeastLandscape 4458 4457 1.4 13.6 54 5 679 857 1394.9
gnutella 04 10879 4860 168.3 779.4 213 2640 38 89 4086.0
gnutella 06 8717 3680 84.4 482.6 120 2061 14 43 3139.1
gnutella 08 6301 2195 36.2 245.1 93 1282 31 48 1896.9
gnutella 09 8114 2759 42.1 297.9 104 1629 33 50 2396.1
google 15763 9655 6.5 119.0 303 1110 1418 1752 5456.2
gut 838 735 2.5 7.4 35 7 197 203 76.2
hens 32 31 1.3 3.4 2 6 2 3 17.5
high school proximity 327 327 6.8 30.1 16 104 16 28 209.5
high tech company 21 21 1.7 3.9 1 7 1 3 12.9
highschool 70 67 6.5 16.1 12 29 4 6 49.4
households 04-Sep-1998 111 111 2.0 8.9 15 36 9 10 72.5
households 09-Jan-2002 695 695 2.3 15.2 50 23 48 52 327.8
interactome figeys 2239 333 6.8 33.9 34 113 42 55 236.2
interactome pdz 212 110 14.4 34.4 26 60 2 10 94.3
interactome stelzl 1706 941 20.2 104.2 113 379 99 131 713.9
interactome vidal 3133 2356 52.9 267.7 240 968 205 284 1743.2
interactome yeast 1870 1263 82.2 267.9 169 657 59 98 1045.1
jazz collab 198 198 3.4 15.0 13 45 25 32 114.9
jdk 6434 2180 1.8 12.4 56 14 432 511 490.0
jung 6120 2035 2.0 13.8 67 21 424 485 475.5
kangaroo 17 17 1.4 2.5 3 3 5 5 6.7
karate 77 34 24 3.5 7.2 6 11 3 3 18.6
karate 78 34 24 3.4 7.2 6 11 3 3 18.4
kegg metabolic aae 926 854 9.1 59.0 73 290 85 111 591.1
kegg metabolic afu 909 820 9.4 60.1 63 309 66 82 586.4
kegg metabolic ana 1362 1245 8.4 65.6 89 403 113 147 853.6
kegg metabolic ape 805 726 9.2 55.9 57 271 62 80 515.4
kegg metabolic atc 1589 1447 8.6 70.9 94 466 119 156 989.4
kegg metabolic ath 1561 1409 8.8 70.7 94 447 108 146 960.6
kegg metabolic atu 1593 1451 8.6 71.0 94 467 119 158 992.2
kegg metabolic bas 664 618 9.8 54.3 55 231 55 73 436.6
kegg metabolic bbu 505 465 8.3 44.1 42 183 37 51 335.5
kegg metabolic bha 1267 1169 9.0 67.2 79 386 108 141 804.4
kegg metabolic bja 1746 1583 8.6 73.1 92 492 129 171 1074.7
kegg metabolic blo 854 795 8.9 56.7 79 270 89 112 553.7
kegg metabolic bme 1574 1426 8.6 70.8 88 462 119 152 977.4
kegg metabolic bms 1405 1286 9.0 69.7 83 427 108 140 887.2
kegg metabolic bsu 1380 1275 8.8 68.6 85 414 109 148 871.9
kegg metabolic buc 638 601 10.0 54.0 48 222 53 70 419.8
kegg metabolic cac 1081 1006 8.8 62.6 80 331 107 140 691.5
kegg metabolic ccr 1421 1297 8.6 68.1 92 432 108 138 896.9
kegg metabolic cef 1166 1092 8.4 62.3 79 351 106 142 744.5
kegg metabolic cel 1307 1187 8.9 66.3 87 383 102 135 815.1
kegg metabolic cgl 1379 1281 8.4 65.7 82 402 117 157 873.0
kegg metabolic cje 851 785 8.7 55.8 70 269 77 101 544.6
kegg metabolic cmu 650 608 10.3 55.1 57 226 63 79 431.6
kegg metabolic cpa 659 618 10.1 54.9 55 226 64 81 436.4
kegg metabolic cpe 1068 979 8.9 62.7 85 335 89 116 682.2
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https://doi.org/10.1038/s41597-020-0516-5
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www.sociopatterns.org/wp-content/uploads/2015/07/High-School_data_2013.csv.gz
https://manliodedomenico.com/data.php
http://konect.cc/networks/moreno_highschool
https://doi.org/10.5061/dryad.5b8n621
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https://deim.urv.cat/~alexandre.arenas/data/welcome.htm
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http://konect.cc/networks/subelj_jung-j
http://konect.cc/networks/moreno_kangaroo
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kegg metabolic cpj 660 619 10.1 55.0 55 227 67 82 437.8
kegg metabolic cpn 660 619 10.1 55.0 55 226 64 80 437.2
kegg metabolic cte 1000 908 8.3 57.5 75 311 72 92 630.8
kegg metabolic ctr 652 610 10.3 55.4 57 227 63 79 433.5
kegg metabolic dme 1372 1262 9.0 68.7 81 408 116 148 865.7
kegg metabolic dra 1185 1101 8.9 65.0 85 367 97 131 756.7
kegg metabolic ecc 1533 1407 8.8 71.3 96 444 122 166 956.4
kegg metabolic ece 1604 1469 8.6 71.1 94 458 119 164 994.9
kegg metabolic ecj 1635 1489 8.7 72.2 96 468 116 160 1009.6
kegg metabolic eco 1641 1495 8.7 72.1 97 469 116 159 1013.0
kegg metabolic ecs 1601 1463 8.6 71.0 94 457 117 163 991.4
kegg metabolic fnu 1031 946 8.9 62.0 79 332 87 115 664.3
kegg metabolic hal 808 744 8.5 53.1 61 256 76 93 516.9
kegg metabolic hin 1085 1014 8.8 62.7 90 337 99 128 697.0
kegg metabolic hpj 849 772 8.9 56.8 71 278 74 96 547.1
kegg metabolic hpy 863 780 8.9 57.1 74 282 74 96 554.0
kegg metabolic hsa 1917 1732 8.6 75.4 95 502 167 215 1157.2
kegg metabolic lil 1234 1130 9.9 70.4 85 387 110 138 786.4
kegg metabolic lin 980 918 8.7 59.2 82 300 92 119 625.9
kegg metabolic lla 966 892 9.3 61.5 84 305 94 118 619.5
kegg metabolic lmo 1004 937 8.7 59.8 87 308 90 121 640.4
kegg metabolic mac 938 845 8.6 57.1 66 296 78 106 594.7
kegg metabolic mge 358 327 9.2 39.4 43 131 31 37 236.0
kegg metabolic mja 796 736 8.6 53.9 65 261 71 89 517.3
kegg metabolic mka 754 690 8.1 50.7 72 250 65 79 488.4
kegg metabolic mle 1008 944 8.8 60.5 78 323 83 104 651.2
kegg metabolic mlo 1654 1499 8.5 71.4 92 470 121 167 1017.6
kegg metabolic mma 1008 911 8.4 58.3 67 318 81 109 640.7
kegg metabolic mmu 1863 1682 8.5 74.4 87 487 169 216 1125.4
kegg metabolic mpe 579 537 9.3 48.9 47 198 58 76 380.6
kegg metabolic mpn 375 347 9.5 41.1 45 136 34 42 248.7
kegg metabolic mpu 385 353 8.9 40.2 37 137 33 45 253.3
kegg metabolic mtc 1443 1340 8.9 69.4 91 430 108 144 909.8
kegg metabolic mth 814 749 8.0 52.1 58 263 72 92 527.5
kegg metabolic mtu 1509 1397 8.7 70.2 92 450 108 148 950.4
kegg metabolic nma 1017 944 8.7 59.7 77 313 94 121 649.9
kegg metabolic nme 1020 949 8.7 60.2 80 316 91 118 653.7
kegg metabolic oih 1340 1237 9.2 69.2 91 409 102 137 849.9
kegg metabolic pab 829 748 8.8 55.2 63 277 64 81 529.6
kegg metabolic pae 1581 1450 8.4 70.0 101 454 123 161 984.8
kegg metabolic pai 958 881 8.9 59.1 64 316 73 91 616.9
kegg metabolic pfu 814 735 8.6 53.9 72 265 69 81 517.1
kegg metabolic pho 733 662 8.5 51.0 63 248 57 69 470.8
kegg metabolic pmu 1167 1091 8.6 62.6 93 348 107 141 740.2
kegg metabolic rco 785 710 9.4 55.3 68 266 66 81 504.3
kegg metabolic rno 1646 1483 8.3 69.9 82 449 140 183 1006.6
kegg metabolic rpr 754 688 9.3 54.2 69 257 63 78 487.6
kegg metabolic rso 1642 1505 8.6 71.7 91 473 126 168 1024.6
kegg metabolic sag 875 808 8.3 55.4 70 278 90 111 564.5
kegg metabolic sam 1073 1012 8.8 61.8 80 323 110 141 685.2
kegg metabolic san 880 812 8.3 55.6 70 280 91 112 568.1
kegg metabolic sau 1080 1016 8.9 61.9 81 325 110 141 689.1
kegg metabolic sav 1072 1010 8.8 61.6 81 322 110 141 683.9
kegg metabolic sce 1378 1265 8.5 65.8 75 387 117 158 853.1
kegg metabolic sco 1542 1413 8.7 69.9 92 447 107 145 956.0
kegg metabolic sfl 1560 1439 8.9 72.0 97 455 119 165 977.4
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kegg metabolic sme 1705 1545 8.3 71.8 94 493 114 159 1053.1
kegg metabolic smu 911 835 9.3 59.6 82 288 90 113 582.3
kegg metabolic son 1417 1306 8.7 68.3 87 417 117 151 888.7
kegg metabolic spg 822 761 9.0 56.6 68 271 83 106 534.3
kegg metabolic spm 820 759 9.0 56.4 70 269 82 107 532.6
kegg metabolic spn 892 829 8.6 57.1 67 286 94 117 578.5
kegg metabolic spo 1184 1115 8.4 61.6 71 341 114 144 748.0
kegg metabolic spr 910 848 8.6 57.6 67 291 91 116 589.6
kegg metabolic spy 825 763 9.0 56.7 67 272 81 107 535.9
kegg metabolic sso 1035 949 8.6 60.2 88 339 81 98 665.5
kegg metabolic stm 1563 1439 8.8 72.1 98 454 122 169 975.9
kegg metabolic sto 973 900 8.7 59.4 84 322 81 103 632.5
kegg metabolic sty 1547 1420 8.8 71.8 91 450 123 167 965.7
kegg metabolic syn 1264 1157 8.8 65.3 88 379 110 142 797.5
kegg metabolic tac 768 701 8.5 52.1 76 250 62 76 488.9
kegg metabolic tel 1159 1056 9.0 64.1 81 358 92 123 733.7
kegg metabolic tma 914 846 9.4 59.7 70 287 83 108 584.3
kegg metabolic tpa 524 487 7.7 42.7 41 181 48 63 345.4
kegg metabolic tte 991 914 8.6 59.5 72 310 89 115 634.9
kegg metabolic tvo 778 714 8.4 51.7 64 252 64 78 496.2
kegg metabolic uur 321 285 8.1 35.0 31 121 21 27 208.5
kegg metabolic vch 1422 1313 8.7 68.8 95 419 114 155 894.7
kegg metabolic wbr 775 725 8.5 51.9 67 240 75 94 495.2
kegg metabolic xac 1444 1312 8.8 69.6 90 433 106 143 902.5
kegg metabolic xcc 1454 1323 8.8 69.8 89 433 107 145 908.7
kegg metabolic xfa 1092 1002 9.1 62.9 78 336 90 115 689.8
kegg metabolic ype 1474 1355 8.7 69.7 100 431 118 162 922.5
kegg metabolic ypk 1452 1338 8.7 69.3 94 429 119 159 913.9
kidnappings 351 94 6.3 19.9 6 48 5 6 76.9
law firm 71 71 2.5 8.6 5 23 4 7 45.7
lesmis 77 64 2.8 7.1 12 10 12 15 28.4
london transport 369 358 35.0 92.8 67 184 11 22 287.6
macaque neural 47 47 2.3 6.8 3 14 5 7 29.4
macaques 62 59 2.6 8.1 7 18 7 8 35.2
malaria genes HVR 1 307 307 4.3 22.4 26 79 45 58 190.5
malaria genes HVR 2 307 290 5.0 22.8 29 56 42 48 182.4
malaria genes HVR 3 307 255 4.7 23.4 29 118 27 28 186.5
malaria genes HVR 4 307 282 7.0 28.2 35 69 48 56 186.2
malaria genes HVR 5 307 298 7.3 32.0 33 95 39 52 197.2
malaria genes HVR 6 307 304 4.0 20.9 21 77 35 47 185.0
malaria genes HVR 7 307 306 2.4 10.7 17 19 69 79 122.8
malaria genes HVR 8 307 295 2.6 14.0 12 46 49 63 160.7
malaria genes HVR 9 307 305 2.4 13.4 17 47 55 68 158.6
malaria genes combined 307 307 1.9 12.6 14 63 18 25 182.0
marvel partnerships 350 283 30.7 81.9 45 179 15 24 247.6
marvel universe 19428 9376 40.0 374.0 522 2268 1254 1560 5892.4
messal shale 700 421 8.5 42.5 32 149 46 63 287.7
montreal 35 23 2.4 5.8 3 12 1 1 17.8
moreno sheep 28 27 2.0 4.7 2 8 4 5 15.4
mouse control rnn 669 669 20.1 84.8 60 248 66 102 457.4
mouse meso 213 185 3.6 11.8 27 20 64 70 64.4
mouse rnn 178 178 1.2 4.9 6 7 41 48 63.2
mouse voxel 15314 15313 8.0 62.1 416 116 2221 2741 2169.1
netscience 1589 1416 21.5 120.7 122 532 136 196 973.5
new guinea tribes 16 16 2.0 4.2 1 7 1 1 11.4
new zealand collab 1511 678 1.6 3.8 21 4 139 153 25.9
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https://sites.google.com/site/bctnet/datasets
http://konect.cc/networks/moreno_mac
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http://bioinfo.uib.es/~joemiro/marvel/porgat.txt
http://datadryad.org/resource/doi:10.5061/dryad.ps0f0
https://sites.google.com/site/ucinetsoftware/datasets/covert-networks/montrealstreetgangs
http://konect.cc/networks/moreno_sheep
http://dx.doi.org/%2010.1016/j.neuron.2021.06.007
http://dx.doi.org/%2010.1038/nature13186
http://dx.doi.org/%2010.1016/j.neuron.2021.06.007
http://dx.doi.org/%2010.1126/SCIADV.ABB7187
http://www-personal.umich.edu/~mejn/netdata/
http://konect.cc/networks/ucidata-gama
https://doi.org/10.6084/m9.figshare.5705167


non financial institution04-Jan-2001 155 155 2.6 12.2 22 52 12 14 102.1
november17 22 20 2.1 4.9 3 9 1 2 14.9
openflights 3214 2139 5.8 48.5 117 209 467 529 915.4
packet delays 10 10 1.0 1.2 1 1 1 1 2.2
pdumerilii desmosomal 2807 2415 76.1 281.7 424 644 647 756 1419.6
pdumerilii neuronal 2544 1592 14.3 78.9 177 247 788 870 796.3
physician trust 241 211 19.1 50.4 23 95 9 17 159.7
physics collab arXiv 14488 13536 38.8 390.4 722 2296 2263 2690 7339.7
physics collab pierreAuger 514 510 10.0 39.4 59 93 110 124 251.9
plant pol kato 772 150 3.7 11.5 14 20 36 40 64.2
plant pol robertson 1884 822 9.8 60.0 44 265 96 134 540.1
plant pol vazquez All sites pooled 144 29 2.9 4.2 4 4 10 10 8.7
plant pol vazquez Arroyo Goye 144 20 2.3 3.6 2 3 8 8 8.2
plant pol vazquez Cerro Lopez 144 18 3.2 5.0 4 4 4 4 10.6
plant pol vazquez Llao Llao 144 20 3.0 4.6 8 6 8 8 8.7
plant pol vazquez Mascardi c 144 16 3.6 5.3 8 6 4 4 9.3
plant pol vazquez Mascardi nc 144 16 2.4 3.5 4 4 6 6 7.2
plant pol vazquez Quetrihue c 144 16 2.6 4.4 2 5 2 2 9.6
plant pol vazquez Quetrihue nc 144 14 2.3 2.8 4 3 4 4 4.3
plant pol vazquez Safariland 144 18 2.1 2.6 4 2 4 4 4.3
polblogs 1490 784 6.0 41.7 28 193 167 199 454.9
polbooks 105 105 6.2 18.8 12 41 9 13 74.3
power 4941 4348 235.5 860.9 351 2278 49 148 3584.4
qa user mathoverflow c2a 13840 5559 3.3 32.9 186 117 1421 1562 1005.9
qa user mathoverflow c2q 16836 11155 6.7 86.9 352 356 2221 2558 3646.8
reactome 6327 4654 6.9 63.6 162 176 716 840 1922.9
reality mining 96 96 3.0 9.2 16 16 22 26 42.1
residence hall 217 215 9.9 34.3 24 85 16 24 152.5
rhesus monkey 16 16 1.7 3.4 4 5 2 3 9.4
sp high school diaries 329 115 12.6 30.8 20 55 6 10 88.8
sp high school facebook 329 156 4.8 17.2 9 44 16 24 96.2
sp high school new 2011 126 126 11.0 22.3 33 28 31 36 62.2
sp high school new 2012 180 180 6.0 19.4 20 40 44 50 90.4
sp high school proximity 329 327 19.6 51.5 67 89 67 81 182.8
sp high school survey 329 130 8.6 25.6 16 57 8 13 97.1
sp hospital 75 75 2.7 7.2 12 11 21 24 29.5
sp hypertext contacts 113 113 3.9 11.0 19 19 26 30 49.7
sp hypertext intervals 113 113 2.0 9.8 2 42 2 5 77.1
sp infectious 10972 10922 202.8 1011.9 978 3437 1531 1948 6672.5
sp kenyan households 47 47 2.6 6.6 10 11 10 12 23.9
sp office 92 92 4.0 10.7 14 19 26 28 43.0
sp primary school day 1 236 236 9.1 32.8 28 86 18 27 158.4
sp primary school day 2 238 238 8.5 30.5 26 77 26 38 150.8
student cooperation 185 184 23.9 54.4 34 82 16 28 144.8
swingers 96 38 2.8 7.7 3 16 3 3 27.9
terrorists 911 62 54 4.0 11.3 9 23 5 7 39.9
train terrorists 64 63 2.0 6.8 7 16 9 12 37.2
ugandan village friendship-1 203 200 15.3 43.1 33 84 16 23 145.3
ugandan village friendship-10 207 207 9.3 33.7 20 86 13 23 149.9
ugandan village friendship-11 250 250 13.9 44.3 25 98 23 35 174.2
ugandan village friendship-12 229 229 8.5 32.2 23 86 23 34 156.2
ugandan village friendship-13 183 183 10.0 32.5 29 74 16 24 128.5
ugandan village friendship-14 124 124 7.8 23.8 16 51 10 16 88.9
ugandan village friendship-15 120 116 10.6 27.2 15 49 8 13 83.5
ugandan village friendship-16 372 372 19.4 64.9 36 150 31 49 264.3
ugandan village friendship-17 65 65 3.7 11.2 7 25 6 7 44.4
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https://openflights.org/data.html
http://math.bu.edu/people/kolaczyk/datasets.html
https://doi.org/10.7554/eLife.71231
https://doi.org/10.1101/2020.08.21.260984
http://konect.cc/networks/moreno_innovation
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http://www.sociopatterns.org/datasets/hypertext-2009-dynamic-contact-network/
http://www.sociopatterns.org/datasets/hypertext-2009-dynamic-contact-network/
http://www.sociopatterns.org/datasets/infectious-sociopatterns-dynamic-contact-networks/
http://www.sociopatterns.org/datasets/kenyan-households-contact-network/
http://www.sociopatterns.org/datasets/contacts-in-a-workplace/
http://www.sociopatterns.org/datasets/primary-school-cumulative-networks/
http://www.sociopatterns.org/datasets/primary-school-cumulative-networks/
https://homes.cs.washington.edu/~fire/
https://sites.google.com/site/ucinetsoftware/datasets/covert-networks/swingers
http://tuvalu.santafe.edu/~aaronc/datacode.htm
http://konect.cc/networks/moreno_train
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ugandan village friendship-2 182 182 8.9 30.0 27 71 15 21 126.2
ugandan village friendship-3 192 192 7.5 27.9 13 72 21 30 131.2
ugandan village friendship-4 320 320 12.4 47.3 32 126 28 43 224.7
ugandan village friendship-5 184 184 10.2 32.7 22 72 17 26 129.5
ugandan village friendship-6 139 139 7.3 24.1 12 56 10 19 98.1
ugandan village friendship-7 121 121 6.6 21.7 12 51 5 11 88.0
ugandan village friendship-8 369 369 16.6 60.3 48 153 25 45 267.1
ugandan village friendship-9 178 178 6.4 24.6 16 65 18 27 122.2
ugandan village health-advice 1 190 161 7.8 26.9 19 67 11 19 117.4
ugandan village health-advice 10 205 202 6.8 26.7 18 74 20 31 135.7
ugandan village health-advice 11 240 187 7.8 28.6 22 74 18 28 134.7
ugandan village health-advice 12 221 210 6.1 26.4 19 85 15 22 149.7
ugandan village health-advice 13 173 155 10.4 32.3 18 75 4 8 119.5
ugandan village health-advice 14 120 118 9.3 25.1 18 47 12 15 83.3
ugandan village health-advice 15 117 77 6.3 17.3 12 33 6 10 59.0
ugandan village health-advice 16 350 310 5.6 28.8 16 114 22 32 211.7
ugandan village health-advice 17 63 58 5.1 13.1 11 24 5 8 41.8
ugandan village health-advice 2 170 134 6.0 20.3 18 50 11 16 92.4
ugandan village health-advice 3 185 139 5.9 20.3 20 47 19 24 93.6
ugandan village health-advice 4 316 310 13.7 49.2 26 123 25 43 218.8
ugandan village health-advice 5 168 149 6.1 22.0 17 56 15 22 104.1
ugandan village health-advice 6 134 95 4.1 14.2 13 38 7 9 68.1
ugandan village health-advice 7 121 121 6.1 20.2 17 48 10 15 85.2
ugandan village health-advice 8 361 358 15.5 55.8 31 141 28 46 249.7
ugandan village health-advice 9 173 155 5.2 19.7 20 54 18 23 101.4
un migrations 232 232 1.9 5.8 19 10 93 96 36.4
uni email 1133 1091 25.3 117.1 122 365 152 201 708.6
unicodelang 868 374 7.1 33.6 24 141 14 22 233.0
us agencies alabama 1281 536 1.8 4.3 19 3 202 212 30.2
us agencies alaska 557 264 1.6 2.7 15 2 98 102 8.8
us agencies arizona 382 218 1.9 3.7 9 4 78 82 12.6
us agencies arkansas 561 273 1.6 3.4 14 4 105 110 12.5
us agencies california 4292 2254 5.8 17.3 87 19 858 901 122.3
us agencies colorado 1095 588 1.0 1.7 9 1 202 209 7.0
us agencies connecticut 685 406 1.6 4.7 25 7 151 158 31.8
us agencies delaware 446 230 1.6 3.8 9 3 86 88 18.2
us agencies florida 2263 890 1.3 3.4 27 2 320 337 27.6
us agencies georgia 1092 652 1.5 2.6 14 2 233 243 9.3
us agencies hawaii 234 71 1.1 1.6 6 1 24 26 4.4
us agencies idaho 1109 572 1.2 3.5 28 4 239 245 31.1
us agencies illinois 1133 678 1.1 2.2 12 1 225 238 12.7
us agencies indiana 1385 620 1.3 3.6 15 3 251 258 33.9
us agencies iowa 541 300 4.5 8.5 24 8 105 112 25.9
us agencies kansas 675 355 1.7 3.4 11 3 129 136 14.6
us agencies kentucky 1049 520 1.0 1.6 6 1 200 208 6.1
us agencies louisiana 715 272 3.2 5.2 16 4 97 102 15.5
us agencies maine 547 330 4.1 9.2 30 10 130 131 35.8
us agencies maryland 564 325 2.0 4.1 14 4 112 120 15.7
us agencies massachusetts 1466 1021 3.1 8.3 48 8 413 419 53.0
us agencies michigan 1796 981 2.4 4.8 20 3 330 349 25.8
us agencies minnesota 1527 877 1.0 1.3 8 1 309 322 4.7
us agencies mississippi 408 185 1.8 2.8 9 2 64 67 8.6
us agencies missouri 1161 549 1.8 4.1 22 4 187 197 20.3
us agencies montana 243 108 1.0 1.6 6 1 42 43 4.3
us agencies nebraska 550 285 1.5 3.2 8 3 103 105 13.9
us agencies nevada 388 227 2.6 5.5 20 6 91 94 21.8
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us agencies newhampshire 675 404 1.0 1.4 6 1 144 149 3.5
us agencies newjersey 1606 942 1.8 3.3 18 2 356 369 17.2
us agencies newmexico 411 255 1.2 2.2 8 2 94 99 8.6
us agencies newyork 2452 1454 2.1 5.2 30 5 486 510 34.7
us agencies northcarolina 974 617 1.0 2.0 5 1 211 222 14.0
us agencies northdakota 515 292 1.1 2.0 7 1 108 111 9.9
us agencies ohio 1153 680 1.4 3.2 23 3 214 228 18.6
us agencies oklahoma 736 289 1.6 3.4 13 4 108 112 12.8
us agencies oregon 522 312 2.3 5.3 13 5 117 123 24.2
us agencies pennsylvania 1317 554 2.3 3.1 12 3 186 197 6.5
us agencies rhodeisland 294 186 1.8 4.0 12 5 68 70 15.2
us agencies southcarolina 1530 730 1.4 3.0 12 4 307 311 15.7
us agencies southdakota 403 193 1.3 2.8 10 3 70 71 12.2
us agencies tennessee 363 189 1.0 1.3 4 1 67 69 3.0
us agencies texas 1079 689 1.1 1.9 10 1 255 265 9.4
us agencies utah 1158 431 1.2 3.0 22 3 171 179 20.5
us agencies vermont 469 237 1.1 1.9 11 2 97 99 6.9
us agencies virginia 560 391 2.3 6.0 35 7 139 147 29.4
us agencies washington 999 617 1.0 1.2 6 1 227 237 3.1
us agencies westvirginia 579 247 1.1 1.9 8 1 79 86 9.7
us agencies wisconsin 1371 904 1.6 5.2 22 7 323 335 46.3
us agencies wyoming 318 199 1.0 1.1 2 1 89 90 2.0
us air traffic 2278 1758 1.5 9.2 57 21 734 755 195.0
us congress H100 446 446 1.7 13.0 15 82 21 35 257.1
us congress H101 449 449 1.6 12.1 14 70 23 37 251.6
us congress H102 447 447 1.5 11.2 16 56 23 37 240.5
us congress H103 446 446 1.5 10.8 15 48 25 37 236.5
us congress H104 445 445 1.4 9.9 15 42 26 42 231.7
us congress H105 449 449 1.4 9.3 7 33 30 47 227.1
us congress H106 442 442 1.4 9.5 12 37 27 46 227.0
us congress H107 447 447 1.4 9.8 13 39 26 43 230.5
us congress H108 444 444 1.3 8.9 14 27 32 49 217.8
us congress H109 445 445 1.3 8.9 14 26 32 51 217.7
us congress H110 452 452 1.3 8.9 10 26 34 52 222.6
us congress H111 451 451 1.3 9.0 11 28 29 46 222.8
us congress H112 450 450 1.2 7.2 12 6 42 63 192.0
us congress H113 447 447 1.2 7.5 10 8 38 58 196.9
us congress H114 446 446 1.2 7.3 7 7 44 64 192.0
us congress H93 446 446 3.0 22.3 13 135 41 64 281.2
us congress H94 445 445 2.8 21.6 14 137 36 57 284.6
us congress H95 444 444 2.8 22.7 12 151 23 46 297.1
us congress H96 442 442 1.6 12.5 13 85 20 32 260.2
us congress H97 447 447 1.7 12.7 14 80 20 31 257.5
us congress H98 444 444 1.7 13.0 16 81 20 34 255.7
us congress H99 443 443 1.7 12.7 12 76 20 33 251.2
us congress S100 101 101 1.9 8.3 8 29 7 8 62.5
us congress S101 101 101 1.8 7.5 5 25 7 10 60.3
us congress S102 102 102 1.8 7.6 6 25 7 11 60.5
us congress S103 101 101 1.8 7.8 5 27 6 9 61.2
us congress S104 102 102 1.7 7.4 5 26 5 10 61.1
us congress S105 100 100 1.5 6.0 5 19 6 9 54.6
us congress S106 102 102 1.6 6.7 4 23 6 9 59.2
us congress S107 101 101 1.7 7.4 5 26 5 8 60.3
us congress S108 100 100 1.8 7.8 4 28 4 8 61.7
us congress S109 101 101 1.6 6.7 6 22 6 9 57.6
us congress S110 102 102 1.6 6.7 6 23 6 9 58.4
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