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Outline :

1. Basic epidemiological model

2. How infectious diseases challenge some assumptions made by “traditional” models

3. Contact network epidemiology

4. A random graph model in the sparse limit

5. Poisson graph : a �sh out of water ?

https://doi.org/10.1038/d41586-021-00460-x
https://www.cdc.gov/coronavirus/2019-ncov/images/case-updates/math-models-medium.jpg
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Basic epidemiological model
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Main epidemiological assumptions

� the disease results either in complete immunity or death

� all individuals are equally susceptible

Main structural assumptions

� the disease is transmitted in a closed population

� contacts occur according to the law of mass-action

� the population is large enough to justify a deterministic analysis

https://doi.org/10.1098/rspa.1927.0118
https://doi.org/10.1098/rspa.1932.0171
https://doi.org/10.1098/rspa.1933.0106
https://doi.org/10.1137/S0036144500371907
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Basic epidemiological model
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Susceptible-Infected-Recovered (SIR) dynamics

� the disease results either in complete immunity or death

� S : fraction of the pop. susceptible to the disease
� I : fraction of the pop. infected by the disease
� R : fraction of the pop. having recovered from the disease

� susceptible and infected individuals come into contact at a
rate / SI (mass-action assumption)

dS

dt
= ��SI

dI

dt
= �SI � ↵I

dR

dt
= ↵I

� the fraction of the population who will be infected by the
disease eventually is a solution of

R(1) = 1� S(0)e�R0(R(1)�R(0)) ' 1� e�R0R(1)

with R0 = �/↵ being the basic reproduction number

� there will be an epidemic wave if R0 > 1, otherwise the out-
break will die out

� there is herd immunity if a fraction R(0) = 1 � 1/R0 of the
population is already immune
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Basic epidemiological model

Models used in more realistic settings are more complex, but the
basic ingredients remain largely the same.

https://covid-19.tacc.utexas.edu/media/filer_public/dc/16/dc1685ad-4f56-4d63-a330-1d254dff54a0/omicron_projections_2_-_01062022_-_ut.pdf
https://covid-19.tacc.utexas.edu/media/filer_public/dc/16/dc1685ad-4f56-4d63-a330-1d254dff54a0/omicron_projections_2_-_01062022_-_ut.pdf
https://doi.org/10.1016/j.epidem.2014.09.003
https://doi.org/10.1016/j.epidem.2014.09.003
https://doi.org/10.1073/pnas.1720606115
https://doi.org/10.1073/pnas.1720606115
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Main epidemiological assumptions

� the disease results either in complete immunity or death

� all individuals are equally susceptible

Main structural assumptions

� the disease is transmitted in a closed population

� contacts occur according to the law of mass-action

� the population is large enough to justify a deterministic analysis

Assumptions challenged by some infectious diseases
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Assumptions challenged by some infectious diseases

Challenged assumption #1 : contacts occur according to the law of
mass-action

? many outbreaks are not shaped by the “average” individuals
but rather by a minority of superspreading events

Challenged assumption #2 : the population is large enough to justify
a deterministic analysis

? at the early stage, the outcome of an outbreak depends on
stochastic events

https://www.nature.com/articles/nature04153
https://doi.org/10.1073/pnas.1614595114
https://doi.org/10.1016/S0140-6736(20)30462-1
https://doi.org/10.1016/S1473-3099(21)00406-0
https://www.scientificamerican.com/article/how-superspreading-events-drive-most-covid-19-spread1/
https://doi.org/10.1371/journal.pbio.3000897
https://doi-org.acces.bibl.ulaval.ca/10.1016/j.jtbi.2004.07.026
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Contact network epidemiology

Main ideas :

� takes into account the contact network between individuals

� infectious disease transmitted from an infected individual to
their susceptible neighbors in the contact network

� the structure of this contact network shapes the spreading
dynamics

Mathematical abstraction :

� network (graph) : contact network of a population

� nodes (vertices) : individuals

� links (edges) : (potential) disease-causing contacts between
two individuals

https://www.cdc.gov/coronavirus/2019-ncov/images/case-updates/math-models-medium.jpg
https://doi.org/10.1038/nature02541
https://doi.org/10.1090/S0273-0979-06-01148-7
https://doi.org/10.1155/2011/284909
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Contact network epidemiology

Epidemic percolation networks (EPN) :

� previous slide : stochastic process is taking place on the
contact network to produce an outcome

� EPN : consider an ensemble of random networks encoding all
possible outcomes
! links indicate contacts that will transmit the disease

) studying the EPN random network ensemble becomes equi-
valent to studying the spreading dynamics

https://doi.org/10.1103/PhysRevE.76.036113
https://doi.org/10.1155/2011/543520
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Contact network epidemiology

Probability generating functions (PGFs)

� a PGF is a formal power series whose coe�cients are a probability mass function {an}n�0

A(x) =
1X

n�0

anx
n = a0 + a1x+ a2x

2 + a3x
3 + . . .

� computing the moments

A(1) =
1X

n�0

an = 1 ; hni =
1X

n�0

n an =
dA(x)

dx

����
x=1

= A0(1) ; hnpi =
1X

n�0

np an =

✓
x
d

dx

◆p

A(x)

����
x=1

� extracting the coe�cients

an =
1

n!

dnA(x)

dxn

����
x=0

=
1

2⇡

Z 2⇡

0

A(ei✓)e�in✓d✓

� sum of a �x/random number of variables drawn independently

Bfix
2 (x) =

X

l�0

bl x
l =

X

l�0

lX

n=0

anal�nx
l =

1X

n�0

anx
n

1X

m�0

amx
m = [A(x)]2 ; Bfix

p (x) = [A(x)]p ; Crand(x) =
1X

n�0

an
⇥
A(x)

⇤n
= A

�
A(x)

�

https://doi.org/10.1016/j.idm.2018.08.001
https://www.routledge.com/generatingfunctionology-Third-Edition/Wilf/p/book/9781568812793
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Contact network epidemiology

Probability generating functions (PGFs) formalism

� assuming a very, very large population (i.e. neglecting �nite-size e�ects)

� patient zero causes k secondary infections with probability pk (degree distribution of the EPN)

G0(x) = + x+ x2 + x3 + . . . =
1X

k�0

pkx
k ; hki =

1X

k�0

k pk = G0
0(1) ; hk2i =

1X

k�0

k2 pk

� a newly infected individual causes k new infections with probability (k + 1)pk+1/hki (excess degree distribution of the EPN)

G1(x) = + x+ x2 + x3 + . . . =
1X

k�0

(k + 1)pk+1

hki xk =
G0

0(x)

G0
0(1)

� average number of secondary infections a newly infected individual causes

G0
1(1) =

hk2i � hki
hki ⌘ R0

� all outbreaks will eventually die out when R0 < 1

� some outbreaks will eventually die out when R0 > 1

https://doi.org/10.1016/j.idm.2018.08.001
https://doi.org/10.1103/PhysRevE.66.016128


12

Contact network epidemiology

Probability generating functions (PGFs) formalism

� probability u that an infection tree eventually dies out (without causing an epidemic wave)

u = = + + + + . . . =
1X

k�0

(k + 1)pk+1

hki uk = G1(u)

� the fraction of the population infected in an epidemic wave (and the probability of such wave) is

R(1) =
1X

k�0

pk(1� uk) = 1�G0(u)

https://doi.org/10.1016/j.idm.2018.08.001
https://doi.org/10.1103/PhysRevE.66.016128
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Contact network epidemiology

Remark : the friendship paradox

� on average, your friends have more friends than you do

! a random individual has k friends with probability pk
�
generated by G0(x)

�

! however, their friends have k friends with probability / kpk
�
generated by G1(x)

�

� by spreading on a contact network, the disease naturally oversamples individuals more likely to cause a larger number of secon-
dary infections

� ignoring this e�ect leads back to the mass-action assumption

Probability generating functions (PGFs) formalism

� probability u that an infection tree eventually dies out (without causing an epidemic wave)

u = = + + + + . . . =
1X

k�0

(k + 1)pk+1

hki uk = G1(u)

� the fraction of the population infected in an epidemic wave (and the probability of such wave) is

R(1) =
1X

k�0

pk(1� uk) = 1�G0(u)

https://doi.org/10.1016/j.idm.2018.08.001
https://doi.org/10.1103/PhysRevE.66.016128
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A random graph model

Probability that a graph has L edges : P (L) =

✓�N
2

�

L

◆
pL(1� p)(

N
2 )

Probability that a node has k neighbors (degree) : pk =
✓
N � 1

k

◆
pk(1� p)N�1�k

Expected degree : hki =
N�1X

k=0

kpk = p(N � 1)

https://doi.org/10.1214/aoms/1177706098
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A random graph model in the sparse limit

A sparse limit : hki = constant with N ! 1.

hki = p(N � 1) ) p =
hki

N � 1

G0(x) =
1X

k=0

pkx
k

=
1X

k=0

✓
N � 1

k

◆
(px)k(1� p)N�1�k

=
h
1 + p(x� 1)

iN�1

=


1 +

hki(x� 1)

N � 1

�N�1

N!1
= ehki(x�1)

=
1X

k=0

hkike�hki

k!
xk

G1(x) =
G0

0(x)

G0
0(1)

= ehki(x�1) = G0(x)

https://doi.org/10.1214/aoms/1177706098


14

A random graph model in the sparse limit

A sparse limit : hki = constant with N ! 1.

hki = p(N � 1) ) p =
hki

N � 1

G0(x) =
1X

k=0

pkx
k

=
1X

k=0

✓
N � 1

k

◆
(px)k(1� p)N�1�k

=
h
1 + p(x� 1)

iN�1

=


1 +

hki(x� 1)

N � 1

�N�1

N!1
= ehki(x�1)

=
1X

k=0

hkike�hki

k!
xk

G1(x) =
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Using this sparse random graph model as EPN

1. epidemic threshold : R0 = G0
1(1) = hki

2. epidemic size :

R(1) = 1�G0(u) = 1� ehki(u�1)

where

u = = + + + + . . . = G1(u) = ehki(u�1)

which allows us to write

R(1) = 1� u = 1� ehki(u�1) = 1� e�R0R(1)

https://doi.org/10.1214/aoms/1177706098
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Poisson graph: a fish out of water?

R(1) = 1� e�R0R(1)

Basic epidemiological model: individuals interact randomly akin to
how the molecules of a gas collide (Poisson process ; mass-
action assumption).
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Contact network epidemiology: a graph shapes the spread of an
infectious disease, notably by changing the way individuals
are sampled.

Yet, we also �nd that

R(1) = 1� e�R0R(1)

when considering a Poisson graph.
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Poisson graph: a fish out of water?

R(1) = 1� e�R0R(1)

This begs the question : Where is the graph in a Poisson graph?
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