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SIAM Review 65, 000–000 (2023 ; in press)

Disclaimer
— main results are not new by themselves (e.g. L. A. Meyers, M. E. J. Newman, J. C. Miller, and many more others)
— origin story of this work is worthwhile, and suggests that perhaps these known results put together had not yet fully percolated

throughout the community
— full details can be found in a forthcoming paper by myself and many attendees of this workshop

https://arxiv.org/abs/2005.11283
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My friends have more friends than I have (on average).

Network e�ect : the friendship paradox
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. . . and then January 2020 came along.

https://www.who.int/china/news/detail/09-01-2020-who-statement-regarding-cluster-of-pneumonia-cases-in-wuhan-china
https://doi.org/10.1056/NEJMoa2001017
https://doi.org/10.46234/ccdcw2020.017
https://doi.org/10.1002/jmv.25678
https://www.statnews.com/2020/01/05/cause-of-mysterious-pneumonia-cases-still-unknown-chinese-say/
https://www.bbc.com/news/world-asia-china-50984025
https://www.science.org/content/article/novel-human-virus-pneumonia-cases-linked-seafood-market-china-stir-concern
https://www.cbc.ca/news/health/pneumonia-china-coronavirus-possibility-1.5420520


4

. . . and then January 2020 came along.

https://doi.org/10.1098/rsif.2020.0393
https://www.who.int/china/news/detail/09-01-2020-who-statement-regarding-cluster-of-pneumonia-cases-in-wuhan-china
https://doi.org/10.1056/NEJMoa2001017
https://doi.org/10.46234/ccdcw2020.017
https://doi.org/10.1002/jmv.25678
https://www.statnews.com/2020/01/05/cause-of-mysterious-pneumonia-cases-still-unknown-chinese-say/
https://www.bbc.com/news/world-asia-china-50984025
https://www.science.org/content/article/novel-human-virus-pneumonia-cases-linked-seafood-market-china-stir-concern
https://www.cbc.ca/news/health/pneumonia-china-coronavirus-possibility-1.5420520


Probability generating functions (PGFs)

� a PGF is a formal power series whose coe�cients are a probability mass function {an}n�0
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Contact network epidemiology

https://doi.org/10.1016/j.idm.2018.08.001
https://www.routledge.com/generatingfunctionology-Third-Edition/Wilf/p/book/9781568812793


Probability generating functions (PGFs) formalism

� assuming a very, very large population (i.e. neglecting �nite-size e�ects)

� patient zero causes k secondary infections with probability pk (degree distribution of th�e network)

G0(x) = + x+ x
2 + x
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� a newly infected individual causes k new infections with probability (k + 1)pk+1/hki (excess degree distribution of the network)

G1(x) = + x+ x
2 + x
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k =

G
0
0(x)

G
0
0(1)

� average number of secondary infections a newly infected individual causes

G
0
1(1) =

hk2i � hki
hki ⌘ R0

� all outbreaks will eventually die out when R0 < 1

� some outbreaks will eventually die out when R0 > 1
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Contact network epidemiology

https://doi.org/10.1016/j.idm.2018.08.001
https://doi.org/10.1103/PhysRevE.66.016128


Probability generating functions (PGFs) formalism

� probability u that an outbreak eventually dies out

u = = + + + + . . . =
1X

k�0

(k + 1)pk+1

hki u
k = G1(u)

� the fraction of the population infected in an epidemic wave (and the probability of such wave) is

R(1) =
1X

k�0

pk(1� u
k) = 1�G0(u)

� H0(x) : PGF of the distribution of the size of outbreaks that will eventually die out

H1(x) = = + + + + . . . = x

1X

k�0
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hki [H1(x)]
k = xG1

�
H1(x)

�

� the distribution of the size of outbreaks that will eventually die out can be extracted from

H0(x) = xG0

�
H1(x)

�
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Contact network epidemiology

https://doi.org/10.1016/j.idm.2018.08.001
https://doi.org/10.1103/PhysRevE.66.016128
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Message #1 : the friendship paradox

� on average, your friends have more friends than you do

! a random individual has k friends with probability pk

! however, their friends have k friends with probability / kpk

� by spreading on a contact network, the disease naturally over-
samples individuals more likely to cause a larger number of
secondary infections

� ignoring this e�ect leads back to the mass-action assumption

https://doi.org/10.1098/rsif.2020.0393
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Message #2 : the e�ect of superspreading events

� the PGF formalism falls back to the outcome of the SIR dyna-
mics when pk is a Poisson distribution

G0(x) = G1(x) = eR0(x�1) ; R(1) = 1� e�R0R(1)

� the mass-action assumption is not appropriate for diseases
whose propagation is driven by superspreading events

https://doi.org/10.1098/rsif.2020.0393
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Message #3 : we need to look beyond R0 for overdispersed infec-
tious diseases like COVID-19

� negative binomial distribution for secondary cases

G1(x) =


1 +

R0(x� 1)

�

���

shows the great impact overdispersion (small �) has on the
spreading dynamics

� in other words, ifR0 > 1, our attention should not be focused
on whether R0 equals 2.5 or 3.5, but rather be focused on
�guring out how much heterogeneity there is behind it (what
is � ?)

https://doi.org/10.1098/rsif.2020.0393
https://doi.org/10.1098/rsif.2020.0393
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Message #4 : COVID-19 is particularly overdispersed

� plans prepared with pandemic In�uenza in mind might fall
short to contain the spread of COVID-19

https://doi.org/10.1098/rsif.2020.0393
https://doi.org/10.1098/rsif.2020.0393
https://doi.org/10.1098/rsif.2020.0393
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[. . . ] As you can see, the stochastic simulations reach the same size as
predicted from the classic �nal size equation. k doesn’t seem to play a
role at all. [. . . ]

And then came an email. . .

https://www.eurosurveillance.org/content/10.2807/1560-7917.ES.2020.25.4.2000058
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Answer in the form of a question : How correlated are the in- and out-degrees ?
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Answer in the form of a question : How correlated are the in- and out-degrees ?

1. R0 depends on the correlation between in-and out-degrees

R0 =
hkinkouti
hkini

2. Expected probability of an epidemic is mainly governed by
the forward friendship paradox (out-degrees)

3. Expected outbreak size is mainly governed by the backward
friendship paradox (in-degrees)

https://doi.org/10.1016/j.jtbi.2004.07.026
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Message #1 : distinction between “risk” and “spread”

� risk : contacts through which an individual can become infec-
ted (in-degree)

� spread : number of potential secondary infections if infected
(out-degree)

� correlation between risk and spread greatly a�ects the likeli-
hood of an epidemic as well as its size
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Message #2 : backward contact tracing

� following links in the network in their opposite direction over-
samples individuals that will cause a larger number of secon-
dary cases

https://doi.org/10.1038/s41567-021-01187-2
https://www.lapresse.ca/covid-19/2021-05-24/montreal-et-la-troisieme-vague/la-prudence-a-paye.php
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Message #3 : connection with structured di�erential equation mo-
dels

� mass-action assumes the risk for individuals to become infec-
ted is uniformly distributed (i.e. in-degree in the network is
distributed according to a Poisson distribution) and is inde-
pendent of spread

� the �nal epidemic size can be mapped to a mixture of Poisson
in-degree distribution
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Science 368, 1481–1486 (2020)
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Slides available at antoineallard.info

Laurent Hébert-Dufresne (University of Vermont)
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Samuel V. Scarpino (Northeastern University)

One-sentence conclusion : Embracing networks is an important paradigm shift, but
overlooking asymmetric interactions can hide important phenomena.
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