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Network models

Why ?
> Mathematical representation — analytical results and predictions.
dentify the mechanisms behind a set of topological properties.
Disentangle the effect of various topological properties (e.g. assortative mixing vs. clustering on the percolation threshold [1]).
dentify significant patterns of connection in real networks (i.e. null models).
Perform in silico controlled experiments (e.g. simulation of epidemic spreading).
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Some examples of equilibrium (fixed size) network models

Configuration model (and variations) Stochastic block models Watts-Strogatz model
> degree sequence/distribution [2] > community structure/detection [5] > small-world effect [ /]

> degree-degree correlations | 3]
> k-core/onion decomposition [4]

(o w). (e, y) ~= (ym), (v, y)

( (1 T \ ( 1 i! \
=
Oo0————=0
\ @ Y j K z Y J[2]
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Modeling clustering

Trickier because clustering consists in three-node interactions while our mathematical
tools rely on pairwise interactions either explicitly or implicitly.

Most models therefore assume

> an underlying tree-like structure
> that the networks are dense

4 - 5

[1] Phys. Rev. E 68,026121 (2003)

[2] Phys. Rev. E 80, 036107 (2009)

[3] Phys. Rev. Lett. 103, 058701 (2009)
4]
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Phys. Rev. E 82, 066118 (2010)
Appl. Netw. Sci. 4, 122 (2019)
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A geometric approach to clustering

Assume that the nodes are embedded In a metric space and that any two nodes are
connected with a probability that is a decreasing function of the distance between them.

For further info, see Phys. Rep. 499, 1-101 (2011)


https://doi.org/10.1016/j.physrep.2010.11.002

A geometric approach to clustering
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Properties of any metric space

l[dentity of indiscernibles dlz,y) =0 <& x=y
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-uclid’s postulates

1. A straight line segment can be drawn joining any two points.
2. Any straight line segment can be extended indefinitely in a straight line.

3. Given any straight line segment, a circle can be drawn having the segment as radius and one
endpoint as center.

4. All right angles are congruent.
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3. Given any straight line segment, a circle can be drawn having the segment as radius and one
endpoint as center.

4. All right angles are congruent.

5. (parallel postulate) If a line segment intersects two straight lines forming two interior angles on
the same side that are less than two right angles, then the two lines, if extended indefinitely,
meet on that side on which the angles sum to less than two right angles.
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Hyperbolic geometry

> There are 5 models of hyperbolic geometry in RD:1- The five analytic models and their connecting isometries in D = 1.
H: the half-space model;
I: the interior of the disk model; bh
J: the hemisphere model: //
K: the Klein model; " //
L: the hyperboloid model. //
S
/’//
> [They are isometrically equivalent. 1010/
3l //&.
> [hey have their own metric, geodesics, isometries, and so on. I //
> Each model supplies its own natural intuitions. /
// H

(0, —1)



Hyperbolic geometry

> There are 5 models of hyperbolic geometry in RD:1- The five analytic models and their connecting isometries in D = 1.
H: the half-space model;
I: the interior of the disk model; bh
J: the hemisphere model: //
K: the Klein model; " //
L: the hyperboloid model. //
S
/’//
> [They are isometrically equivalent. 1010/
3l //&.
> [hey have their own metric, geodesics, isometries, and so on. I //
> Each model supplies its own natural intuitions. /
// H

(0, —1)



Hyperbolic geometry

> Space of constant negative curvature (as opposed to flat or
Fuclidean space, or spherical space)

> Model for the D = 2 hyperbolic space : positive sheet of the
hyperboloid defined by

r2 4 — %=1

> Distance between points (x1, y1, 21) and (za, ya, 22) IS

d(1,2) = arccosh(zlzz — T1T — y192)

> Polar coordinates

xr = sinh(r) cos(6)
y = sinh(r) sin(0)

z = cosh(r)

hyperbolic disk (7, 8)

For further info, see Flavors of geometry (Cambridge University Press, 1997)
or Foundations of Hyperbolic Manifolds (Springer, 2019)
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Hyperbolic geometry

Simple random geometric graph
1. Sprinkle N nodes uniformly on the hyperbolic disk of radius R.

2. Connect any nodes separated by a distance less than r = R.

v/ high clustering
v/ power-law degree distribution with exponent —3

Phys. Rev. E 82, 036106 (2010)


https://doi.org/10.1103/PhysRevE.82.036106
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Simple random geometric graph
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A geometric approach to clustering : the S'/H* model

The S model

Phys. Rev. E 80, 035101 (2009)
Phys. Rev. E 82, 036106 (2010)

|
| Phys. Rev. Lett. 100, 078701 (2008)
| Nat. Rev. Phys. 3, 114 (2021)

] Nat. Commun. 8, 14103 (2017)

]

[
[
[
%
[6] Phys. Rev. E 84, 026114 (2011)

1
2
3
4
5
6

1. Sprinkle NV nodes uniformly on a circle of radius R.
2. Assign an expected degree « to each node according to some pdf p(x).
3. Draw a link between node 7 and node ;7 with probability p;;.

Phys. Rev. E 95, 032309 (2017)

Mol. Biosyst. 8, 843 (2012)

Nat. Phys. 12, 1076 (2016)

] Phys. Rev. Lett. 118, 218301 (2017)
| Nature 489, 537 (2012)
]

[7
[8
[9
[1
[1
[12] Sci. Rep. 5, 9421 (2015)

]
]
]
0
1
2

% fixes the expected degree of nodes (k) — soft configuration model (CM)
Yo triangle inequality of the underlying metric space — triangles from pairwise interactions
% level of clustering tuned with parameter

3] J. Stat. Phys. 173, 775 (2018)

4] New J. Phys. 20, 052002 (2018)

5] New J. Phys. 21, 123033 (2019)

6] Nat. Commun. 8, 1615 (2017)

7] Nat. Commun. 1, 62 (2010)

8] PNAS 117, 20244 (2020) 10
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The S model

1. Sprinkle NV nodes uniformly on a circle of radius R.
2. Assign an expected degree « to each node according to some pdf p(x).

3. Draw a link between node 7 and node ;7 with probability p;;.

fixes the expected degree of nodes (k) — soft configuration model (CM)
triangle inequality of the underlying metric space — triangles from pairwise interactions

level of clustering tuned with parameter

Other properties and generalizations
> Amenable to many analytical calculations

v V. V. V VvV V V V V V

[
[
[
[
[
[

1
2
3
4
5
6

]
]
]
]
]
]

Phys. Rev. E 80, 035101 (2009)
Phys. Rev. E 82, 036106 (2010)

Phys. Rev. Lett. 100, 078701 (2008)
Nat. Rev. Phys. 3, 114 (2021)

Nat. Commun. 8, 14103 (2017)
Phys. Rev. E 84, 026114 (2011)

[ B e B et B et B ey |

E
3
9
1
1
1

]
]
]
0
1
2

Phys. Rev. E 95, 032309 (2017)

Mol. Biosyst. 8, 843 (2012)
Nat. Phys. 12, 1076 (2016)

] Phys. Rev. Lett. 118, 218301 (2017)
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] Sci. Rep. 5, 9421 (2015)

Geometric interpretation in terms of hyperbolic ececometry (the H? model) [1,2]
Parsimonious explanation of self-similarity [3,4]

Generalizable to weighted [5], bipartite 16,7,8], multiplex [2,10] and growing [11] networks
Generalizable to networks with community structure [12,13,14]
Vapping of real complex networks unto hyperbolic space [15,16]
dentification of biochemical pathways in E. Coli [8]
Ffficient Internet routing protocols [17]
Multiscale organization of the human connectome [18]
Geometrical interpretation of preferential attachment [11]

] J. Stat. Phys. 173, 775 (2018)

] New J. Phys. 20, 052002 (2018)
] New J. Phys. 21, 123033 (2019)
] Nat. Commun. 8, 1615 (2017)
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Three challenges in modeling directed networks

Properties of any metric space

[dentity of indiscernibles dz,y) =0 & x=y
Non-negativity d(z,y) >0
Symmetry d(z,y)=d(y, )
Triangle inequality dlz,y) < d(x,z)+d(z,y)
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Three challenges in modeling directed networks

Properties of any metric space

ldentity of indiscernibles d(x
Non-negativity d(z,y) >0

Triangle inequality d(x,y) < d(x,z) +d(z,y)

Clustering : / cycles of length 3

AN

o—©® o—©0

030T 030C
/. /.\ N\
o-—& o-—9 00
120D 120U 1200
\ oHo
300 210

Adapted from Holland & Leinhardt. Local Structure in Social Networks. Sociol. Methodol., 7, 1-45 (1976)
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Three challenges in modeling directed networks

Properties of any metric space

l[dentity of indiscernibles d(z,y
Non-negativity d(z,y
Symmetry d(z,y
Triangle inequality d(z,y
Clustering : / cycles of length 3

JANIVAN

030C

/0 /.\ /C\
04—X o—0 o-—0

120D 120U 1200

300 210

Adapted from Holland & Leinhardt. Local Structure in Social Networks. Sociol. Methodol., 7, 1-45 (1976)

Reciprocity : cycles of length 2

O 0O

L= |[number of reciprocal links|
T = — = -
L ‘number of links|
OO
1.04 5 Qa@l> © A O
A O
O O
| 9 O
0.8 0 OO A o
= “ o 7 O
:;0.6— o o 00
= Q 8 o O o
g_ g O o O  biol.
‘S 0.4 % oX & econ
s .
. @0 © 000 O  inform.
02_0 OOO%;?%% o O  social
10 9803 WS & O <A> o
Q0 ¢ % o O O P-
0.0 S © o > o

0.2 0.4 0.6 0.8 1.0
density of triangles (Cypnqir)

292 network datasets downloaded from Netzschleuder (networks.skewed.de).
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The directed S model

%Qut
] .
J O o
/{%)Ut R
K/i.n R @
)
: 1—1
| [ A0 g
pZ] o | ,{gut,fijn .

The directed S model

1. Sprinkle N nodes uniformly on a circle of radius R.

2. Assign an expected in-degree ™ and out-degree x°"* to each node according to some

pdf p(/{in, /iOUt).
3. Draw a link from node 7 to node j with probability p;;.

% fixes the expected in-degree and out-degree of nodes (k'™, k°"') — soft directed CM

Y triangle inequality of the underlying metric space — triangles from pairwise interactions

¢ level of clustering tuned with parameter
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The directed S model

out The directed S' model
® ] i 1. Sprinkle N nodes uniformly on a circle of radius R.
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J 2. Assign an expected in-degree ' and out-degree x°"" to each node according to some
pdf p(/{in’ /{out).
/-i%)u R 3. Draw a link from node 7 to node j with probability p;;.
4 R @ . : .
) fixes the expected in-degree and out-degree of nodes (s, k°"") — soft directed CM
' RAY.. 5 —1 triangle inequality of the underlying metric space — triangles from pairwise interactions
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Y
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The directed S model
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The directed S model

1. Sprinkle N nodes uniformly on a circle of radius R.

2. Assign an expected in-degree ™ and out-degree x°"* to each node according to some
pdf p(/{in’ liout)‘

3. Draw a link from node 7 to node j with probability p;;.

fixes the expected in-degree and out-degree of nodes (k'™ k°"') — soft directed CM

triangle inequality of the underlying metric space — triangles from pairwise interactions
level of clustering tuned with parameter

1257 0 in-degree (—)
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Reciprocity in the directed S' model

A reciprocal connection between node ¢ and node j occurs with probability p;;p;i.

Fortuitous reciprocity

(o~ — )
@\ :@ DijPji
@/ \@ pij(1 = pji)
O Q) -
@ @ — pij)( pji)/

_FElZ | = F -
r L kout IE [ kout]
gout  lin B_l
Out 111 1 o 7Jln Klojut)
-l

% p(lim /iOUt),O(l{m IQOUt)dliln /{out dlim out

k™ . in-degree
k%" out-degree
5 : density of triangles



Reciprocity in the directed S' model

A reciprocal connection between node ¢ and node j occurs with probability p;;p;;.

Fortuitous reciprocity

(o~ — )
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P A 0.0¢ p P2 o - o
N S (n;n n;’“t) 0.0 0.2 0.4 0.6 0.8 1.0
~ ()2 out pin \ D density of triangles (Cundir)
1 ( /;in Kojut) 292 network datasets downloaded from Netzschleuder (networks.skewed.de).
i
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X p(k; s K57 )p(ky K3 )dR Ky AR RS

| A realistic model will need to go beyond fortuitous reciprocity.
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A random network model defines the probability p;; for a directed link to exist from node ¢ to node 7.

Fortuitous reciprocity

(o~ — )
@\ :@ DijPji
<:>/’ ﬂ‘*<:> Pij(1 = pjai)
D Q) o-m
@  @umoem

Deliberate reciprocity in random directed networks

Deliberate reciprocity

/@: /< ) Pz-j(l,l)\
@/ \@ P;;(1,0)
@\ /@ P;;(0,1)

@  @new
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Deliberate reciprocity in random directed networks

A random network model defines the probability p;; for a directed link to exist from node ¢ to node 7.

Fortuitous reciprocity Deliberate reciprocity

/@: :@ o /@i :@ Pijﬂ)p
Gy () wmo-m Gy Q) moo
D _G) a-wm Do Q) ro
@ @ a-ra-m | | @D @ ron

Condition 1: Preserves marginal probabilities
P;;i(1,0) + P;;(1,1) = py;
P;;(0,1) + Pi;(1,1) = pyi

Condition 2: Normalized

1 1
> Y Pyjlaij,a;) =1

Q45 =0 aj,i:()



Deliberate reciprocity in random directed networks

A random network model defines the probability p;; for a directed link to exist from node ¢ to node 7.

Fortuitous reciprocity

(o~ — )
@\ :@ DijPjq
@/ \@ pij(1 = pji)
@\ /@ (1 = pij)pji

Deliberate reciprocity

/@i /< ) Pz-j(l,l)\
@/ \@ Pi;(1,0)
oo

\@ () (=)t =52).

Condition 1: Preserves marginal probabilities

P;;i(1,0) + P;;(1,1) = py;
Pi;(0,1) + P (1,1) = pj

Condition 2: Normalized

1 1
> Y Pyjlaij,a;) =1

Q45 =0 aji:()

@  @new

Level of reciprocity controlled with parameter —1 < v <1

g 1.1) { (1 —v)pijpji + v mindpij, pji } 0<rv< 1\
Pi;(1,1) =
(L + v)pijpji + V(1 —pij — pji)H(pij +pji —1) =1 <0 <0
v =1: maximal reciprocity
v =0: fortuitous reciprocity
_ v = —1: minimal reciprocity y
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Deliberate reciprocity in random directed networks

A random network model defines the probability p;; for a directed link to exist from node ¢ to node ;.

Fortuitous reciprocity

(o~ — )
@K :@ DijPji
@/ \@ pij(1 = pji)
O Q) -
@ @ — pij)( pji)/

BZ\Y

AVIIEDS {

D

Condition 1: Preserves marginal probabilities

P;;i(1,0) + P;;(1,1) = py;
Pi;(0,1) + P (1,1) = pj

Condition 2: Normalized

1 1
> Y Pyjlaij,a;) =1

Q45 =0 aji:O

0.5 1.0

Deliberate reciprocity $§ directed S! model with 3 = 3.2
1.04 @ directed S' model with 3 = 1.8
f - P, .(1 1)\ { directed S! model with 5 = 1.2
~_ - LI 05 1 directed soft CM (8 — 0) y
= L
- = » < R & ) <
@ \@ P10 g0 "
<3 o
8 0.4 = — = @ /
oN @Pw 0| ,
— 0.2- . A Y v 4
— 7
O Dren] | e
—1.0 —0.5 0.0
1%
Level of reciprocity controlled with parameter —1 < v <1
(1 = v)pijpji + v min{p;j;, pji } 0<r<1
P;;i(1,1) =
(L4 v)pispji + v (L —pij — pja ) H(pij + pji —1) —1<v <0
v =1: maximal reciprocity
v =0: fortuitous reciprocity
_ v = —1: minimal reciprocity y
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Fitting the directed St model to real networks

Inputs from a real network :
1. joint degree distribution P(k™, k°ut)
2. reciprocity r
3. density of triangles

Assuming uniform angular positions for nodes,
1. infer (k™, k°%) to replicate P(k™, k°"*) on average (analytical)

2. set v to reproduce r (analytical)
3. adjust  to recreate the density of triangles (semi-analytical)

Generate a sample of random directed networks :
1. assign angular positions randomly

2. draw directed links using the probabilities defined by the fra-
mework for deliberate reciprocity

Inference algorithm adapted from New J. Phys. 21, 123033 (2019).
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Fitting the directed St model to real networks

Inputs from a real network :
1. joint degree distribution P(k™, ko)
2. reciprocity r o original

| —— dir-recip S!

complement. cumul. degree dist.

:

o  original

| —— dir-recip S!

(b) political blogs

3. density of triangles 1073-
| (a) political blogs
Assuming uniform angular positions for nodes, 010° 10! 102
1. infer (k™, k°%) to replicate P(k™, k°U*) on average (analytical) in-degree k™
2. set v to reproduce r (analytical)
3. adjust  to recreate the density of triangles (semi-analytical) [ in-degree (—)

3001 © out-degree (+)
Generate a sample of random directed networks :
1. assign angular positions randomly

2. draw directed links using the probabilities defined by the fra-
mework for deliberate reciprocity

}—\

-]

-
I

degree in S! model
DO
-
<

-
|

0 10° 101 10
out-degree k™

(c) political blogs

0 100

200 300

degree in original network

Inference algorithm adapted from New J. Phys. 21, 123033 (2019).
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Realistic clustering patterns in directed geometric networks

x 10" B
50- ¢ (d) political blogs
" original network
%)04.0‘ ®  directed-reciprocal S' model
ks
+ 3.0-
—
O
O
2.0
= 0
=
1.0- 0
=
0.0

a | | | | |

triangle configurations
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Realistic clustering patterns in directed geometric networks

x10* 3 0“103 x10* x10* x 10*
50 ¢ (d) political blogs : 1.01 m (f) Little Rock Lake food web  g§.0- & 4.0 @ (h) Advogato trust network
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triangle configurations triangle configurations triangle configurations triangle configurations triangle configurations
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triangle configurations

AN AN A A

triangle configurations

AN AN AN A A

triangle configurations

/\ /\ /\ /\ A\ /\ /\

triangle configurations

..and many more.

Coupled with an underlying geometry, the joint degree distribution,
the reciprocity, and the density of triangles fix the clustering pat-
terns in the network.
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summary
1. Presented a generalization of the S' model to directed networks.

2. Proposed a general approach to control reciprocity in any random network model.

3. Showed that the interplay between in/out-degree, reciprocity and clustering in directed networks can be accurately captured by
a geometric approach.

Further details
> Allard, Serrano & Bogund, Geometric description of clustering in directed networks, Nat. Phys. (in press), arXiv:2302.09055

0) https:/github.com/networkgeometry/directed-geometric-networks

Ongoing work / open questions
> How to infer the angular positions as well. Does this information improve the accuracy of the model?

> Can we disentangle the effect of v, 8 and the correlation between in- and out-degrees on the accuracy of the model?

> Why are some real networks not fitted well by the model?

> What about vertex-wise reciprocity? Is it uniform/heterogeneous? |s the model accurate?
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Modeling clustering

Trickier because clustering consists in three-node interactions while our mathematical
tools rely on pairwise interactions either explicitly or implicitly.

Most models therefore assume

> an underlying tree-like structure
> that the networks are dense

4 - 5

[1] Phys. Rev. E 68,026121 (2003)

[2] Phys. Rev. E 80, 036107 (2009)

[3] Phys. Rev. Lett. 103, 058701 (2009)
4]

[5]

Phys. Rev. E 82, 066118 (2010)
Appl. Netw. Sci. 4, 122 (2019) 20
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https://doi.org/10.1007/s41109-019-0232-2

The importance of modular architecture

The modular architecture has a major influence of several dynamical processes.
> information diffusion [1]
> neural dynamics and memory performance |2]
> ..

[1] Phys. Rev. Lett. 113, 088701 (2014) 21
[2] Netw. Neurosci. 3, 551-566 (2019)
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A hyperbolic solution to modular architecture?

The S'/H* models are easily generalizable to arbitrary dimensions.
This extra space allows for a rich modular architecture.
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A hyperbolic solution to modular architecture?

The S'/H* models are easily generalizable to arbitrary dimensions.
This extra space allows for a rich modular architecture.
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Further details el R
> Allard, Serrano & Bogund, Geometric description of clustering in directed networks, Nat. Phys. (in press), arXiv:2302.09055

> Jankowski, Allard, Boguna & Serrano, D-Mercator: multidimensional hyperbolic embedding of real networks, arXiv:2304.06580

> Deésy, Desrosiers & Allard, Dimension matters when modeling network communities in hyperbolic spaces, PNAS Nexus 2, pgad136 (2023)

) https:/github.com/networkgeometry/directed-geometric-networks
() https:/github.com/networkgeometry/d-mercator
() https:/github.com/bdesy/communities_modelSd
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