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Outline

1. Are simple models enough to study complex systems/networks?

2. “Simple” ways to encode structural complexity

(a) latent metric space
(b) stub types



Louis J. Dubé M. Ángeles Serrano Marián Boguñá Laurent Hébert-Dufresne

. . . and several others.

Collaborators Postdocs, students and interns

3



4

Outline

1. Are simple models enough to study complex systems/networks?

2. “Simple” ways to encode structural complexity

(a) latent metric space
(b) stub types



W
Complex network

N
x0

x= (x;   )f W
High-dimensional dynamics

Vector field

f

f

Modeling the dynamics of complex systems

High-dimensional dynamics are hard to analyze and extracting meaningful intuitions from them is di!cult.

Most mathematical models involve low-dimensional representations of the networks and/or dynamical observables.
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Can we justify such a low-dimensional approach beyond mathematical and/or conceptual convenience?



The rank of adjacency matrices
Rank r of a matrix

ω number of linearly independent rows/columns
ω dimension of the vector space generated by its rows/columns
ω number of nonzero singular values
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Results for 679 empirical networks (502 unweighted networks and
177 weighted networks) downloaded from Netzschleuder.

Full-rank (or almost full rank) adjacency
matrices are very common!
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The singular values (and the e!ective rank)
encode information about the network’s
topology.
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Results for 679 empirical networks (502 unweighted networks and
177 weighted networks) dowloaded from Netzschleuder.

Many empirical networks appear to have a low e!ective rank!

The e!ective ranks of adjacency matrices

But what does “low” mean?
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Hint: the rapid decrease of the dominant singular values of the ad-
jacency matrix implies a low e!ective rank

ω low e!ective rank? → e!ective rank scales at most sublinearly
as the number of nodes, N , goes to in"tnity (N1→ω with ε ↑
(0, 1])
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Hypergeometric

The singular values of approx. 96% of considered networks are bounded from above by
an hypergeometric envelope → sublinear e!ective ranks!

Workable de!nition of low e"ective rank: →10% of the number of nodes N
Approx. 96% of the 679 networks qualify for having a low e!ective rank!

Hint: the rapid decrease of the dominant singular values of the ad-
jacency matrix implies a low e!ective rank

ω low e!ective rank? → e!ective rank scales at most sublinearly
as the number of nodes, N , goes to in"tnity (N1→ω with ε ↑
(0, 1])



The impact of e!ective low rank on the dynamics

10

Many dynamics on networks have the form

ẋ =
dx

dt
= g(x,Wx) = g(x,y)

with x → R
N .

Examples:

ω SIS (mean-!eld) : ẋi = ↑dixi + ε(1↑ xi) yi

ω Wilson-Cowan: ẋi = ↑dixi + (1↑ axi)
1

1+e→b(ω yi→c)

ω Recurrent Neural Networks (RNN): ẋi = ↑dixi+tanh(εyi+ci)

ω Kuramoto-Sakaguchi: żj = iϑjzj + ε e→iω yj ↑ ε eiω z2j ȳj with
zj = eiεj

ω Population dynamics: ẋi = ↑dxi + εxiyi (Lotka-Volterra)
ẋi = ↑dxi ↑ sx2

i + ε xiyi
ω+yi

ẋi = a↑ d xi + bx2
i ↑ cx3

i + ε xi yi

for i, j → {1, ..., N} and yi =
∑N

j=1 Wijxj .
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ẋi = ↑dxi ↑ sx2

i + ε xiyi
ω+yi
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zj = eiεj
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Original dynamics

ẋ = g(x,Wx)

Reduced dynamics (with X = Mx)

Ẋ = Mg(M+X,WM+X)

where n is the dimension of the reduced system
M+ denotes the pseudoinverse of M
M = V→

n is n-truncated right singular vector matrix

The alignment error is

E(x) → 1↑
n

[
↓V→

n J
↑
x(I↔VnV

→
n )x↓+ ωn+1↓V→

n J
↑
y↓2↓x↓

]

where J↑
x,J

↑
y are Jacobian matrices
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Rapid singular value decrease can induce
rapid alignment error decrease!



Reproduction of the dynamics with increasing accuracy
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Emergence of higher-order interactions

Original Kuramoto-Sakaguchi dynamics

żj = iωjzj +
N∑

k=1

Wjk[zke
→iω → z2j z̄ke

iω], j ↑ {1, ..., N}

Reduced dynamics

Żµ = i
n∑

ε=1

!µεZε +
n∑

ε=1

W (2)
µε Zεe

→iω →
n∑

ω,ϑ,ϖ=1

W (4)
µωϑϖZωZϑZ̄ϖe

iω

Original Quenched mean-!eld SIS dynamics

ẋi = →ωxi + ε(1→ xi)
N∑

j=1

Wijxj, i ↑ {1, ..., N}

Reduced dynamics

Ẋµ = →ωXµ + ε
n∑

ω=1

WµωXω → ε
∑n

ω,ε=1W
(3)
µωεXωXε , µ ↑ {1, ..., n}

Reproduction of the dynamics with increasing accuracy

11



Nature Physics | Volume 20 | February 2024 | 294–302 294

nature physics

Article https://doi.org/10.1038/s41567-023-02303-0

The low-rank hypothesis of complex systems

Vincent Thibeault    1,2  , Antoine Allard    1,2 & Patrick Desrosiers    1,2,3 

Complex systems are high-dimensional nonlinear dynamical systems 
with heterogeneous interactions among their constituents. To make 
interpretable predictions about their large-scale behaviour, it is typically 
assumed that these dynamics can be reduced to a few equations involving 
a low-rank matrix describing the network of interactions. Our Article 
sheds light on this low-rank hypothesis and questions its validity. Using 
fundamental theorems on singular-value decomposition, we probe the 
hypothesis for various random graphs, either by making explicit their 
low-rank formulation or by demonstrating the exponential decrease of their 
singular values. We verify the hypothesis for real networks by revealing the 
rapid decrease of their singular values, which has major consequences for 
their e!ective ranks. We then evaluate the impact of the low-rank hypothesis 
for general dynamical systems on networks through an optimal dimension 
reduction. This allows us to prove that recurrent neural networks can be 
exactly reduced, and we can connect the rapidly decreasing singular values 
of real networks to the dimension reduction error of the nonlinear dynamics 
they support. Finally, we prove that higher-order interactions naturally 
emerge from the dimension reduction, thus providing insights into the 
origin of higher-order interactions in complex systems.

Unravelling the emergent phenomena that drive the functions of complex 
systems requires us to bridge microscopic mechanisms with macro-
scopic ones. Rather than decomposing complex systems into as many 
components as possible, dimension reduction seeks a reduced system 
of macrostates or observables with a small enough dimension to get an 
insightful description but large enough to preserve the phenomena of 
interest. Yet, complex systems are characterized by extremely high dimen-
sions—perhaps some sort of curse of dimensionality1–3—and finding such 
reduced systems remains a challenge in several scientific disciplines.

In the paradigm ‘More is different’4,5, it could appear contradictory 
to look for simple representations of complex systems. But ‘simple 
model’ does not mean ‘simple behaviour’. The logistic equation6, cel-
lular automata7,8 and spin glasses9,10 exhibit complex behaviours such 
as chaos, and recurrent neural networks (RNNs) can approximate any 
finite trajectory of N-dimensional dynamical systems11.

In network science, the topology of the interactions among the 
constituents of complex systems is typically simplified to a graph, 

defined by a set of vertices and a set of edges (Fig. 1a,b). Such a rep-
resentation allows us to extract the dominant properties of complex 
networks, such as their organization into modules12. An ongoing 
change of paradigm is to use hypergraphs or simplicial complexes 
rather than graphs to take into account the higher-order interac-
tions observed in some real-world systems13,14. In addition to finding 
an appropriate dimension to describe a complex system, one has to 
uncover the orders of its interactions. As shown later, both problems 
are intertwined.

A graph can always be described as a matrix. This simple, yet 
essential, possibility unlocks several tools from linear algebra that 
can be used to characterize networks. Among them, spectral theory 
can identify the fundamental components of a matrix through matrix 
decomposition. Eigenvalue decomposition has long been used to 
extract key properties of graphs, such as their invariants15, their modu-
lar structure16, the centrality of their vertices17 or the bifurcations of a 
dynamical system represented by a network18.
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Main takeaways
ω The rapid decrease of the singular values of adjacency matrices (i.e. low e!ective rank) o!ers a
justi!cation for low-dimensional mathematical models beyond mathematical and/or conceptual
convenience.

ω A large proportion of real networks can be considered as having a low e!ective rank.

ω The higher-order interactions observed in some systems could be a byproduct of a low-
dimensional representation used to analyze them.
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Modeling clustering
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A geometric approach to clustering
Assume that the nodes are embedded in a metric space and that any two nodes are
connected with a probability that is a decreasing function of the distance between them.
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Simple random geometric graph
1. Sprinkle N nodes uniformly on the hyperbolic disk of radius R.
2. Connect any nodes separated by a distance less than r = R.

3 high clustering
3 power-law degree distribution with exponent �3
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A geometric approach to clustering: Hyperbolic geometry
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The S
1 model

1. Sprinkle N nodes uniformly on a circle of radius R.
2. Assign an expected degree  to each node according to some pdf ⇢().
3. Draw a link between node i and node j with probability pij .

F �xes the expected degree of nodes () ! soft con�guration model (CM)
F triangle inequality of the underlying metric space ! triangles from pairwise interactions
F level of clustering tuned with parameter �

[1] Phys. Rev. E 80, 035101 (2009)
[2] Phys. Rev. E 82, 036106 (2010)
[3] Phys. Rev. Lett. 100, 078701 (2008)
[4] Nat. Rev. Phys. 3, 114 (2021)
[5] Nat. Commun. 8, 14103 (2017)
[6] Phys. Rev. E 84, 026114 (2011)

[7] Phys. Rev. E 95, 032309 (2017)
[8] Mol. Biosyst. 8, 843 (2012)
[9] Nat. Phys. 12, 1076 (2016)
[10] Phys. Rev. Lett. 118, 218301 (2017)
[11] Nature 489, 537 (2012)
[12] Sci. Rep. 5, 9421 (2015)

[13] J. Stat. Phys. 173, 775 (2018)
[14] New J. Phys. 20, 052002 (2018)
[15] New J. Phys. 21, 123033 (2019)
[16] Nat. Commun. 8, 1615 (2017)
[17] Nat. Commun. 1, 62 (2010)
[18] PNAS 117, 20244 (2020)

A geometric approach to clustering: the S
1/H2 model

17



[15]

The S
1 model

1. Sprinkle N nodes uniformly on a circle of radius R.
2. Assign an expected degree  to each node according to some pdf ⇢().
3. Draw a link between node i and node j with probability pij .

F �xes the expected degree of nodes () ! soft con�guration model (CM)
F triangle inequality of the underlying metric space ! triangles from pairwise interactions
F level of clustering tuned with parameter �

[1] Phys. Rev. E 80, 035101 (2009)
[2] Phys. Rev. E 82, 036106 (2010)
[3] Phys. Rev. Lett. 100, 078701 (2008)
[4] Nat. Rev. Phys. 3, 114 (2021)
[5] Nat. Commun. 8, 14103 (2017)
[6] Phys. Rev. E 84, 026114 (2011)

[7] Phys. Rev. E 95, 032309 (2017)
[8] Mol. Biosyst. 8, 843 (2012)
[9] Nat. Phys. 12, 1076 (2016)
[10] Phys. Rev. Lett. 118, 218301 (2017)
[11] Nature 489, 537 (2012)
[12] Sci. Rep. 5, 9421 (2015)

[13] J. Stat. Phys. 173, 775 (2018)
[14] New J. Phys. 20, 052002 (2018)
[15] New J. Phys. 21, 123033 (2019)
[16] Nat. Commun. 8, 1615 (2017)
[17] Nat. Commun. 1, 62 (2010)
[18] PNAS 117, 20244 (2020)

A geometric approach to clustering: the S
1/H2 model

17



[15]

The S
1 model

1. Sprinkle N nodes uniformly on a circle of radius R.
2. Assign an expected degree  to each node according to some pdf ⇢().
3. Draw a link between node i and node j with probability pij .

F �xes the expected degree of nodes () ! soft con�guration model (CM)
F triangle inequality of the underlying metric space ! triangles from pairwise interactions
F level of clustering tuned with parameter �

Other properties and generalizations
. Amenable to many analytical calculations
. Geometric interpretation in terms of hyperbolic geometry (the H

2 model) [1,2]
. Parsimonious explanation of self-similarity [3,4]
. Generalizable to weighted [5], bipartite [6,7,8], multiplex [9,10] and growing [11] networks
. Generalizable to networks with community structure [12,13,14]
. Mapping of real complex networks unto hyperbolic space [15,16]
. Identi�cation of biochemical pathways in E. Coli [8]
. E�cient Internet routing protocols [17]
. Multiscale organization of the human connectome [18]
. Geometrical interpretation of preferential attachment [11]
. . . .

[1] Phys. Rev. E 80, 035101 (2009)
[2] Phys. Rev. E 82, 036106 (2010)
[3] Phys. Rev. Lett. 100, 078701 (2008)
[4] Nat. Rev. Phys. 3, 114 (2021)
[5] Nat. Commun. 8, 14103 (2017)
[6] Phys. Rev. E 84, 026114 (2011)

[7] Phys. Rev. E 95, 032309 (2017)
[8] Mol. Biosyst. 8, 843 (2012)
[9] Nat. Phys. 12, 1076 (2016)
[10] Phys. Rev. Lett. 118, 218301 (2017)
[11] Nature 489, 537 (2012)
[12] Sci. Rep. 5, 9421 (2015)

[13] J. Stat. Phys. 173, 775 (2018)
[14] New J. Phys. 20, 052002 (2018)
[15] New J. Phys. 21, 123033 (2019)
[16] Nat. Commun. 8, 1615 (2017)
[17] Nat. Commun. 1, 62 (2010)
[18] PNAS 117, 20244 (2020)

A geometric approach to clustering: the S
1/H2 model

17



Three challenges in modeling directed networks

Identity of indiscernibles d(x, y) = 0 , x = y

Non-negativity d(x, y) � 0

Symmetry d(x, y)= d(y, x)

Triangle inequality d(x, y)  d(x, z) + d(z, y)
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Triangle inequality d(x, y)  d(x, z) + d(z, y)

Properties of any metric space

Clustering : 7 cycles of length 3

Reciprocity : cycles of length 2

r =
L$
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=

[number of reciprocal links]
[number of links]
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The directed S1 model: A straightforward generalization

The directed S
1 model

1. Sprinkle N nodes uniformly on a circle of radius R.
2. Assign an expected in-degree in and out-degree out to each node according to some

pdf ⇢(in,out).
3. Draw a link from node i to node j with probability pij .

F �xes the expected in-degree and out-degree of nodes (in, out) ! soft directed CM
F triangle inequality of the underlying metric space ! triangles from pairwise interactions
F level of clustering tuned with parameter �
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Fortuitous reciprocity

A random network model de�nes the probability pij for a directed link to exist from node i to node j.

The directed-reciprocal S1 model: A new link between connections and distances
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Geometric description of clustering in 
directed networks

Antoine Allard    1,2  , M. Ángeles Serrano    3,4,5 & Marián Boguñá    3,4

First-principle network models are crucial to understanding the intricate 
topology of real complex networks. Although modelling e!orts have been 
quite successful in undirected networks, generative models for networks 
with asymmetric interactions are still not well developed and unable to 
reproduce several basic topological properties. Progress in this direction 
is of particular interest, as real directed networks are the norm rather 
than the exception in many natural and human-made complex systems. 
Here we show how the network geometry paradigm can be extended to 
the case of directed networks. We de"ne a maximum entropy ensemble of 
random geometric directed graphs with a given sequence of in-degrees and 
out-degrees. Beyond these local properties, the ensemble requires only two 
additional parameters to "x the levels of reciprocity and the frequency of the 
seven possible types of three-node cycles in directed networks. A systematic 
comparison with several representative empirical datasets shows that "xing 
the level of reciprocity alongside the coupling with an underlying geometry 
is able to reproduce the wide diversity of clustering patterns observed in real 
directed complex networks.

The network geometry paradigm is a comprehensive framework that 
successfully explains the topology, the multiscale organization and 
the navigability of real complex networks1. This framework consists of 
a handful of simple models and has been shown to accurately model 
several features observed in static, growing, weighted or multilayer 
networks2–8. The hallmark of network geometry is how it naturally repro-
duces the clustering patterns observed in real complex networks as one 
of their most fundamental properties9. Clustering is indeed notoriously 
difficult to model because triangles imply three-node interactions, 
and most existing approaches must rely on approximations (such as 
an underlying tree-like organization10–15), give up sparsity16 or turn to 
numerical simulations17–19.

Network geometry overcomes this difficulty by assuming that 
nodes are embedded in a metric space and that the probability pij 
that a link exists between nodes i and j is a decreasing function of 
the distance between them. Non-fortuitous clustering—clustering  
that does not occur by sheer luck—can therefore be seen as the 

topological counterpart of the triangle inequality of the metric 
space: if nodes j and l are both close to node i, then they must also 
be close to each other. Hence, a triangle composed of nodes i, j and 
l is likely, even in the limit of very large networks. In fact, network 
geometry interprets the clustering coefficient as a measure of the 
coupling between the topology of the network and an underlying  
latent metric space.

To date, however, network geometry has only been fully devel-
oped for complex networks with symmetric interactions, weighted or 
unweighted. Yet, a large number of real complex networked systems 
contain a mixture of symmetric and asymmetric interactions (for 
example, connectomes, food webs and communication networks)9,20,21. 
In addition to the ubiquity of asymmetry, such systems are relevant 
because they represent processes out of equilibrium where detailed 
balance is not fulfilled. These systems are also typically non-normal20 
and display trophic coherence22 (or lack thereof); these features have 
a drastic impact on the systems' dynamics that cannot be foreseen 
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Main takeaways
ω Rethinking the link between connections and distances allows the extension of the network
geometry framework to directed networks.

ω Assuming an underlying geometry is a simple modeling approach that can reproduce several
complex topological properties observed in real networks.



23

3

31

2

3
1

2

1

1

32

2

3

2 2

1

2
2

1

1

3

2 2

1

2

2
1

3

3

3

3

1
3

2

1
3

2
1

3

2
2

1

1

2

3
3

3

3

3

1
2

2

13

Outline

1. Are simple models enough to study complex systems/networks?

2. “Simple” ways to encode structural complexity

(a) latent metric space
(b) stub types
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General stub matching scheme
Many network models can be seen as a stub matching scheme with

ω node types
ω stub types
ω rules governing how stubs are matched

This perspective facilitates the mathematical description of the dy-
namical processes on networks

ω probability generating functions (ex.: percolation, robustness)
ω ordinary di!erential equations (ex.: epidemic spreading, opin-
ion dynamics)



24

2

2

2

2

3

3

3

3

1

1

1

1 3

31

2

3
1

2

1

1

32

2

3

2 2

1

2
2

1

1

3

2 2

1

2

2
1

3

3

3

3

1
3

2

1
3

2
1

3

2
2

1

1

2

3
3

3

3

3

1
2

2

13

General stub matching scheme
Many network models can be seen as a stub matching scheme with

ω node types
ω stub types
ω rules governing how stubs are matched

This perspective facilitates the mathematical description of the dy-
namical processes on networks

ω probability generating functions (ex.: percolation, robustness)
ω ordinary di!erential equations (ex.: epidemic spreading, opin-
ion dynamics)

Most of these approaches use stub types to
enforce local connection patterns.
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Mesoscopic level: The k-core/onion decomposition

Onion decomposition: k-core decomposition with additional infor-
mation about the positions of nodes within every k-shell (layers).

Information about layers is obtained from the k-core decomposition
with minimal additional computational cost.
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Mesoscopic level: The k-core/onion decomposition

Onion decomposition: k-core decomposition with additional infor-
mation about the positions of nodes within every k-shell (layers).

Information about layers is obtained from the k-core decomposition
with minimal additional computational cost.

Stub matching scheme
ω One type of nodes per layer
ω Three types of stubs (red, green, black)
ω Rules:

1. Allowed links: red–red, red–green, red–black
2. Nodes in layer ε and shell k must

(a) have exactly k links to nodes in layers ε→ → ε (if layer
ε is the !rst layer of the k-shell).

(b) have at least k+ 1 links to nodes in layers ε→ → ε↑ 1
and at most k links to nodes in layers ε→ → ε (if it is
not in the !rst layer of the k-shell).
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Macroscopic level: Connectivity

Preprocessing: Identify links that lead to the largest connected com-
ponent and tag them as red; all remaining stubs are tags as black.

Stub matching scheme
ω One type of nodes
ω Two types of stubs (red, black)
ω Rules:

1. Allowed links: red-red, red–black
2. Black stubs connect to any other stubs, but only towards

nodes with excess red degree 0.
3. Red stubs connect to any other stubs, but only towards

nodes with excess red degree at least 1.
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Preprocessing: Identify links that lead to the largest connected com-
ponent and tag them as red; all remaining stubs are tags as black.

Stub matching scheme
ω One type of nodes
ω Two types of stubs (red, black)
ω Rules:
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2. Black stubs connect to any other stubs, but only towards

nodes with excess red degree 0.
3. Red stubs connect to any other stubs, but only towards

nodes with excess red degree at least 1.
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Main takeaways
ω Local connection rules can enforce strict global topological features.

ω These rules can be leveraged to design
– new mathematical frameworks (ex.: ODEs, PGFs)
– new sampling algorithms (ex.: edge swapping)
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slides, papers and code available at antoineallard.info

Theoretical justi!cations exist for the use of “simple”
models of complex networks and of the dynamics they
support.

Simple models can reproduce nontrivial complex con-
nections patterns observed in real networks.
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