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Modeling the dynamics of complex systems

Complex network High-dimensional dynamics
x=f(x;\V)
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High-dimensional dynamics are hard to analyze and extracting meaningful intuitions from them is difficult.

Most mathematical models involve low-dimensional representations of the networks and/or dynamical observables.



Modeling the dynamics of complex systems

Complex network
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High-dimensional dynamics
x=f(x;\V)
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High-dimensional dynamics are hard to analyze and extracting meaningful intuitions from them is difficult.

Most mathematical models involve low-dimensional representations of the networks and/or dynamical observables.

Can we justify such a low-dimensional approach beyond mathematical and/or conceptual convenience?
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> dimension of the vector space generated by its rows/columns
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Rank r of a matrix
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The rank of adjacency matrices Full-rank (or almost full rank) adjacency
matrices are very common!

Rank r of a matrix &k Unweighted networks

: : Weighted networks
> number of linearly independent rows/columns

> dimension of the vector space generated by its rows/columns n 0.4 J .
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The effective ranks of adjacency matrices
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The effective ranks of adjacency matrices
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The effective ranks of adjacency matrices

Effective rank n of a matrix
> number of “significant” nonzero singular values
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The effective ranks of adjacency matrices

Effective rank n of a matrix
> number of “significant” nonzero singular values
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The effective ranks of adjacency matrices

Many empirical networks appear to have a low effective rank!

o Social (39.2%)
0.209 o Interactome (23.3%) ?
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Results for 679 empirical networks (502 unweighted networks and
177 weighted networks) dowloaded from Netzschleuder.
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A workable definition of “low” effective rank

Hint: the rapid decrease of the dominant singular values of the ad-
Jacency matrix implies a low effective rank

> low effective rank? = effective rank scales at most sublinearly
as the number of nodes, N, goes to infitnity (N'7¢ with ¢ €

(0, 1])
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A workable definition of “low” effective rank

Hint: the rapid decrease of the dominant singular values of the ad-
Jacency matrix implies a low effective rank

> low effective rank? = effective rank scales at most sublinearly
as the number of nodes, N, goes to infitnity (N'7¢ with ¢ €

(0, 1])

Singular-value envelope w(x)

100
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Exponential
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The singular values of approx. 26% of considered networks are bounded from above by

an hypergeometric envelope = sublinear effective ranks!
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The impact of effective low rank on the dynamics

Many dynamics on networks have the form

,_da:

B = = g(x,Wz) = g(x,y)

with & € RY.
Examples:

> SIS (mean-field) : ¢; = —d;z; + v(1 — ;) v,

> Wilson-Cowan: i; = —d;z; + (1 — a2) ;==

> Recurrent Neural Networks (RNN): &; = —d;z; +tanh(vy; +¢;)

> Kuramoto-Sakaguchi: 2; = iw;z; +ye 'y, — v e 27 y; with
i0,
Z] — € 7J

> Population dynamics: &; = —dz; + ~vx;v; (Lotka-Volterra)

T; = —dx; — sx? + -2

, a—l—yé
T, =a—dx; +bxi — cx; + v x; v,

for Z,] - {1, e N} and Yi = Zj\le Wijmj-



The impact of effective low rank on the dynamics

Many dynamics on networks have the form
Low rank W = Wx belongs to a low-dimensional subspace

,_da:
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Many dynamics on networks have the form
Low rank W = Wx belongs to a low-dimensional subspace

,_da:

r = E — g(w, WCU) — g(w, y) High-dimensional space High-dimensional space

Examples:

> SIS (mean-field) : ¢; = —d;z; + v(1 — ;) v,

> Wilson-Cowan: i; = —d;z; + (1 — a2) ;==

Low effective rank W = Wax belongs to an effectively low-

> Recurrent Neural Networks (RNN): &; = —dz;+tanh(yyi+e;) oo subspace

> Ku ramoto—Sakaguchi: Zj - iLUij + 7y e le Yy — 7 el ZJQ Y with High-dimensional space High-dimensional space
Zj = el
N
> Population dynamics: &; = —dz; + ~vx;v; (Lotka-Volterra) R X
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The impact of effective low rank on the dynamics

Many dynamics on networks have the form

, dx
T = T g(x, W) = g(x,v)

with € RV,

Examples:

> SIS (mean-field) : ¢; = —d;z; + v(1 — ;) v,

> Wilson-Cowan: i; = —d;z; + (1 — a2) ;==

> Recurrent Neural Networks (RNN): &; = —d;z; +tanh(vy; +¢;)

> Kuramoto-Sakaguchi: 2; = iw;z; +ye 'y, — v e 27 y; with
i6;
Z] — € 7J

> Population dynamics: &; = —dz; + ~vx;v; (Lotka-Volterra)

_ _ 2 Ll
X; dx; — sxy + - )

xz—a—d:vz—l—bx?—cx?Jr’ymiyi

for ’L,] - {1, e N} and Yi = Zj\le Wijﬂfj.

Original dynamics
r=g(x, W)
Reduced dynamics (with X = Mux)
X = Mg(M*X, WM+X)

where n is the dimension of the reduced system
M denotes the pseudoinverse of M
M = V! is n-truncated right singular vector matrix

The alignment error is

£(x) <= [IVITLA =V VD] + 0, VT, o]

<

where J¢, J; are Jacobian matrices
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The impact of effective low rank on the dynamics

Many dynamics on networks have the form Original dynamics
. da P —
i~ = gz, Wz) = g(@, ) L= glx, We)
| Reduced dynamics (with X = Mux)
with ¢ € RY.
X = Mg(M*X, WM+X)
Examples:

| where n is the dimension of the reduced system
> SIS (mean-field) : &; = —diz; + (1 — ) u; MT denotes the pseudoinverse of M
M = V! is n-truncated right singular vector matrix

> Wilson-Cowan: i; = —d;z; + (1 — a2) ;==

> Recurrent Neural Networks (RNN): &; = —d,z;+tanh(yy,+¢;)  1he alignment error is

> Kuramoto-Sakaguchi: 2; = iw;z; + 5™ y; — ve z;y; with £(@) <—=[IVIILE = V. V)] + 0 [V T, o]
zi = €' f
> Population dynamics: #; = —dx; + vz;y; (Lotka-Volterra) where J,, J) are Jacobian matrices
T; = —dx; — ST? - 75_@

T =a—dx; +br? — cxi + v 3y

for Z,] - {1, e N} and Yi = Zj\le Wijﬂf]‘.
Rapid singular value decrease can induce

rapid alignment error decrease!



Reproduction of the dynamics with increasing accuracy
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Main takeaways —
nature pi

> The rapid decrease of the singular values of adjacency matrices (i.e. low effective rank) offers a
Justification for low-dimensional mathematical models beyond mathematical and/or conceptual
convenience.

> A large proportion of real networks can be considered as having a low effective rank.

> The higher-order interactions observed In some systems could be a byproduct of a low-
dimensional representation used to analyze them.

Emergent higher orders
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1. Are simple models enough to study complex systems/networks?

2. “Simple” ways to encode structural complexity

(a) latent metric space

(b) stub types
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Modeling clustering

Tricky because clustering consists in three-node Interactions while our mathematical
tools rely on pairwise interactions either explicitly or implicitly.

Most models therefore assume
> an underlying tree-like structure

> that the networks are dense

4 - 5
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A geometric approach to clustering

Assume that the nodes are embedded In a metric space and that any two nodes are
connected with a probability that is a decreasing function of the distance between them.

For further info, see Phys. Rep. 499, 1-101 (2011)
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A geometric approach to clustering
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A geometric approach to clustering: Hyperbolic geometry

Simple random geometric graph

1. Sprinkle N nodes uniformly on the hyperbolic disk of radius R.
2. Connect any nodes separated by a distance less than r = R.
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A geometric approach to clustering: the S*/H* model

The S model
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1. Sprinkle NV nodes uniformly on a circle of radius R.
2. Assign an expected degree « to each node according to some pdf p(x).
3. Draw a link between node 7 and node ;7 with probability p;;.
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The S model

1. Sprinkle NV nodes uniformly on a circle of radius R.
2. Assign an expected degree « to each node according to some pdf p(x).

3. Draw a link between node 7 and node ;7 with probability p;;.

fixes the expected degree of nodes (k) — soft configuration model (CM)
triangle inequality of the underlying metric space — triangles from pairwise interactions

level of clustering tuned with parameter

Other properties and generalizations
> Amenable to many analytical calculations
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Three challenges in modeling directed networks

Properties of any metric space

[dentity of indiscernibles dz,y) =0 & x=y
Non-negativity d(z,y) >0
Symmetry d(z,y)=d(y, )
Triangle inequality dlz,y) < d(x,z)+d(z,y)
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Three challenges in modeling directed networks

Properties of any metric space

ldentity of indiscernibles d(x
Non-negativity d(z,y) >0

Triangle inequality d(x,y) < d(x,z) +d(z,y)

Clustering : / cycles of length 3
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Three challenges in modeling directed networks

Properties of any metric space

[dentity of indiscernibles dz,y) =0 & x=y
Non-negativity d(z,y) >0
Symmetry d(z,y)=d(y, )
Triangle inequality d(z,y) <d(z,z)+d(z,v)

Reciprocity : cycles of length 2

L= |[number of reciprocal links|
T = — =

O 0O

L ‘number of links|

Clustering : / cycles of length 3
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The directed S' model: A straightforward generalization

out The directed S model
® ) j,{i.ﬂ 1. Sprinkle N nodes uniformly on a circle of radius R.
Py J 2. Assign an expected in-degree ™ and out-degree x°"* to each node according to some
pdf ,O(Iiin, liOUt).
/{%)ut I 3. Draw a link from node @ to node j with probability p;;.
in @
a2 It % fixes the expected in-degree and out-degree of nodes (k'™, k°"') — soft directed CM
' RAO.. 5 —1 Y triangle inequality of the underlying metric space — triangles from pairwise interactions
bij = 1 m?“%}%) ) Y level of clustering tuned with parameter g
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The directed S! model: A straightforward generalization

out The directed S model
® ] i 1. Sprinkle N nodes uniformly on a circle of radius R.
‘m K : . in ~ out '
J 2. Assign an expected in-degree ' and out-degree x°"" to each node according to some
pdf p(/{in’ /{out).
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) fixes the expected in-degree and out-degree of nodes (s, k°"") — soft directed CM
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The directed-reciprocal S' model: A new link between connections and distances

A random network model defines the probability p;; for a directed link to exist from node ¢ to node 7.

Fortuitous reciprocity

(o~ — )
@\ :@ DijPji
<:>/’ ﬂ‘*<:> pij(1 = pji)
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@  @umoem




The directed-reciprocal S' model: A new link between connections and distances

A random network model defines the probability p;; for a directed link to exist from node ¢ to node 7.

Fortuitous reciprocity Deliberate reciprocity
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The directed-reciprocal S' model: A new link between connections and distances

A random network model defines the probability p;; for a directed link to exist from node ¢ to node 7.

Fortuitous reciprocity

Deliberate reciprocity

(o~ _—
@ \@ PijDji
— ___—
-
@ \@ Pij(1 = pjai)
DD a-rm
®O Quwew

1 (O Q) ron
@/ \@ Pi;(1,0)
G () moy

@  @new

Level of reciprocity controlled with parameter —1 < v <1

g 1.1) { (1 = v)pijpji + vmin{pij, pji } 0<rv< 1\
Pi;(1,1) =
(L4 v)piipji + v (L = pij — pji) H(pij +pji —1) —1<v <0
v =1: maximal reciprocity
v =0: fortuitous reciprocity
_ v = —1: minimal reciprocity y
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The directed-reciprocal S' model: A new link between connections and distances

A random network model defines the probability p;; for a directed link to exist from node ¢ to node ;.

Fortuitous reciprocity Deliberate reciprocity
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Fitting the directed-reciprocal S* model to real networks

complement. cumul. degree dist.

—_
-
-
R

o original

| —— dir-recip S!

| (a) political blogs

7

| —— dir-recip S!

(b) political blogs $T

°©  original >

010° 10 107
in-degree £~

0 10°  10' 107
out-degree k™
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Fitting the directed-reciprocal S* model to real networks
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Fitting the directed-reciprocal S* model to real networks

complement. cumul. degree dist.
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Fitting the directed-reciprocal S* model to real networks

complement. cumul. degree dist.
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Fitting the directed-reciprocal S* model to real networks

complement. cumul. degree dist.
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Fitting the directed-reciprocal S* model to real networks
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Fitting the directed-reciprocal S* model to real networks

complement. cumul. degree dist.
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Main takeaways

> Rethinking the link between connections and distances allows the extension of the network
ceometry framework to directed networks.

> Assuming an underlying geometry is a simple modeling approach that can reproduce several
complex topological properties observed in real networks.
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Qutline

1. Are simple models enough to study complex systems/networks?

2. “Simple” ways to encode structural complexity

(a) latent metric space
(b) stub types
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General stub matching scheme

Many network models can be seen as a stub matching scheme with
> node types

> stub types
> rules governing how stubs are matched

This perspective facilitates the mathematical description of the dy-
namical processes on networks
> probability generating functions (ex.: percolation, robustness)

> ordinary differential equations (ex.: epidemic spreading, opin-
ion dynamics)
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General stub matching scheme

Many network models can be seen as a stub matching scheme with
> node types

> stub types
> rules governing how stubs are matched

This perspective facilitates the mathematical description of the dy-
namical processes on networks
> probability generating functions (ex.: percolation, robustness)

> ordinary differential equations (ex.: epidemic spreading, opin-
ion dynamics)

Most of these approaches use stub types to
enforce local connection patterns.
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Mesoscopic level: The k-core/onion decomposition

Onion decomposition: k-core decomposition with additional infor-
mation about the positions of nodes within every k-shell (layers).

Information about layers is obtained from the k-core decomposition
with minimal additional computational cost.
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Mesoscopic level: The k-core/onion decomposition

Onion decomposition: k-core decomposition with additional infor-
mation about the positions of nodes within every k-shell (layers).

Information about layers is obtained from the k-core decomposition
with minimal additional computational cost.

Stub matching scheme
> One type of nodes per layer

> Three types of stubs (red, green, black)
> Rules:

1. Allowed links: red-red, red-green, red-black
2. Nodes in layer ¢ and shell k must

(a) have exactly k links to nodes in layers ¢/ > ¢ (if layer
¢ is the first layer of the k-shell).

(b) have atleast k& + 1 links to nodes in layers ¢/ > ¢ — 1
and at most & links to nodes in layers ¢ > 7 (if it is
not in the first layer of the k-shell).
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Mesoscopic level: The k-core/onion decomposition

Onion decomposition: k-core decomposition with additional infor-
mation about the positions of nodes within every k-shell (layers).

Information about layers is obtained from the k-core decomposition
with minimal additional computational cost.

Stub matching scheme
> One type of nodes per layer

> Three types of stubs (red, green, black)
> Rules:

1. Allowed links: red-red, red-green, red-black
2. Nodes in layer ¢ and shell k must

(a) have exactly k links to nodes in layers ¢/ > ¢ (if layer
¢ is the first layer of the k-shell).

(b) have at least k41 links to nodes in layers ¢/ > ¢ — 1
and at most & links to nodes in layers ¢/ > ¢ (if it is
not in the first layer of the k-shell).
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Macroscopic level: Connectivity

Preprocessing: ldentify links that lead to the largest connected com-
ponent and tag them as red; all remaining stubs are tags as black.

Stub matching scheme
> One type of nodes

> Two types of stubs (red, black)
> Rules:

1. Allowed links: red-red, red-black
Black stubs connect to any other stubs, but only towards

2.

3.

NOG

Rec
glele

es with excess red degree O.
stubs connect to any other stubs, but only towards
es with excess red degree at least 1.
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Macroscopic level: Connectivity Grutellz
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Preprocessing: ldentify links that lead to the largest connected com-
ponent and tag them as red; all remaining stubs are tags as black.
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Main takeaways
> Local connection rules can enforce strict global topological features.

> [hese rules can be leveraged to design

- new mathematical frameworks (ex.: ODEs, PGFs)

- new sampling algorithms (ex.: edge swapping) Laurent Hebert-Dufresne

University of Vermont

Multi-scale structure and
topological anomaly c!etectlon via Francois Thibault
a new network statistic: The onion Université Laval
decomposition
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Sci. Rep. 6, 31708 (2016)
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(Theoretical justifications exist for the use of “Simple”\

models of complex networks and of the dynamics they
ksupport.
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Simple models can reproduce nontrivial complex con-
nections patterns observed in real networks. 3
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