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Outline

1. The model and its mathematical description

2. Some applications

(a) Mesocopic localization
(b) Heterogeneous transmission settings
(c) Context-sensitive behavior
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M.E.J. Newman, Properties of highly clustered networks, Phys. Rev. E 68, 026121 (2003)

The model and its mathematical description

gm : fraction of nodes with membership m
pn : fraction of groups of size n

Sm : fraction of nodes with membership m and that are susceptible
Gn,i : fraction of group of size n and that contain i infectious nodes

µ : recovery rate
ω : weight associated to transmission

!n,i,ω : transmission rate in a group of size n, with i infected nodes, and
weight ω



5

Projection
on nodes

Cliques

Nodes

Compartmental formalism

Clique size
distribution

Membership
distribution

Projection
on nodes

Cliques

Nodes

Compartmental formalism

Clique size
distribution

Membership
distribution

M.E.J. Newman, Properties of highly clustered networks, Phys. Rev. E 68, 026121 (2003)

The model and its mathematical description

gm : fraction of nodes with membership m
pn : fraction of groups of size n

Sm : fraction of nodes with membership m and that are susceptible
Gn,i : fraction of group of size n and that contain i infectious nodes

µ : recovery rate
ω : weight associated to transmission

!n,i,ω : transmission rate in a group of size n, with i infected nodes, and
weight ω



5

Projection
on nodes

Cliques

Nodes

Compartmental formalism

Clique size
distribution

Membership
distribution

Projection
on nodes

Cliques

Nodes

Compartmental formalism

Clique size
distribution

Membership
distribution

Projection
on nodes

Cliques

Nodes

Compartmental formalism

Clique size
distribution

Membership
distribution

M.E.J. Newman, Properties of highly clustered networks, Phys. Rev. E 68, 026121 (2003)

The model and its mathematical description

gm : fraction of nodes with membership m
pn : fraction of groups of size n

Sm : fraction of nodes with membership m and that are susceptible
Gn,i : fraction of group of size n and that contain i infectious nodes

µ : recovery rate
ω : weight associated to transmission

!n,i,ω : transmission rate in a group of size n, with i infected nodes, and
weight ω

gm : fraction of nodes with membership m
pn : fraction of groups of size n

Sm : fraction of nodes with membership m and that are susceptible
Gn,i : fraction of group of size n and that contain i infectious nodes

µ : recovery rate
ω : weight associated to transmission

!n,i,ω : transmission rate in a group of size n, with i infected nodes, and
weight ω



5

Projection
on nodes

Cliques

Nodes

Compartmental formalism

Clique size
distribution

Membership
distribution

Projection
on nodes

Cliques

Nodes

Compartmental formalism

Clique size
distribution

Membership
distribution

Projection
on nodes

Cliques

Nodes

Compartmental formalism

Clique size
distribution

Membership
distribution

M.E.J. Newman, Properties of highly clustered networks, Phys. Rev. E 68, 026121 (2003)

The model and its mathematical description

gm : fraction of nodes with membership m
pn : fraction of groups of size n

Sm : fraction of nodes with membership m and that are susceptible
Gn,i : fraction of group of size n and that contain i infectious nodes

µ : recovery rate
ω : weight associated to transmission

!n,i,ω : transmission rate in a group of size n, with i infected nodes, and
weight ω

gm : fraction of nodes with membership m
pn : fraction of groups of size n

Sm : fraction of nodes with membership m and that are susceptible
Gn,i : fraction of group of size n and that contain i infectious nodes

µ : recovery rate
ω : weight associated to transmission

!n,i,ω : transmission rate in a group of size n, with i infected nodes, and
weight ω

gm : fraction of nodes with membership m
pn : fraction of groups of size n

Sm : fraction of nodes with membership m and that are susceptible
Gn,i : fraction of group of size n and that contain i infectious nodes

µ : recovery rate
ω : weight associated with transmission

!n,i,ω : transmission rate in a group of size n, with i infected nodes, and
weight ω



5

Projection
on nodes

Cliques

Nodes

Compartmental formalism

Clique size
distribution

Membership
distribution

Projection
on nodes

Cliques

Nodes

Compartmental formalism

Clique size
distribution

Membership
distribution

Projection
on nodes

Cliques

Nodes

Compartmental formalism

Clique size
distribution

Membership
distribution

M.E.J. Newman, Properties of highly clustered networks, Phys. Rev. E 68, 026121 (2003)

Dynamics at the groups level

dGn,i

dt
= µ(i+ 1)Gn,i+1 → µiGn,i

+ (n→ i+ 1)!n,i→1,ωGn,i→1 → (n→ i)!n,i,ωGn,i

+ (n→ i+ 1)ωGn,i→1 → (n→ i)ωGn,i

Dynamics at the nodes level

dSm

dt
= µ(gm → Sm)→mrSm

Mean-!eld quantities

ω(t) = r(t)

∑
m m(m→ 1)Sm∑

m mSm
; r(t) =

∑
n,i(n→ i)!n,i,ωGn,i∑

n,i(n→ i)Gn,i

Global prevalence

I(t) =
∑

m

[gm → Sm(t)]

The model and its mathematical description

r(t) : mean infection rate from a random group to which a random
node belongs

ω(t) : mean infection rate from all other groups to which a random
node in a random group belongs

gm : fraction of nodes with membership m
pn : fraction of groups of size n

Sm : fraction of nodes with membership m and that are susceptible
Gn,i : fraction of group of size n and that contain i infectious nodes

µ : recovery rate
ω : weight associated to transmission

!n,i,ω : transmission rate in a group of size n, with i infected nodes, and
weight ω
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The model and its mathematical description

Stationary state

S→
m =

gm
1 +mr

µ(i+ 1)G→
n,i,ω =

[
µi+ (n→ i)(!n,i,ω + ω)

]
G→

n,i,ω

→ (n→ i+ 1)(!n,i↑1,ω + ω)G→
n,i↑1,ω

Epidemic threshold

dF

dω

∣∣∣∣
ε↓0

> 1

where

F (ω) ↑ r(ω)

∑
m m(m→ 1)Sm(ω)∑

m mSm(ω)
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Mesocopic localization

Localization: an epidemic sustains itself via a limited (and localized)
number of nodes, traditionnally around hubs or within the inner-
most core.
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Mesocopic localization

Message #1: Mesoscopic localization can be observed.

ωm = ωn = 2.2

ωm = 4 ωn = 3.5

!n,i,ω = ω i n→ε

ε → [0, 1]

pn ↑ n→ϑn

gm ↑ m→ϑm

µ = 1

Notation: sm = Sm and cn,i = Gn,i . ωc is the epidemic threshold.
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Mesocopic localization

Message #2: Mesoscopic localization is the rule rather than the exception.

!n,i,ω = ω i n→ε

ε → [0, 1]

pn ↑ n→ϑn

gm ↑ m→ϑm

µ = 1
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Mesocopic localization

ωm = ωn = 3.5

Intervention: enforcing a hard cuto!, nmax, on the size of groups;
the lower nmax is, the stronger is the intervention.

!n,i,ω = ω i n→ε

ε → [0, 1]

pn ↑ n→ϑn

gm ↑ m→ϑm

µ = 1

Message #3: Mesoscopic localization o!ers an opportunity for e"cient interventions.
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Mesocopic localization

Main takeaways
ω The phenomenon of localization extends to meso-
scopic structures like groups.

ω Mesoscopic localization is the rule rather than the
exception.

ω Interventions at the group level are more e!cient
in presence of localization.
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Heterogeneous transmission settings

The context of contacts matters for transmission

ω COVID-19

ω In!uenza A

ω STIs

ω . . .

What are the possible e"ects of ignoring context?
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Heterogeneous transmission settings

Notation: ω = ε.

We include context by allowing each group to have an individual ω
drawn from a density f(ω|n).

The context of contacts matters for transmission

ω COVID-19

ω In!uenza A

ω STIs

ω . . .

What are the possible e"ects of ignoring context?
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Heterogeneous transmission settings

Detailled description of the dynamics at the groups level with !n,i,ω = iω (“simple contagion”)

dGω
n,i

dt
= µ(i+ 1)Gω

n,i+1 → µiGω
n,i + (n→ i+ 1)[(i→ 1)ω + ε]Gω

n,i→1 → (n→ i)[iω + ε]Gω
n,i
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Coarse-grained description of the dynamics at the groups level (with Gn,i =
∫
Gω

n,idω)
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n,idω
↑






E[ωi|n]
E[ωi→1|n] short term

E[ω|n] long term
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Heterogeneous transmission settings

In its early stage, the epidemic will “see” a transmission rate that depends on i (typically superlinear), akin to “complex contagion”.
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Heterogeneous transmission settings

ω = 1 ω = 0.15 ω = 0.1

Notation: ω̄i = ε̄n,i .
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Heterogeneous transmission settings

Inference from times series also detects a superlinear transmission rate even if the true underlying contagion is linear.

ω = 1

Assumed a transmission rate of the form ωiω.
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Heterogeneous transmission settings

Main takeaways
ω Considering group heterogeneity changes the dy-
namics.

ω Without knowing the local transmission rate, group
heterogeneity mimics more complex rules.
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Context-sensitive behavior

Two types of individuals

ω Active: try to reduce transmission risk (e.g. prophylactic mea-
sures)

ω Passive: do not bother

Groups are assembled randomly with a prescribed level of ho-
mophily
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Context-sensitive behavior

Two types of individuals

ω Active: try to reduce transmission risk (e.g. prophylactic mea-
sures)

ω Passive: do not bother

Groups are assembled randomly with a prescribed level of ho-
mophily

The transmission rate within each groups depends on its composi-
tion

ω majority rule (50% + 1)

ω arbitrary threshold

ω “purity” rule

Same framework as before, but with two types of nodes, and with a transmission rate that depends on the composition of groups
(composition remains constant over time, for the time being. . . ).



Message #1: Increasing homophily favors the least in!uential group.
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Context-sensitive behavior
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Context-sensitive behavior

Message #2: Epidemic threshold can become a non monotonous function of homophily.
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Context-sensitive behavior

Message #3: Accounting for large group sizes may have a qualitative impact on the dynamics.
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Context-sensitive behavior

Main takeaways
ω Context-sensitive individual behavior is a rich ex-
ample of higher order interactions.

ω Increasing homophily always favors the least in!u-
ential group.

ω Accounting for large group sizes has a signi"cant
impact on the dynamics.



↭ Slides ↫
Main takeaways

ω Approximate master equations are a !exible framework that allows for the inclusion of complex structure
and individual behavior in a tractable epidemiological model

ω Shifting the focus from the nodes to the groups provides new insights on interventions, on data analysis,
and on factors in!uencing spreading dynamics.
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