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Modeling the dynamics of complex systems

Complex network High-dimensional dynamics
x=f(x;\V)
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High-dimensional dynamics are hard to analyze and extracting meaningful intuitions from them is difficult.

Most mathematical models involve low-dimensional representations of the networks and/or dynamical observables.



Modeling the dynamics of complex systems

Complex network
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x=f(x;\V)
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High-dimensional dynamics are hard to analyze and extracting meaningful intuitions from them is difficult.

Most mathematical models involve low-dimensional representations of the networks and/or dynamical observables.

Can we justify such a low-dimensional approach beyond mathematical and/or conceptual convenience?
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Rank r of a matrix
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The rank of adjacency matrices Full-rank (or almost full rank) adjacency
matrices are very common!

Rank r of a matrix &k Unweighted networks

: : Weighted networks
> number of linearly independent rows/columns

> dimension of the vector space generated by its rows/columns n 0.4 J .
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The effective ranks of adjacency matrices
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The effective ranks of adjacency matrices
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The effective ranks of adjacency matrices

Effective rank n of a matrix
> number of “significant” nonzero singular values

T T
"V — o;,u0,V, =~ o,U;V, . IR )
Z e Z L > term after which it is "reasonable” to truncate the sum
Macroscopic (large scale) Microscopic (local)
properties properties
n=1 n=10 Abbreviation Expression
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effective ranks i i ] 1 = thrank - 4o
#{a,- | ie{l,...,Nlandg; > ﬁ}
shrank #{s*(g;)|i €{l, ..., Njands*(g;) > 0O}

T ——— T



The effective ranks of adjacency matrices

Effective rank n of a matrix
> number of “significant” nonzero singular values

T T

"" — O"U.‘VT ~ O"H'VT . oy )
Z 1 L Z 1 L > term after which it is “reasonable” to truncate the sum
1= 1=

Macroscopic (large scale) Microscopic (local)

properties properties
n=1 n=3 n=5 Abbreviation Expression
Ex EX L
Lower r
effective ranks nrank 2oi1 0il 0y
Ea E= i BT . 1 (Z ) T 1)
elbow 1 -1 g0y
7 M8 MaXgqy . |~-1 + e 1| -1
v erank r o o
exp |- —— log
Higher o 2ot O 5 21 9
effective ranks
thrank . 40med
#{a,- | tel,...,N}and g; > \m}
shrank #{s*(g;)|i €{l, ..., Njands*(g;) > 0O}
High effective ranks > Low effective ranks
. . S 0@
The singular values (and the effective rank) . EB D}EQ
encode information about the network’s 2 051 0.5- 0.5- 05
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The effective ranks of adjacency matrices

Many empirical networks appear to have a low effective rank!

o Social (39.2%)
0.209 o Interactome (23.3%) ?
$2 Informational (15.8%)
A  Ecological (7.2%) .
¥ Connectome (4.6%)
0.154 ¢ Technological (4.1%) vV
O Learned (1.9%)
o Economic (1.5%) © L°
§ <> Communication (1.3%) . o
c vV  Transportation (1.2%
5 0.10 - P 2%
wn
0.05 -
0.00 -

Results for 679 empirical networks (502 unweighted networks and
177 weighted networks) dowloaded from Netzschleuder.



The effective ranks of adjacency matrices

Many empirical networks appear to have a low effective rank!

o Social (39.2%)
0.201 o Interactome (23.3%) ?
$2 Informational (15.8%)
A  Ecological (7.2%)
¥ Connectome (4.6%) v
0.154 ¢ Technological (4.1%) vV
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A workable definition of “low” effective rank

Hint: the rapid decrease of the dominant singular values of the ad-
Jacency matrix implies a low effective rank

> low effective rank? = effective rank scales at most sublinearly
as the number of nodes, N, goes to infitnity (N'7¢ with ¢ €

(0, 1])
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A workable definition of “low” effective rank

Hint: the rapid decrease of the dominant singular values of the ad-
Jacency matrix implies a low effective rank

> low effective rank? = effective rank scales at most sublinearly
as the number of nodes, N, goes to infitnity (N'7¢ with ¢ €

(0, 1])

Singular-value envelope w(x)

100

Supra-linear

Real networks ?

Exponential

1073

|
N/2 N

X

The singular values of approx. 26% of considered networks are bounded from above by

an hypergeometric envelope = sublinear effective ranks!
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Workable definition of low effective rank: ~10% of the number of nodes N

Approx. 6% of the 6/9 networks qualify for having a low effective rank!
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The impact of effective low rank on the dynamics

Many dynamics on networks have the form

,_da:

B = = g(x,Wz) = g(x,y)

with & € RY.
Examples:

> SIS (mean-field) : ¢; = —d;z; + v(1 — ;) v,

> Wilson-Cowan: i; = —d;z; + (1 — a2) ;==

> Recurrent Neural Networks (RNN): &; = —d;z; +tanh(vy; +¢;)

> Kuramoto-Sakaguchi: 2; = iw;z; +ye 'y, — v e 27 y; with
i0,
Z] — € 7J

> Population dynamics: &; = —dz; + ~vx;v; (Lotka-Volterra)

T; = —dx; — sx? + -2

, a—l—yé
T, =a—dx; +bxi — cx; + v x; v,

for Z,] - {1, e N} and Yi = Zj\le Wijmj-



The impact of effective low rank on the dynamics

Many dynamics on networks have the form
Low rank W = Wx belongs to a low-dimensional subspace

,_da:
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Many dynamics on networks have the form
Low rank W = Wx belongs to a low-dimensional subspace

,_da:

r = E — g(w, WCU) — g(w, y) High-dimensional space High-dimensional space

Examples:

> SIS (mean-field) : ¢; = —d;z; + v(1 — ;) v,

> Wilson-Cowan: i; = —d;z; + (1 — a2) ;==

Low effective rank W = Wax belongs to an effectively low-

> Recurrent Neural Networks (RNN): &; = —dz;+tanh(yyi+e;) oo subspace

> Ku ramoto—Sakaguchi: Zj - iLUij + 7y e le Yy — 7 el ZJQ Y with High-dimensional space High-dimensional space
Zj = el
N
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The impact of effective low rank on the dynamics

Many dynamics on networks have the form Original dynamics
. da P —
i~ = gz, Wz) = g(@, ) L= glx, We)
| Reduced dynamics (with X = Mux)
with ¢ € RY.
X = Mg(M*X, WM+X)
Examples:

| where n is the dimension of the reduced system
> SIS (mean-field) : &; = —diz; + (1 — ) u; MT denotes the pseudoinverse of M
M = V! is n-truncated right singular vector matrix

> Wilson-Cowan: i; = —d;z; + (1 — a2) ;==

> Recurrent Neural Networks (RNN): &; = —d,z;+tanh(yy,+¢;)  1he alignment error is

> Kuramoto-Sakaguchi: 2; = iw;z; + 5™ y; — ve z;y; with £(@) <—=[IVIILE = V. V)] + 0 [V T, o]
zi = €' f
> Population dynamics: #; = —dx; + vz;y; (Lotka-Volterra) where J,, J) are Jacobian matrices
T; = —dx; — ST? - 75_@

T =a—dx; +br? — cxi + v 3y

for ’L,] - {1, e N} and Yi = Zj\le Wijﬂfj.



The impact of effective low rank on the dynamics

Many dynamics on networks have the form Original dynamics
. da P —
i~ = gz, Wz) = g(@, ) L= glx, We)
| Reduced dynamics (with X = Mux)
with ¢ € RY.
X = Mg(M*X, WM+X)
Examples:

| where n is the dimension of the reduced system
> SIS (mean-field) : &; = —diz; + (1 — ) u; MT denotes the pseudoinverse of M
M = V! is n-truncated right singular vector matrix

> Wilson-Cowan: i; = —d;z; + (1 — a2) ;==

> Recurrent Neural Networks (RNN): &; = —d,z;+tanh(yy,+¢;)  1he alignment error is

> Kuramoto-Sakaguchi: 2; = iw;z; + 5™ y; — ve z;y; with £(@) <—=[IVIILE = V. V)] + 0 [V T, o]
zi = €' f
> Population dynamics: #; = —dx; + vz;y; (Lotka-Volterra) where J,, J) are Jacobian matrices
T; = —dx; — ST? - 75_@

T =a—dx; +br? — cxi + v 3y

for Z,] - {1, e N} and Yi = Zj\le Wijﬂf]‘.
Rapid singular value decrease can induce

rapid alignment error decrease!



Reproduction of the dynamics with increasing accuracy

1.0 A

- n=1(e=0.04)
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/\'_’* e Exact ((Y* )XC e Exact
0.6 - If
0.113 0123 — O\
0.55 -
0.45 Z
0.0 -, , 013 0.0 -
0.02 0.06 0.10 0.14 0 1 2

Synaptic weight

Microbial interaction weight

— n=80=erank (e=0.04)
— n=90 (e= 0.0y,/\
— n=100 (e=0.003) ~

= Exact//
0.2t >
X3
0.0 =
—-0.2
0. 0.2

10



Reproduction of the dynamics with increasing accuracy
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Main takeaways

> The rapid decrease of the singular values of adjacency matrices (i.e. low effective rank) offers a
Justification for low-dimensional mathematical models beyond mathematical and/or conceptual

convenience.

> A large proportion of real networks can be considered as having a low effective rank.

> The higher-order Interactions observed in some systems could be a byproduct of a low-

dimensional representation used to analyze them.

Challenges and open questions
> Could we measure the effective dimension independently?

> Could we design a random graph model based on observed
singular values (singular vectors)?

> Are some of the higher-order interactions inferred from time
series artifacts of coarse-grained observations?

> Could we designed more . perhaps
nonlinear ones?
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Maximally random graph ensembles

The probability, P(A), fora N x N adjacency matrix A = {a;; } =€

0, 1]( ) that maximizes the entropy subjected to the L constraints
(=1,2,...,L)

S({A}) = ZP )InP(A)  F =) F(A)P(A

s (o being the [-th Lagrange multiplier)

Phys. Rev. E 70, 066117 (2004)
EPL 81, 28005 (2007)

Phys. Rev. E 68, 026112 (2003)
Phys. Rev. E 86, 026120 (2012) 13



Maximally random graph ensembles

The probability, P(A), fora N x N adjacency matrix A = {a;; } =€

0, 1]( ) that maximizes the entropy subjected to the L constraints
(=1,2,...,L)

S({A}) = ZP )InP(A)  F =) F(A)P(A

s (o being the [-th Lagrange multiplier)
L
P(A) x exp ( ZalFl(A)> .

Example 1: fixing the expected number of edges

N N

— —~ —~N
:> > a

et e

i=1 j=i+1

vields the Bernouilli random graph ensemble

N N 1
:z[[l_[ proL=p)mt with p =2

Phys. Rev. E 70, 066117 (2004)
EPL 81, 28005 (2007)

Phys. Rev. E 68, 026112 (2003)
Phys. Rev. E 86, 026120 (2012) 13



Maximally random graph ensembles

The probability, P(A), fora N x N adjacency matrix A = {a;;} =€  Example 2: fixing the expected degree sequence
0, 1]( ) that maximizes the entropy subjected to the L constraints

N
l=1,2,....L) Flzzalj:kl
_ =1
S({A}) = ZP JnP(A)  F =3 F(A)P(A) :
A forl =1,..., N yields the soft configuration mode|

s (o being the [-th Lagrange multiplier)

1
Y1 — 1 Qij ' S
H H p 1 ng V\/|th pzj 6_(04z'—|‘aj) _|_1 .

1=1 7=1+1
P(A ocexp( Zqul ) =

Redefining k; = /(k)Ne* forl = 1,..., N yields the Chung-Lu
model

Example 1: fixing the expected number of edges .
Ri K

X P EN T N

:>4 >4 aZ]:M o
=1 g=tl Studying the conditions for which p;; can be factorised informs us
on the degree-degree correlations observed in real networks.

vields the Bernouilli random graph ensemble

N N 1
:z[[l_[ proL=p)mt with p =2

Phys. Rev. E 70, 066117 (2004)
EPL 81, 28005 (2007)

Phys. Rev. E 68, 026112 (2003)
Phys. Rev. E 86, 026120 (2012) 13



Modeling clustering

Tricky because clustering consists in three-node Interactions while our mathematical
tools rely on pairwise interactions either explicitly or implicitly.

Straightforward inclusion of triangles to the maximally random graph ensemble formalism
vields unwanted behavior (ex.: triangle agglutination in the Strauss model [6]).

Most models therefore assume
> an underlying tree-like structure

> that the networks are dense

| Phys. Rev. E 68,026121 (2003)

] Phys. Rev. E 80, 036107 (2009)

] Phys. Rev. Lett. 103, 058701 (2009)
| Phys. Rev. E 82, 066118 (2010)

] Appl. Netw. Sci. 4, 122 (2019)

] Phys. Rev. E 72, 026136 (2005)

14
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https://doi.org/10.1103/PhysRevLett.103.058701
https://doi.org/10.1103/PhysRevE.82.066118
https://doi.org/10.1007/s41109-019-0232-2

Modeling clustering

Assume that the nodes are embedded In a metric space and that any two nodes are
connected with a probability that is a decreasing function of the distance between them.
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Assume that the nodes are embedded in a metric space and that any two nodes are
connected with a probability that is a decreasing function of the distance between them.

Properties of any metric space

ldentity of indiscernibles network topology

Non-negativity

Symmetry
Triangle inequality

hidden metric space
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Modeling clustering

Assume that the nodes are embedded in a metric space and that any two nodes are
connected with a probability that is a decreasing function of the distance between them.

Properties of any metric space

ldentity of indiscernibles network topology

Non-negativity

Symmetry
Triangle inequality

Henceforth we assume that there is a distance matrix

X = {wi;}

where z;; is the distance between vertices 7 and 7.

hidden metric space

15



Maximally random geometric graph ensembles

Example 3: fixing the expected number of edges and the expected

total energy

N N
Fr=Y Y aj=M
1 D P azg
i=1 j=i+1
N N N N
F, — .. — Na.. = E
2 54 _ Cijtiy 54 54 f (i) a;
i=1 j=i+1 i=1 j=i+1

vields the homogeneous random geometric graph ensemble

al 1

N
P =[] I pi?=py) with py = =57 -

i=1 j=i+1

The graphs will be sparse, highly clustered and small-world Iif

f(llj'w) ~ 11"1332']' and ﬂ ~ [D,D + 2]

\N

< \\

\J
\
)
'\
14»
»
PAND

Phys. Rev. Research 2, 023040 (2020)
Phys. Rev. E 66, 016121 (2002)
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Maximally random geometric graph ensembles

Example 4: fixing the expected degree sequence and the expected
total energy

N
E:Zalj:kl (lZl,,N)
=1
- ]N N N N
Iy = S: S: ijQij = S: S: flzij)ai; = E
i=1 j=i+1 i=1 j=i+1

vields the heterogeneous random geometric graph ensemble

HHp%l—p 1=ai5\ith Dii = ! .
7’3 v 658@'-0@-0@’ _|_ 1

1=1 =141

The graphs will be sparse, highly clustered, small-world and devoid
of non-structural degree-degree correlation iif f(z;;) = Inz;; and
B e |D,D+2]7. Redefining ay = —(8/D) In(/pux;) yields

1 : Lij
P = ehle=m 1 1 With ey =1n ((lﬁlz’/ij)ll)) |

¢ No upper bound if expected degree sequence is scale-free.

Phys. Rev. E 80, 035101 (2009)
Phys. Rev. E 82, 036106 (2010) 17
Phys. Rev. Research 2, 023040 (2020)



Maximally random geometric graph ensembles

Example 4: fixing the expected degree sequence and the expected
total energy

N

E:Zalj:kl (lZl,,N)
=1
- JN N N N
Iy = >: >: ijQij = S: S: flxij)ai; = E
i=1 j=i+1 i=1 j=i+1

vields the heterogeneous random geometric graph ensemble

HHp%l—p 1=ai5\ith Dii = ! .
Z] v 6587;3'—047;—0&3' _|_ 1

1=1 =141

The graphs will be sparse, highly clustered, small-world and devoid
of non-structural degree-degree correlation iif f(z;;) = Inz;; and
B e |D,D+2]7. Redefining ay = —(8/D) In(/pux;) yields

1 : Lij
P = eBls—m 1 1 R ((%mj)é) |

¢ No upper bound if expected degree sequence is scale-free.

When the geometry is a D-dimensional sphere, S” the model can
be mapped to a purely geometric model in hyperbolic space HP+!,

Phys. Rev. E 80, 035101 (2009)
Phys. Rev. E 82, 036106 (2010)

Phys. Rev. Research 2, 023040 (2020) 17



Maximally random geometric graph ensembles

When the geometry is a D-dimensional sphere, S” the model can
be mapped to a purely geometric model in hyperbolic space HP+!,

hyperbolic disk (7’, 0) Phys. Rev. E 80, 035101 (2009)
Phys. Rev. E 82, 036106 (2010)

Phys. Rev. Research 2, 023040 (2020) 17



A powerful and versatile framework

>
>
>
>
>
>

Amenable to many analytical calculations [1,2]

Generalizable to weighted |5], bipartite 16,7,8], multiplex [9,10], directed [4] and growing [11] networks

Geometrical interpretation of preferential attachment [11]
Parsimonious explanation of self-similarity | 3]

Generalizable to networks with community structure [12,13,14]
Mapping of real complex networks unto hyperbolic space [15,16]

- Reproduction of additional properties than the ones used to fit the parameters [4,15].

- |dentification of biochemical pathways in E. Coli |8]

- Efficient Internet routing protocols [17/]
- QOrganization of the human connectome [18,20]
— Self-similar architecture [19]

- Evolution of hierarchy in international trade [21]

Phys. Rev. E 80, 035101 (2009)
Phys. Rev. E 82, 036106 (2010)

Phys. Rev. Lett. 100, 078701 (2008)
Nat. Phys. 20, 150 (2024)

Nat. Commun. 8, 14103 (2017)
Phys. Rev. E 84, 026114 (2011)
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Phys. Rev. E 95, 032309 (2017)

Mol. Biosyst. 8, 843 (2012)

Nat. Phys. 12, 1076 (2016)

] Phys. Rev. Lett. 118, 218301 (2017)
| Nature 489, 537 (2012)
]

[7
8
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[1
[12] Sci. Rep. 5, 9421 (2015)

]
]
]
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] J. Stat. Phys. 173, 775 (2018)

] New J. Phys. 20, 052002 (2018)
] New J. Phys. 21, 123033 (2019)
] Nat. Commun. 8, 1615 (2017)

| Nat. Commun. 1, 62 (2010)

] PNAS 117, 20244 (2020)

[19] Nat. Phys. 14, 583 (2018)
[20] PLOS Comput. Biol. 16, e1007584 (2020)
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Challenges

Heterogeneous random geometric graph models are prime candi-
dates to model real networked complex systems.

But they rely heavily on our capacity to find high-quality embed-
dings of the original datasets.

> Difficult optimization problem

- rugged landscape
- numerous symmetries (rotation, reflection, graph auto-

morphisms)
- gradient not always well defined

> Out-of-the-box solutions do not work well

- Hamiltonian Monte Carlo
- gradient descent

> Current state-of-the-art embedding methods

- rely on heuristics
- do not provide uncertainties (loglikelihood maximization)
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Challenges: some solutions

Leverage the specificities of the model to design better sampling

algorithm.
Better mixing and exploration than standard sampling algorithms.
1. Find clusters 2. T)ravx 3. Apply local rPﬂPctinn
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Challenges: some solutions

—_— gpu

Still slow. .. 01 . pu

250 500 750 1000 1250 1500 1750 2000
Number of vertices

...but we now have uncertainties on graph metrics!

..and these uncertainties are not “trivial” (nhon-normal).
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Challenges

> Network geometry is a promising framework, but its applicability relies heavily on our capacity to find high- bqguality embeddings
of the original datasets, which is hard.

> We cannot power our way through this challenge using GPUs or supercomputers: we need to design smarter algorithms.
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(Theoretical justifications exist for the use of “Simple”\

models of complex networks and of the dynamics they
ksupport.

WV,

an - )
Simple models can reproduce nontrivial complex con-

nections patterns observed in real networks, but there
are still several challenges ahead to bridge the gap be-

ktvveen our models and real networks. y
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