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Can we justify such a low-dimensional approach beyond mathematical and/or conceptual convenience?
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Results for 679 empirical networks (502 unweighted networks and
177 weighted networks) downloaded from Netzschleuder.

Full-rank (or almost full rank) adjacency
matrices are very common!
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The singular values (and the e!ective rank)
encode information about the network’s
topology.
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Results for 679 empirical networks (502 unweighted networks and
177 weighted networks) dowloaded from Netzschleuder.

Many empirical networks appear to have a low e!ective rank!

The e!ective ranks of adjacency matrices

But what does “low” mean?
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A workable de!nition of “low” e"ective rank
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Hint: the rapid decrease of the dominant singular values of the ad-
jacency matrix implies a low e!ective rank

ω low e!ective rank? → e!ective rank scales at most sublinearly
as the number of nodes, N , goes to in"tnity (N1→ω with ε ↑
(0, 1])
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Hypergeometric

The singular values of approx. 96% of considered networks are bounded from above by
an hypergeometric envelope → sublinear e!ective ranks!

Workable de!nition of low e"ective rank: →10% of the number of nodes N
Approx. 96% of the 679 networks qualify for having a low e!ective rank!

Hint: the rapid decrease of the dominant singular values of the ad-
jacency matrix implies a low e!ective rank

ω low e!ective rank? → e!ective rank scales at most sublinearly
as the number of nodes, N , goes to in"tnity (N1→ω with ε ↑
(0, 1])



The impact of e!ective low rank on the dynamics

9

Many dynamics on networks have the form

ẋ =
dx

dt
= g(x,Wx) = g(x,y)

with x → R
N .

Examples:

ω SIS (mean-!eld) : ẋi = ↑dixi + ε(1↑ xi) yi

ω Wilson-Cowan: ẋi = ↑dixi + (1↑ axi)
1

1+e→b(ω yi→c)

ω Recurrent Neural Networks (RNN): ẋi = ↑dixi+tanh(εyi+ci)

ω Kuramoto-Sakaguchi: żj = iϑjzj + ε e→iω yj ↑ ε eiω z2j ȳj with
zj = eiεj

ω Population dynamics: ẋi = ↑dxi + εxiyi (Lotka-Volterra)
ẋi = ↑dxi ↑ sx2

i + ε xiyi
ω+yi

ẋi = a↑ d xi + bx2
i ↑ cx3

i + ε xi yi

for i, j → {1, ..., N} and yi =
∑N

j=1 Wijxj .
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ω+yi

ẋi = a↑ d xi + bx2
i ↑ cx3

i + ε xi yi

for i, j → {1, ..., N} and yi =
∑N

j=1 Wijxj .

Original dynamics

ẋ = g(x,Wx)

Reduced dynamics (with X = Mx)

Ẋ = Mg(M+X,WM+X)

where n is the dimension of the reduced system
M+ denotes the pseudoinverse of M
M = V→

n is n-truncated right singular vector matrix

The alignment error is

E(x) → 1↑
n

[
↓V→

n J
↑
x(I↔VnV

→
n )x↓+ ωn+1↓V→

n J
↑
y↓2↓x↓

]

where J↑
x,J

↑
y are Jacobian matrices
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Rapid singular value decrease can induce
rapid alignment error decrease!



Reproduction of the dynamics with increasing accuracy
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Emergence of higher-order interactions

Original Kuramoto-Sakaguchi dynamics

żj = iωjzj +
N∑

k=1

Wjk[zke
→iω → z2j z̄ke

iω], j ↑ {1, ..., N}

Reduced dynamics

Żµ = i
n∑

ε=1

!µεZε +
n∑

ε=1

W (2)
µε Zεe

→iω →
n∑

ω,ϑ,ϖ=1

W (4)
µωϑϖZωZϑZ̄ϖe

iω

Original Quenched mean-!eld SIS dynamics

ẋi = →ωxi + ε(1→ xi)
N∑

j=1

Wijxj, i ↑ {1, ..., N}

Reduced dynamics

Ẋµ = →ωXµ + ε
n∑

ω=1

WµωXω → ε
∑n

ω,ε=1W
(3)
µωεXωXε , µ ↑ {1, ..., n}

Reproduction of the dynamics with increasing accuracy

10
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The low-rank hypothesis of complex systems

Vincent Thibeault    1,2  , Antoine Allard    1,2 & Patrick Desrosiers    1,2,3 

Complex systems are high-dimensional nonlinear dynamical systems 
with heterogeneous interactions among their constituents. To make 
interpretable predictions about their large-scale behaviour, it is typically 
assumed that these dynamics can be reduced to a few equations involving 
a low-rank matrix describing the network of interactions. Our Article 
sheds light on this low-rank hypothesis and questions its validity. Using 
fundamental theorems on singular-value decomposition, we probe the 
hypothesis for various random graphs, either by making explicit their 
low-rank formulation or by demonstrating the exponential decrease of their 
singular values. We verify the hypothesis for real networks by revealing the 
rapid decrease of their singular values, which has major consequences for 
their e!ective ranks. We then evaluate the impact of the low-rank hypothesis 
for general dynamical systems on networks through an optimal dimension 
reduction. This allows us to prove that recurrent neural networks can be 
exactly reduced, and we can connect the rapidly decreasing singular values 
of real networks to the dimension reduction error of the nonlinear dynamics 
they support. Finally, we prove that higher-order interactions naturally 
emerge from the dimension reduction, thus providing insights into the 
origin of higher-order interactions in complex systems.

Unravelling the emergent phenomena that drive the functions of complex 
systems requires us to bridge microscopic mechanisms with macro-
scopic ones. Rather than decomposing complex systems into as many 
components as possible, dimension reduction seeks a reduced system 
of macrostates or observables with a small enough dimension to get an 
insightful description but large enough to preserve the phenomena of 
interest. Yet, complex systems are characterized by extremely high dimen-
sions—perhaps some sort of curse of dimensionality1–3—and finding such 
reduced systems remains a challenge in several scientific disciplines.

In the paradigm ‘More is different’4,5, it could appear contradictory 
to look for simple representations of complex systems. But ‘simple 
model’ does not mean ‘simple behaviour’. The logistic equation6, cel-
lular automata7,8 and spin glasses9,10 exhibit complex behaviours such 
as chaos, and recurrent neural networks (RNNs) can approximate any 
finite trajectory of N-dimensional dynamical systems11.

In network science, the topology of the interactions among the 
constituents of complex systems is typically simplified to a graph, 

defined by a set of vertices and a set of edges (Fig. 1a,b). Such a rep-
resentation allows us to extract the dominant properties of complex 
networks, such as their organization into modules12. An ongoing 
change of paradigm is to use hypergraphs or simplicial complexes 
rather than graphs to take into account the higher-order interac-
tions observed in some real-world systems13,14. In addition to finding 
an appropriate dimension to describe a complex system, one has to 
uncover the orders of its interactions. As shown later, both problems 
are intertwined.

A graph can always be described as a matrix. This simple, yet 
essential, possibility unlocks several tools from linear algebra that 
can be used to characterize networks. Among them, spectral theory 
can identify the fundamental components of a matrix through matrix 
decomposition. Eigenvalue decomposition has long been used to 
extract key properties of graphs, such as their invariants15, their modu-
lar structure16, the centrality of their vertices17 or the bifurcations of a 
dynamical system represented by a network18.
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Main takeaways
ω The rapid decrease of the singular values of adjacency matrices (i.e. low e!ective rank) o!ers a
justi!cation for low-dimensional mathematical models beyond mathematical and/or conceptual
convenience.

ω A large proportion of real networks can be considered as having a low e!ective rank.

ω The higher-order interactions observed in some systems could be a byproduct of a low-
dimensional representation used to analyze them.

Challenges and open questions
ω Could we measure the e!ective dimension independently?

ω Could we design a random graph model based on observed
singular values (singular vectors)?

ω Are some of the higher-order interactions inferred from time
series artifacts of coarse-grained observations?

ω Could we designed more interpretable observables, perhaps
nonlinear ones?



12

Outline

1. Are simple models enough to study complex systems/networks?

2. “Simple” ways to encode structural complexity

(a) latent metric space
(b) stub types
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Maximally random graph ensembles

Phys. Rev. E 70, 066117 (2004)
EPL 81, 28005 (2007)

The probability, P (A), for a N →N adjacency matrix A = {aij} =↑
[0, 1](

N
2 ) that maximizes the entropy subjected to the L constraints

(l = 1, 2, . . . , L)

S({A}) = ↓
∑

A

P (A) lnP (A) F̄l =
∑

A

Fl(A)P (A)

is (ωl being the l-th Lagrange multiplier)

P (A) ↔ exp

(
↓

L∑

l=1

ωlFl(A)

)
.

Phys. Rev. E 68, 026112 (2003)
Phys. Rev. E 86, 026120 (2012)



13

Maximally random graph ensembles

Phys. Rev. E 70, 066117 (2004)
EPL 81, 28005 (2007)

The probability, P (A), for a N →N adjacency matrix A = {aij} =↑
[0, 1](

N
2 ) that maximizes the entropy subjected to the L constraints

(l = 1, 2, . . . , L)

S({A}) = ↓
∑

A

P (A) lnP (A) F̄l =
∑

A

Fl(A)P (A)

is (ωl being the l-th Lagrange multiplier)

P (A) ↔ exp

(
↓

L∑

l=1

ωlFl(A)

)
.

Phys. Rev. E 68, 026112 (2003)
Phys. Rev. E 86, 026120 (2012)

Example 1: !xing the expected number of edges

F̄1 =
N∑

i=1

N∑

j=i+1

aij = M

yields the Bernouilli random graph ensemble

P (A) =
N∏

i=1

N∏

j=i+1

paij(1→ p)1→aij with p =
1

eω1 + 1
.
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P (A) =
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i=1

N∏

j=i+1

paij(1→ p)1→aij with p =
1

eω1 + 1
.

Example 2: !xing the expected degree sequence

F̄l =
N∑

j=1

alj = kl

for l = 1, . . . , N yields the soft con!guration model

P (A) =
N∏

i=1

N∏

j=i+1

p
aij
ij (1→ pij)

1→aij with pij =
1

e→(ωi+ωj) + 1
.

Rede!ning ωl =
√
↑ω↓Neωl for l = 1, . . . , N yields the Chung-Lu

model

pij =
1

1 + ↑ε↓N
εiεj

↔ ωiωj

↑ω↓N .

Studying the conditions for which pij can be factorised informs us
on the degree-degree correlations observed in real networks.



Modeling clustering

[1]

[2]

[3]

[4]

[5]

[1] Phys. Rev. E 68, 026121 (2003)
[2] Phys. Rev. E 80, 036107 (2009)
[3] Phys. Rev. Lett. 103, 058701 (2009)
[4] Phys. Rev. E 82, 066118 (2010)
[5] Appl. Netw. Sci. 4, 122 (2019) 14

Tricky because clustering consists in three-node interactions while our mathematical
tools rely on pairwise interactions either explicitly or implicitly.

Straightforward inclusion of triangles to the maximally random graph ensemble formalism
yields unwanted behavior (ex.: triangle agglutination in the Strauss model [6]).

Most models therefore assume
ω an underlying tree-like structure
ω that the networks are dense

[6] Phys. Rev. E 72, 026136 (2005)

https://doi.org/10.1103/PhysRevE.68.026121
https://doi.org/10.1103/PhysRevE.80.036107
https://doi.org/10.1103/PhysRevLett.103.058701
https://doi.org/10.1103/PhysRevE.82.066118
https://doi.org/10.1007/s41109-019-0232-2
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Modeling clustering
Assume that the nodes are embedded in a metric space and that any two nodes are
connected with a probability that is a decreasing function of the distance between them.
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1.2. Hidden metric spaces 11

hidden metric space

network topology

Figure 1.3: Illustration of the connection between network topology and hid-
den metric spaces. The blue surface represents an arbitrary metric space on
which several nodes are scattered. The distance among them is given by the
length of the geodesics, or shortest curves, drawn as light dashed lines on the
surface. Connections are established among nearby pairs only, giving rise to re-
sulting topology depicted in the upper layer. Notice that topological triangles
appear naturally as a consequence of the closeness in the hidden metric space.

The first model based on an underlying geometry to be proposed was the S1

model2 [152]. In this model, every node is assigned two hidden variables, a hid-
den degree and a coordinate on a circle abstracting the simplest geometry for a
similarity space. The connection probability between two nodes then depends
on the ratio between their distance along the circle—their similarity—and the
product of their hidden degrees—their popularities. Therefore, this model re-
sembles a gravity law for connectivity, in the sense that the likelihood for two
nodes to be connected increases with the product of their “masses”, the hidden
degrees, and decreases with the distance among them. This simple model gen-
erates very realistic topologies regardless of the specific form of the connection
probability function, as long as it is a sufficiently fast decaying function of the
aforementioned ratio. Moreover, every node’s degree becomes proportional to
its hidden degree, which confers the model a high level of control over the de-
gree distribution. As we will see when we discuss the mathematical details of
the model, two additional global parameters enable to control the average de-
gree and clustering of the resulting networks as well. It is worth mentioning that

2In fact, it was proposed as a model in arbitrary dimensions, although it has ever since partic-
ularized to its one-dimensional version for simplicity. We explore the general version in detail in
Section 2.6.

Identity of indiscernibles d(x, y) = 0 , x = y

Non-negativity d(x, y) � 0

Symmetry d(x, y) = d(y, x)

Triangle inequality d(x, y) d(x, z) + d(z, y)

Properties of any metric space

Modeling clustering

Courtesy of M. Boguñá

Assume that the nodes are embedded in a metric space and that any two nodes are
connected with a probability that is a decreasing function of the distance between them.
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1.2. Hidden metric spaces 11

hidden metric space

network topology

Figure 1.3: Illustration of the connection between network topology and hid-
den metric spaces. The blue surface represents an arbitrary metric space on
which several nodes are scattered. The distance among them is given by the
length of the geodesics, or shortest curves, drawn as light dashed lines on the
surface. Connections are established among nearby pairs only, giving rise to re-
sulting topology depicted in the upper layer. Notice that topological triangles
appear naturally as a consequence of the closeness in the hidden metric space.

The first model based on an underlying geometry to be proposed was the S1

model2 [152]. In this model, every node is assigned two hidden variables, a hid-
den degree and a coordinate on a circle abstracting the simplest geometry for a
similarity space. The connection probability between two nodes then depends
on the ratio between their distance along the circle—their similarity—and the
product of their hidden degrees—their popularities. Therefore, this model re-
sembles a gravity law for connectivity, in the sense that the likelihood for two
nodes to be connected increases with the product of their “masses”, the hidden
degrees, and decreases with the distance among them. This simple model gen-
erates very realistic topologies regardless of the specific form of the connection
probability function, as long as it is a sufficiently fast decaying function of the
aforementioned ratio. Moreover, every node’s degree becomes proportional to
its hidden degree, which confers the model a high level of control over the de-
gree distribution. As we will see when we discuss the mathematical details of
the model, two additional global parameters enable to control the average de-
gree and clustering of the resulting networks as well. It is worth mentioning that

2In fact, it was proposed as a model in arbitrary dimensions, although it has ever since partic-
ularized to its one-dimensional version for simplicity. We explore the general version in detail in
Section 2.6.

Identity of indiscernibles d(x, y) = 0 , x = y

Non-negativity d(x, y) � 0

Symmetry d(x, y) = d(y, x)

Triangle inequality d(x, y) d(x, z) + d(z, y)

Properties of any metric space

Modeling clustering

Courtesy of M. Boguñá

Henceforth we assume that there is a distance matrix

X = {xij}

where xij is the distance between vertices i and j.

Assume that the nodes are embedded in a metric space and that any two nodes are
connected with a probability that is a decreasing function of the distance between them.
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Maximally random geometric graph ensembles

Phys. Rev. Research 2, 023040 (2020)
Phys. Rev. E 66, 016121 (2002)

Example 3: !xing the expected number of edges and the expected
total energy

F̄1 =
N∑

i=1

N∑

j=i+1

aij = M

F̄2 =
N∑

i=1

N∑

j=i+1

ωijaij =
N∑

i=1

N∑

j=i+1

f(xij)aij = E

yields the homogeneous random geometric graph ensemble

P (A) =
N∏

i=1

N∏

j=i+1

p
aij
ij (1→ pij)

1→aij with pij =
1

eω(εij→µ) + 1
.

The graphs will be sparse, highly clustered and small-world iif
f(xij) ↑ ln xij and ε ↓ [D,D + 2].
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Example 4: !xing the expected degree sequence and the expected
total energy

F̄l =
N∑

j=1

alj = kl (l = 1, . . . , N)

F̄N+1 =
N∑

i=1

N∑

j=i+1

ωijaij =
N∑

i=1

N∑

j=i+1

f(xij)aij = E

yields the heterogeneous random geometric graph ensemble

P (A) =
N∏

i=1

N∏

j=i+1

p
aij
ij (1→ pij)

1→aij with pij =
1

eωεij→ϑi→ϑj + 1
.

The graphs will be sparse, highly clustered, small-world and devoid
of non-structural degree-degree correlation iif f(xij) = ln xij and
ε ↑ [D,D + 2]a. Rede!ning ϑl = →(ε/D) ln(

↓
µϖl) yields

pij =
1

eω(εij→µ) + 1
with ωij = ln

(
xij

(ϖiϖj)
1
D

)
.

a No upper bound if expected degree sequence is scale-free.

Phys. Rev. Research 2, 023040 (2020)

Phys. Rev. E 80, 035101 (2009)
Phys. Rev. E 82, 036106 (2010)

Maximally random geometric graph ensembles
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Maximally random geometric graph ensembles

Courtesy of M. Boguñá

When the geometry is a D-dimensional sphere, SD the model can
be mapped to a purely geometric model in hyperbolic space H

D+1.
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Maximally random geometric graph ensembles

Courtesy of M. Boguñá

When the geometry is a D-dimensional sphere, SD the model can
be mapped to a purely geometric model in hyperbolic space H

D+1.
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Challenges

Heterogeneous random geometric graph models are prime candi-
dates to model real networked complex systems.

But they rely heavily on our capacity to !nd high-quality embed-
dings of the original datasets.

ω Di"cult optimization problem
– rugged landscape
– numerous symmetries (rotation, re#ection, graph auto-

morphisms)
– gradient not always well de!ned

ω Out-of-the-box solutions do not work well
– Hamiltonian Monte Carlo
– gradient descent

ω Current state-of-the-art embedding methods
– rely on heuristics
– do not provide uncertainties (loglikelihood maximization)



Better mixing and exploration than standard sampling algorithms.

20

Challenges: some solutions

Leverage the speci!cities of the model to design better sampling
algorithm.
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Challenges: some solutions

. . . but we now have uncertainties on graph metrics!

. . . and these uncertainties are not “trivial” (non-normal).
Still slow. . .
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Geometric description of clustering in 
directed networks

Antoine Allard    1,2  , M. Ángeles Serrano    3,4,5 & Marián Boguñá    3,4

First-principle network models are crucial to understanding the intricate 
topology of real complex networks. Although modelling e!orts have been 
quite successful in undirected networks, generative models for networks 
with asymmetric interactions are still not well developed and unable to 
reproduce several basic topological properties. Progress in this direction 
is of particular interest, as real directed networks are the norm rather 
than the exception in many natural and human-made complex systems. 
Here we show how the network geometry paradigm can be extended to 
the case of directed networks. We de"ne a maximum entropy ensemble of 
random geometric directed graphs with a given sequence of in-degrees and 
out-degrees. Beyond these local properties, the ensemble requires only two 
additional parameters to "x the levels of reciprocity and the frequency of the 
seven possible types of three-node cycles in directed networks. A systematic 
comparison with several representative empirical datasets shows that "xing 
the level of reciprocity alongside the coupling with an underlying geometry 
is able to reproduce the wide diversity of clustering patterns observed in real 
directed complex networks.

The network geometry paradigm is a comprehensive framework that 
successfully explains the topology, the multiscale organization and 
the navigability of real complex networks1. This framework consists of 
a handful of simple models and has been shown to accurately model 
several features observed in static, growing, weighted or multilayer 
networks2–8. The hallmark of network geometry is how it naturally repro-
duces the clustering patterns observed in real complex networks as one 
of their most fundamental properties9. Clustering is indeed notoriously 
difficult to model because triangles imply three-node interactions, 
and most existing approaches must rely on approximations (such as 
an underlying tree-like organization10–15), give up sparsity16 or turn to 
numerical simulations17–19.

Network geometry overcomes this difficulty by assuming that 
nodes are embedded in a metric space and that the probability pij 
that a link exists between nodes i and j is a decreasing function of 
the distance between them. Non-fortuitous clustering—clustering  
that does not occur by sheer luck—can therefore be seen as the 

topological counterpart of the triangle inequality of the metric 
space: if nodes j and l are both close to node i, then they must also 
be close to each other. Hence, a triangle composed of nodes i, j and 
l is likely, even in the limit of very large networks. In fact, network 
geometry interprets the clustering coefficient as a measure of the 
coupling between the topology of the network and an underlying  
latent metric space.

To date, however, network geometry has only been fully devel-
oped for complex networks with symmetric interactions, weighted or 
unweighted. Yet, a large number of real complex networked systems 
contain a mixture of symmetric and asymmetric interactions (for 
example, connectomes, food webs and communication networks)9,20,21. 
In addition to the ubiquity of asymmetry, such systems are relevant 
because they represent processes out of equilibrium where detailed 
balance is not fulfilled. These systems are also typically non-normal20 
and display trophic coherence22 (or lack thereof); these features have 
a drastic impact on the systems' dynamics that cannot be foreseen 
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Challenges
ω Network geometry is a promising framework, but its applicability relies heavily on our capacity to !nd high- bquality embeddings
of the original datasets, which is hard.

ω We cannot power our way through this challenge using GPUs or supercomputers: we need to design smarter algorithms.
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Theoretical justi!cations exist for the use of “simple”
models of complex networks and of the dynamics they
support.
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Simple models can reproduce nontrivial complex con-
nections patterns observed in real networks, but there
are still several challenges ahead to bridge the gap be-
tween our models and real networks.
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