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Outline

1. Introducing network geometry (an incomplete and very biased primer)

2. Leveraging symmetries to go beyond pointwise estimates of coordinates/parameters

3. Embedding asymmetric (directed) networks unto a metric space (with symmetric distance function)
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Maximally random graph ensembles

Phys. Rev. E 70, 066117 (2004)
EPL 81, 28005 (2007)
Phys. Rev. E 68, 026112 (2003)
Phys. Rev. E 86, 026120 (2012)

The probability, P (A), for a N → N adjacency matrix A = {aij} ↑
[0, 1](

N
2 ) that maximizes the entropy subjected to the L constraints

(l = 1, 2, . . . , L)

S({A}) = ↓
∑

A

P (A) lnP (A) F̄l =
∑

A

Fl(A)P (A)

is (ωl being the l-th Lagrange multiplier)

P (A) ↔ exp

(
↓

L∑

l=1

ωlFl(A)

)
.
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Example 1: !xing the expected number of edges

F̄1 =
N∑

i=1

N∑

j=i+1

aij = M

yields the Bernouilli random graph ensemble
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j=i+1

paij(1→ p)1→aij with p =
1
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Example 2: !xing the expected degree sequence

F̄l =
N∑

j=1

alj = kl

for l = 1, . . . , N yields the soft con!guration model

P (A) =
N∏

i=1

N∏

j=i+1

p
aij
ij (1→ pij)

1→aij with pij =
1

e→(ωi+ωj) + 1
.

Rede!ning ωl =
√
↑ω↓Neωl for l = 1, . . . , N yields the Chung-Lu

model

pij =
1

1 + ↑ε↓N
εiεj

↔ ωiωj

↑ω↓N .

Studying the conditions for which pij can be factorized informs us
on the degree-degree correlations observed in real networks.
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Modeling clustering

Courtesy of M. Boguñá

Idea: Assume that the vertices are embedded in a metric space and that any two vertices
are connected with a probability that is a decreasing function of the distance between
them.



5

1.2. Hidden metric spaces 11

hidden metric space

network topology

Figure 1.3: Illustration of the connection between network topology and hid-
den metric spaces. The blue surface represents an arbitrary metric space on
which several nodes are scattered. The distance among them is given by the
length of the geodesics, or shortest curves, drawn as light dashed lines on the
surface. Connections are established among nearby pairs only, giving rise to re-
sulting topology depicted in the upper layer. Notice that topological triangles
appear naturally as a consequence of the closeness in the hidden metric space.

The first model based on an underlying geometry to be proposed was the S1

model2 [152]. In this model, every node is assigned two hidden variables, a hid-
den degree and a coordinate on a circle abstracting the simplest geometry for a
similarity space. The connection probability between two nodes then depends
on the ratio between their distance along the circle—their similarity—and the
product of their hidden degrees—their popularities. Therefore, this model re-
sembles a gravity law for connectivity, in the sense that the likelihood for two
nodes to be connected increases with the product of their “masses”, the hidden
degrees, and decreases with the distance among them. This simple model gen-
erates very realistic topologies regardless of the specific form of the connection
probability function, as long as it is a sufficiently fast decaying function of the
aforementioned ratio. Moreover, every node’s degree becomes proportional to
its hidden degree, which confers the model a high level of control over the de-
gree distribution. As we will see when we discuss the mathematical details of
the model, two additional global parameters enable to control the average de-
gree and clustering of the resulting networks as well. It is worth mentioning that

2In fact, it was proposed as a model in arbitrary dimensions, although it has ever since partic-
ularized to its one-dimensional version for simplicity. We explore the general version in detail in
Section 2.6.

Modeling clustering

Courtesy of M. Boguñá

Properties of any metric space:

Identity of indiscernibles d(x, y) = 0 → x = y

Non-negativity d(x, y) ↑ 0

Symmetry d(x, y) = d(y, x)

Triangle inequality d(x, y) ↓ d(x, z) + d(z, y)

Idea: Assume that the vertices are embedded in a metric space and that any two vertices
are connected with a probability that is a decreasing function of the distance between
them.
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Modeling clustering

Courtesy of M. Boguñá

Properties of any metric space:

Identity of indiscernibles d(x, y) = 0 → x = y

Non-negativity d(x, y) ↑ 0

Symmetry d(x, y) = d(y, x)

Triangle inequality d(x, y) ↓ d(x, z) + d(z, y)

Idea: Assume that the vertices are embedded in a metric space and that any two vertices
are connected with a probability that is a decreasing function of the distance between
them.

Henceforth we consider that there is a distance matrix X = {xij}where xij is the distance
between vertices i and j in the D-dimensional space.



6

Maximally random geometric graph ensembles

Phys. Rev. Research 2, 023040 (2020)
Phys. Rev. E 66, 016121 (2002)

Example 3: !xing the expected number of edges and the expected
total energy

F̄1 =
N∑

i=1

N∑

j=i+1

aij = M

F̄2 =
N∑

i=1

N∑

j=i+1

ωijaij =
N∑

i=1

N∑

j=i+1

f(xij)aij = E

yields the homogeneous random geometric graph ensemble

P (A) =
N∏

i=1

N∏

j=i+1

p
aij
ij (1→ pij)

1→aij with pij =
1

eω(εij→µ) + 1
.

The graphs will be sparse, highly clustered and small-world iif
f(xij) ↑ ln xij and ε ↓ [D,D + 2].
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Example 4: !xing the expected degree sequence and the expected
total energy

F̄l =
N∑

j=1

alj = kl (l = 1, . . . , N)

F̄N+1 =
N∑

i=1

N∑

j=i+1

ωijaij =
N∑

i=1

N∑

j=i+1

f(xij)aij = E

yields the heterogeneous random geometric graph ensemble

P (A) =
N∏

i=1

N∏

j=i+1

p
aij
ij (1→ pij)

1→aij with pij =
1

eωεij→ϑi→ϑj + 1
.

The graphs will be sparse, highly clustered, small-world and devoid
of non-structural degree-degree correlation iif f(xij) = ln xij and
ε ↑ [D,D + 2]a. Rede!ning ϑl = →(ε/D) ln(

↓
µϖl) yields

pij =
1

eω(εij→µ) + 1
with ωij = ln

(
xij

(ϖiϖj)
1
D

)
.

a No upper bound if expected degree sequence is scale-free.

Phys. Rev. Research 2, 023040 (2020)

Phys. Rev. E 80, 035101 (2009)
Phys. Rev. E 82, 036106 (2010)

Maximally random geometric graph ensembles
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Maximally random geometric graph ensembles

Courtesy of M. Boguñá

When the geometry is a D-dimensional sphere, SD the model can
be mapped to a purely geometric model in hyperbolic space H

D+1.
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Maximally random geometric graph ensembles

Courtesy of M. Boguñá

When the geometry is a D-dimensional sphere, SD the model can
be mapped to a purely geometric model in hyperbolic space H

D+1.
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A geometric approach to clustering : the S
1/H2 model

The S
1 model

1. Sprinkle N nodes uniformly on a circle of radius R.
2. Assign an expected degree  to each node according to some pdf ⇢().
3. Draw a link between node i and node j with probability pij .

F �xes the expected degree of nodes () ! soft con�guration model (CM)
F triangle inequality of the underlying metric space ! triangles from pairwise interactions
F level of clustering tuned with parameter �
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A powerful and versatile framework
ω Amenable to many analytical calculations [1,2,3]
ω Generalizable to weighted [5], bipartite [6,7,8], multiplex [9,10] and growing [11] networks
ω Geometrical interpretation of preferential attachment [11]
ω Parsimonious explanation of self-similarity [4]
ω Generalizable to networks with community structure [12,13,14]
ω Mapping of real complex networks unto hyperbolic space [15,16]

– Reproduction of additional properties than the ones used to !t the parameters [15].

– Identi!cation of biochemical pathways in E. Coli [8]

– E"cient Internet routing protocols [17]

– Organization of the human connectome [18,20]

– Self-similar architecture [19]

– Evolution of hierarchy in international trade [21]

– . . .

ω . . .

[4] Phys. Rev. Lett. 100, 078701 (2008)
[3] Phys. Rev. Research 2, 023040 (2020)
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Pointwise embeddings: maximum likelihood
Most embedding algorithms rely onmaximum likelihood and/or
machine learning heuristics to obtain pointwise estimates for
the coordinates (and other parameters).
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Pointwise embeddings: maximum likelihood
Most embedding algorithms rely onmaximum likelihood and/or
machine learning heuristics to obtain pointwise estimates for
the coordinates (and other parameters).

P
( adj. mat.︷︸︸︷

A
∣∣∣ {ωi}, {εi}︸ ︷︷ ︸

coordinates

,

param.︷︸︸︷
ϑ

)
=

N∏

i=1

N∏

j=i+1

(
P(aij = 1|ωi,ωj, εi, εj, ϑ)

)aij(
1→ P(aij = 1|ωi,ωj, εi, εj, ϑ)

)1→aij

︸ ︷︷ ︸
likelihood

“Radial” coordinates (related to degree/popularity):
{ωi} = {ω1,ω2,ω3, . . . ,ωN→1,ωN}

Angular coordinates (related to similarity/community):
{εi} = {ε1, ε2, ε3, . . . , εN→1, εN}

Coupling with geometry (related to clustering): ϑ

Probability of connection in the S1 model:

P(aij = 1|ωi,ωj , εi, εj ,ϑ) =

[
1 +

(
M

ϑ sin(ϖ/ϑ)

!εij
ωiωj

)ω
]→1

Angular distance:

!εij = ϖ →
∣∣∣ϖ →

∣∣εi → εj
∣∣
∣∣∣

Number of edges (known from data):

M =
N∑

i=1

N∑

j=i+1

aij

N→N adjacencymatrix (known from data):
A = {aij}
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Pointwise embeddings: maximum likelihood
Most embedding algorithms rely onmaximum likelihood and/or
machine learning heuristics to obtain pointwise estimates for
the coordinates (and other parameters).

P
( adj. mat.︷︸︸︷
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∣∣∣ {ωi}, {εi}︸ ︷︷ ︸
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param.︷︸︸︷
ϑ

)
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N∏
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(
P(aij = 1|ωi,ωj, εi, εj, ϑ)

)aij(
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︸ ︷︷ ︸
likelihood

ω Di!cult optimization problem
– rugged landscape
– gradient not always well de"ned

ω Open questions:
– are there more than one plausible embeddings?
– how precise are the estimates for the coordi-

nates/parameters?
“Radial” coordinates (related to degree/popularity):

{ωi} = {ω1,ω2,ω3, . . . ,ωN→1,ωN}

Angular coordinates (related to similarity/community):
{εi} = {ε1, ε2, ε3, . . . , εN→1, εN}

Coupling with geometry (related to clustering): ϑ
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M
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Distribution of embeddings: Bayesian inference
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εϑ(1 + (ωi/ϑ)2)
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ϱi =
1

2ε
[ϱi>↑ε] [ϱi↓ε]

ς → exp

(
↑
(ς ↑ ς0)2

2φ2

)
[]ς > 1], ς0 = 3, φ = 2

“Radial” coordinates (related to degree/popularity):
{ωi} = {ω1,ω2,ω3, . . . ,ωN→1,ωN}

Angular coordinates (related to similarity/community):
{εi} = {ε1, ε2, ε3, . . . , εN→1, εN}

Coupling with geometry (related to clustering): ϑ
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“Radial” coordinates (related to degree/popularity):
{ωi} = {ω1,ω2,ω3, . . . ,ωN→1,ωN}

Angular coordinates (related to similarity/community):
{εi} = {ε1, ε2, ε3, . . . , εN→1, εN}

Coupling with geometry (related to clustering): ϑ

ω With the posterior, we can characterize the coordinates/parameters
– expected values

E
[
εj
∣∣A

]
=

∫
· · ·

∫ ∫
εjP

(
{ϑi}, {εi}, ϖ

∣∣∣ A
)
dϑ1 . . . dεNdϖ

– variances, covariances, standard deviations
– most likely values
– . . .

ω Di!culties: posterior is hard to work with (no convenient closed form)
and these integrals cannot be solved analytically

ω Solution: sampling approximations using Markov Chain Monte Carlo
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[1] Gelman et al., Bayesian Data Analysis (Chapman & Hall / CRC Press, 2013
[2] arXiv:1701.02434 (2017)

Choose embedding Generate graph Recover embeddingForget embedding

Random walk

Warmup
Ground truth initialization Random initialization

Testing standard sampling methods

Hamiltonian Monte-Carlo [1, 2] (“state-of-the-art”) and random walk (“naive”) do not explore the space e!ciently.
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Space
isometries

Graph
automorphisms

Relabelling

Reflection Rotation

Embeddings require a post-processing alignment.

Model symmetries and quasi-symmetries

The S
1 model is non-identi!able because of graph and space

symmetries.
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Space
isometries

Graph
automorphisms

Relabelling

Reflection Rotation

Embeddings require a post-processing alignment.

Flip

Translate Exchange

Reflection

Rotation

Weakly connected clusters are almost independent. They can be
moved in bulk to boost space exploration, without signi!cantly af-
fecting the likelihood.

Model symmetries and quasi-symmetries

The S
1 model is non-identi!able because of graph and space

symmetries.
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A better suited sampling method

Random walk

Warmup
Ground truth initialization Random initialization

Random walk

Warmup
Ground truth initialization Random initialization



15

A better suited sampling method

Mercator
Mercator

Mercator

Random walk

Warmup
Ground truth initialization Random initialization

Random walk

Warmup
Ground truth initialization Random initialization
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Di!erence with pointwise embeddings



17

Simon Lizotte
Université Laval

Jean-Gabriel Young
University of Vermont

Main takeaways
ω Symmetries of the embedding space can be leveraged to de-
sign e!cient embedding algorithms.

ω Around the most likely coordinates, there is a cloud of plau-
sible alternatives (the typical set) whose properties may be
quite di"erent from that of pointwise embeddings.
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Outline

1. Introducing network geometry (an incomplete and very biased primer)

2. Leveraging symmetries to go beyond pointwise estimates of coordinates/parameters

3. Embedding asymmetric (directed) networks unto a metric space (with symmetric distance function)



Three challenges in modeling directed networks

Properties of any metric space

19

Identity of indiscernibles d(x, y) = 0 → x = y

Non-negativity d(x, y) ↑ 0

Symmetry d(x, y) = d(y, x)

Triangle inequality d(x, y) ↓ d(x, z) + d(z, y)
Nat. Rev. Phys. 3, 114 (2021)
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Three challenges in modeling directed networks

Adapted from Holland & Leinhardt. Local Structure in Social Networks. Sociol. Methodol., 7, 1–45 (1976)

Properties of any metric space

Clustering : 7 cycles of length 3Reciprocity : cycles of length 2

r =
L$

L
=

[number of reciprocal links]
[number of links]
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Fortuitous reciprocity

A random network model de�nes the probability pij for a directed link to exist from node i to node j.

The directed-reciprocal S1 model: A new link between connections and distances
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Deliberate reciprocityFortuitous reciprocity

A random network model de�nes the probability pij for a directed link to exist from node i to node j.

The directed-reciprocal S1 model: A new link between connections and distances
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Level of reciprocity controlled with parameter

maximal reciprocity
fortuitous reciprocity
minimal reciprocity

Deliberate reciprocityFortuitous reciprocity

A random network model de�nes the probability pij for a directed link to exist from node i to node j.

The directed-reciprocal S1 model: A new link between connections and distances

21

Condition 1: Preserves marginal probabilities

Condition 2: Normalized
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A random network model de�nes the probability pij for a directed link to exist from node i to node j.

The directed-reciprocal S1 model: A new link between connections and distances
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Condition 1: Preserves marginal probabilities

Condition 2: Normalized
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The likelihood of a network in the directed-reciprocal S1 model is

P

( adj. mat.︷︸︸︷
A

∣∣∣ {ωin
i }, {ωout

i }, {εi}︸ ︷︷ ︸
coordinates

,

param.︷︸︸︷
ϑ, ϖ

)
=

N∏

i=1

N∏

j=i+1

Pij(aij,aji)

︸ ︷︷ ︸
likelihood

which we maximize using a combination of analytical results and
numerical heuristics.

Fitting the directed-reciprocal S1 model to real networks
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Fitting the directed-reciprocal S1 model to real networks
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Fitting the directed-reciprocal S1 model to real networks

[1] Sci. Adv. 4, eaau9403 (2018)
[2] PNAS 111, 17923 (2014)

Fixing the degree sequence (on average), the global density of tri-
angles and global reciprocity strongly constrains

ω the non-normality [1]
ω the trophic coherence [2]
ω the clustering patterns
ω the individual reciprocities
ω the singular values
ω the bow-tie organization
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Preprint on arXiv and code in GitHub are expected this summer.

Main takeaways
ω Rethinking the link between connections and distances allows the extension of the network
geometry framework to directed networks.

ω Assuming an underlying geometry is a simple modeling approach that can reproduce several
complex topological properties observed in real networks.
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Main takeaways
ω Symmetries of the embedding space can be leveraged to de-
sign e!cient embedding algorithms.

ω Around the most likely coordinates, there is a cloud of plau-
sible alternatives (the typical set) whose properties may be
quite di"erent from that of pointwise embeddings.

ω Rethinking the link between connections and distances al-
lows the extension of the network geometry framework to
directed networks.

ω Assuming an underlying geometry is a simple modeling ap-
proach that can reproduce several complex topological prop-
erties observed in real networks.

https://alliancecan.ca/en
https://www.ulaval.ca/

