Geometry explains the mesoscale organization of empirical directed networks
CONFERENCE ON COMPLEX SYSTEMS 2025

Antoine Allard

B2 Université Laval, Québec, Canada

0 antoineallard.github.io

¥ @allard.bsky.social

. ol UNIVERSITE
@ Dyna m ICa Wk\mm I_AVAI_ (CﬁntleMdM*-lyre en Modalisation

]

+

Mathématique de 'Université Laval

NSERC e enerche |
CRSNG Québec

Alliance de recherche
numérique du Canada



https://antoineallard.github.io
https://alliancecan.ca/en
https://www.ulaval.ca/
https://bsky.app/profile/allard.bsky.social

Maximally random graph ensembles

The probability, P(A), fora N x N adjacency matrix A = {a;;} €

0, 1]( ) that maximizes the entropy subjected to the L constraints
(=1,2,...,L)

S({A}) = ZP )InP(A)  F =) F(A)P(A

s (o being the [-th Lagrange multiplier)
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Example 2: fixing the expected degree sequence

N
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forl =1,..., N yields the soft configuration model
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Studying the conditions for which p;; can be factorized informs us
on the degree-degree correlations observed in real networks.
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Modeling clustering

Tricky because clustering consists in three-node Interactions while our mathematical
tools rely on pairwise interactions either explicitly or implicitly.

Straightforward inclusion of triangles to the maximally random graph ensemble formalism
vields unwanted behavior (ex.: triangle agglutination in the Strauss model [6]).

Most models therefore assume
> an underlying tree-like structure

> that the networks are dense

| Phys. Rev. E 68,026121 (2003)

] Phys. Rev. E 80, 036107 (2009)

] Phys. Rev. Lett. 103, 058701 (2009)
| Phys. Rev. E 82, 066118 (2010)

] Appl. Netw. Sci. 4, 122 (2019)

] Phys. Rev. E 72, 026136 (2005)
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Modeling clustering

|[dea: Assume that the vertices are embedded in a metric space and that any two vertices
are connected with a probability that is a decreasing function of the distance between

them.
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Properties of any metric space:
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Non-negativity d(z,y) >0
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Henceforth we consider that there is a distance matrix X = {z;, } where z;; is the distance
between vertices ¢ and 7 in the D-dimensional space.



Maximally random geometric graph ensembles

Example 3: fixing the expected number of edges and the expected

total energy
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Phys. Rev. Research 2, 023040 (2020)
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Maximally random geometric graph ensembles

Example 4: fixing the expected degree sequence and the expected
total energy

N
E:Zalj:kl (lZl,,N)
=1
- ]N N N N
Iy = S: S: ijQij = S: S: flzij)ai; = E
i=1 j=i+1 i=1 j=i+1

vields the heterogeneous random geometric graph ensemble
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The graphs will be sparse, highly clustered, small-world and devoid
of non-structural degree-degree correlation iif f(z;;) = Inz;; and
B e |D,D+2]7. Redefining ay = —(8/D) In(/pux;) yields

1 : Lij
P = ehle=m 1 1 With ey =1n ((lﬁlz’/ij)ll)) |

¢ No upper bound if expected degree sequence is scale-free.

Phys. Rev. E 80, 035101 (2009)
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When the geometry is a D-dimensional sphere, S” the model can
be mapped to a purely geometric model in hyperbolic space HP+!,

Phys. Rev. E 80, 035101 (2009)
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Maximally random geometric graph ensembles

When the geometry is a D-dimensional sphere, S” the model can
be mapped to a purely geometric model in hyperbolic space HP+!,

hyperbolic disk (7’, 0) Phys. Rev. E 80, 035101 (2009)
Phys. Rev. E 82, 036106 (2010)
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A powerful and versatile framework

> Amenable to many analytical calculations [1,2,3]
> Generalizable to weighted [5], bipartite [6,7,8], multiplex [2,10] and growing [11] networks
> Geometrical interpretation of preferential attachment [11]

> Parsimonious explanation of self-similarity [4]

> Generalizable to networks with community structure [12,13,14]

> Mapping of real complex networks unto hyperbolic space [15,16]

- Reproduction of additional properties than the ones used to fit the parameters [15].

- |dentification of biochemical pathways in E. Coli |8]

- Efficient Internet routing protocols [17]

- QOrganization of the human connectome [18,20]

- Self-similar architecture [19]

- Evolution of hierarchy in international trade [21]
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. Network geometry
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Three challenges in modeling directed networks

Properties of any metric space
’ / ’ - The model has yet

to be extended to directed networks, because it is not
clear how to reconcile the intrinsic symmetry of metric
distances with asymmetric interactions among nodes.

Nat. Rev. Phys. 3, 114 (2021)
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The directed S' model: A straightforward generalization
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The directed-reciprocal S' model: A new link between connections and distances

A random network model defines the probability p;; for a directed link to exist from node ¢ to node 7.

Fortuitous reciprocity
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The directed-reciprocal S' model: A new link between connections and distances

A random network model defines the probability p;; for a directed link to exist from node ¢ to node 7.
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The directed-reciprocal S' model: A new link between connections and distances

A random network model defines the probability p;; for a directed link to exist from node ¢ to node 7.

Fortuitous reciprocity Deliberate reciprocity

O ) (G e
@/ \@ pij(1 = pji) @/ \@ P;;(1,0)
@K /@ (1 = pij)pji @\ /@ P;(0,1)
\@ @ (1—1%3')(1—1?3'0/ \@ @ Pij(0,0)/

Level of reciprocity controlled with parameter —1 < v <1

g 1.1) { (1 — v)pijpji + v min{p;j, pji } 0<rv< 1\
Pi;i(1,1) =
(14 v)pijpji + (1 —pij —pji)H(pij +pjs —1) —1<v <0
v =1: maximal reciprocity
v =0: fortuitous reciprocity
_ v = —1: minimal reciprocity y

Condition 1: Preserves marginal probabilities
P;;i(1,0) + P;;(1,1) = py;
P;j(0,1) + P;;(1,1) = pjq

Condition 2: Normalized

1 1
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The directed-reciprocal S' model: A new link between connections and distances

A random network model defines the probability p;; for a directed link to exist from node ¢ to node ;.

Fortuitous reciprocity Deliberate reciprocity
\

OO0 ) [T e
@/ \@ pij(1 = pji) @/ \@ P,;(1,0)
@K /@ (1 = pij)pji @\ /@ P;;(0,1)
\@ @ (1—29@)(1—2?3'0/ \@ @ Pz-j((),())j

Level of reciprocity controlled with parameter —1 < v <1

g 1.1) { (1 = v)pijpji + v min{pij, pji } 0<rv< 1\
Pi;i(1,1) =
(L + v)piipji + (L = pij — pji) H(pi; +pji —1) —1<v <0
v =1: maximal reciprocity
v =0: fortuitous reciprocity
_ v = —1: minimal reciprocity y

& directed S' model with 5 = 3.2
1.04 @ directed S! model with 8 = 1.8 b
$ directed S! model with 3 = 1.2 i/
[l  directed soft CM (5 — 0) - ~ 2
0.8_ w (7 /
’Q %
= < o "
£0.61 o— . 7
@) %
S
o &
8 0.4+ - = - » /
— -
(7
¥
0.2+ \ A 7 £
A \/
¢ \V/
0.01EF——+= = = H
I I I I I
—1.0 —0.5 0.0 0.5 1.0

Condition 1: Preserves marginal probabilities
P;;i(1,0) + P;;(1,1) = py;
P;j(0,1) + Pi;(1,1) = pjq

Condition 2: Normalized

1 1
Y Y Pylag,ap) =1

Q44 =0 Cqu;IO

10



Fitting the directed-reciprocal S* model to real networks

The likelihood of a network in the directed-reciprocal S* model is

adj. mat. param.
~ . ~ =
1n out
IP)( A ‘ {’%z’ }7{’%75 }7{91}7 ﬂ?y) | | | | a@]7aﬂ
———— —
coordinates =1 g=u+1
likelihood

which we maximize using a combination of analytical results and
numerical heuristics.
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Fitting the directed-reciprocal S* model to real networks
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Main takeaways

> Rethinking the link between connections and distances al-
lows the extension of the network geometry framework to

directed networks.

> Assuming an underlying geometry is a simple modeling ap-
proach that can reproduce several complex topological prop-
erties observed in real networks.

Geometric description of clustering in directed
networks

Antaine Allard B, M. Angeles Serrano & Mariéan Boguia

Nature Physics 20, 150-156 (2024)

Local topological patterns and geometry parsimoniously explains the mesoscale
organization of empirical complex networks

Jérémi Lesage,'? M. Angeles Serrano,® %% Maridn Boguni,** and Antoine Allard!:?
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Main takeaways

> Rethinking the link between connections and distances al-
lows the extension of the network geometry framework to

directed networks.

> Assuming an underlying geometry is a simple modeling ap-
proach that can reproduce several complex topological prop-
erties observed in real networks.

Geometric description of clustering in directed
networks

Antaine Allard B, M. Angeles Serrano & Mariéan Boguia

Nature Physics 20, 150-156 (2024)
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Aims & Scopes

npj Complexity considers research that explores all aspects of complex systems at the interface of multiple fields.

Editorial | Qpen access | Published: 17 April 2024
The path of complexity
Laurent Hébert-Dufresne ™, Antoine Allard, Joshua Garland, Elizabeth A. Hobson & Luis Zaman

npj Complexity 1, Article number: 4 (2024)

The journal covers @ broad range of topics including but not limited to:

Network science, including the analysis of complex networks such as social networks, biological networks,
infrastructure and information networks

Emergent phenomena, self-organization, and scaling in complex systems

Nonlinear dynamics, chaos theory, and dynamical systems theory

Agent-based modeling and simulation techniques for studying complex systems

Complex adaptive systems, such as adaptive behavior in biological, ecological, and social systems
Multi-scale analysis techniques across different levels of organization, from micro to macro scales
Rabustness and resilience of complex systems

Evolutionary dynamics and game thecry

Digital humanities, dynamics of information, and science of science

Information processing and camputation in complex systems and artificial intelligence

Interdisciplinary approaches to complex problems such as epidemics, climate change, misinformation, governance, and

sustainability
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