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Complex systems: a loose and incomplete definition

SCIENCE AND COMPLEXITY
By WARREN WEAVER
Rockefeller Founcation, New Yark Ciy

— S

American Scientist, 36, 536-544 (1948)

statistical methods hold the key. They are all problems which involve
dealing simultaneocusly with a sizable number of factors which are
interrelated into an orgamc whole, They are all, in the language here
proposed, problems of organized complexity.

On what does the price of wheat depend? This too is a problem of
organized complexity. A very substantial number of relevant variables
is involved here, and they are all interrelated in a complicated, but
nevertheless not in helter-skelter, fashion.

> large number of interacting elements

e neurons, people, cars, etc.

> nontrivial structure of interactions

« somewhere between regular and random

More Is Different

Broken symmetry and the nature of
the hierarchical structure of science.

P. W. Anderson

—

Science, 177, 393-396 (1972)

derstood, at least in principle. In this
case we can see how the whole becomes
not only more than but very different
from the sum of its parts.

“constructionist” one: The ability to
reduce everything to simple fundamen-
tal laws does not imply the ability to
start from those laws and reconstruct
the universe. In fact, the more the ele-

> emergence of new properties or behaviors

« the whole is more than the sum of the parts
« peyond the grasp of reductionism
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Complex networks: A unifying paradigm to study and model complex systems
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Modeling the dynamics of complex systems

Complex network High-dimensional dynamics
x=f(x;\V)
L
T / / ®
\\ @ / () A S &~ f
O *
'Q - " ‘ 6 Vector field A f \
- S ® f /
® .
N “ y o ® Y A y —> /r // /
@ O.
C A . " N > // ///
O==0
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High-dimensional dynamics are hard to analyze and extracting meaningful intuitions from them is difficult.

Most mathematical models involve low-dimensional representations of the networks and/or dynamical observables.



Modeling the dynamics of complex systems

Complex network

o
e e .L /Ny C
N ) '0 - ® Y 'Y'.O'
® 5 b on O..._

Vector field

—

High-dimensional dynamics
x=f(x;\V)
‘\ -
«
AN
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High-dimensional dynamics are hard to analyze and extracting meaningful intuitions from them is difficult.

Most mathematical models involve low-dimensional representations of the networks and/or dynamical observables.

Can we justify such a low-dimensional approach beyond mathematical and/or conceptual convenience?
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The rank of adjacency matrices Full-rank (or almost full rank) adjacency
matrices are very common!

Rank r of a matrix &k Unweighted networks

: : Weighted networks
> number of linearly independent rows/columns

> dimension of the vector space generated by its rows/columns n 0.4 J .
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The effective ranks of adjacency matrices
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The effective ranks of adjacency matrices
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The effective ranks of adjacency matrices

Effective rank n of a matrix
> number of “significant” nonzero singular values
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The effective ranks of adjacency matrices

Effective rank n of a matrix
> number of “significant” nonzero singular values
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The effective ranks of adjacency matrices

Many empirical networks appear to have a low effective rank!
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Results for 679 empirical networks (502 unweighted networks and
177 weighted networks) dowloaded from Netzschleuder.
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A workable definition of “low” effective rank

Hint: the rapid decrease of the dominant singular values of the ad-
Jacency matrix implies a low effective rank

> low effective rank? = effective rank scales at most sublinearly
as the number of nodes, N, goes to infitnity (N'7¢ with ¢ €

(0, 1])
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A workable definition of “low” effective rank

Hint: the rapid decrease of the dominant singular values of the ad-
Jacency matrix implies a low effective rank

> low effective rank? = effective rank scales at most sublinearly
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The impact of effective low rank on the dynamics

Many dynamics on networks have the form

,_da:

B = = g(x,Wz) = g(x,y)

with & € RY.
Examples:

> SIS (mean-field) : ¢; = —d;z; + v(1 — ;) v,

> Wilson-Cowan: i; = —d;z; + (1 — a2) ;==

> Recurrent Neural Networks (RNN): &; = —d;z; +tanh(vy; +¢;)

> Kuramoto-Sakaguchi: 2; = iw;z; +ye 'y, — v e 27 y; with
i0,
Z] — € 7J

> Population dynamics: &; = —dz; + ~vx;v; (Lotka-Volterra)

T; = —dx; — sx? + -2

, a—l—yé
T, =a—dx; +bxi — cx; + v x; v,

for Z,] - {1, e N} and Yi = Zj\le Wijmj-



The impact of effective low rank on the dynamics

Many dynamics on networks have the form
Low rank W = Wx belongs to a low-dimensional subspace

,_da:

r = E — g(w, WCU) — g(w, y) High-dimensional space High-dimensional space

Examples:

> SIS (mean-field) : ¢; = —d;z; + v(1 — ;) v,

1
1—|—e_b(7 Y;—c)

> Wilson-Cowan: @; = —d;x; + (1 — ax;)
> Recurrent Neural Networks (RNN): &; = —d;z; +tanh(vy; +¢;)

> Kuramoto-Sakaguchi: 2; = iw;z; +ye 'y, — v e 27 y; with

b,
z; = e

> Population dynamics: &; = —dz; + ~vx;v; (Lotka-Volterra)
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Examples:

> SIS (mean-field) : ¢; = —d;z; + v(1 — ;) v,

> Wilson-Cowan: i; = —d;z; + (1 — a2) ;==

Low effective rank W = Wax belongs to an effectively low-

> Recurrent Neural Networks (RNN): &; = —dz;+tanh(yyi+e;) oo subspace

> Ku ramoto—Sakaguchi: Zj - iLUij + 7y e le Yy — 7 el ZJQ Y with High-dimensional space High-dimensional space
Zj = el
N
> Population dynamics: &; = —dz; + ~vx;v; (Lotka-Volterra) R X
T = —dx; — sz + v 5

T =a—dx; +br? — cxi + v 3y

for Z,] - {1, e N} and Yi = Zj\le W,L'jSEj.
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The impact of effective low rank on the dynamics

Ori sifa | dyna MIes High-dimensional dynamics

:i: — g(a?, WCE) X=f(X,' )
Reduced dynamics (with X = Mx) °~ |7
A N
: 7 A
X =Mg(M™X, WM"X) A7 1
o N /f
where n is the dimension of the reduced system we ////

M denotes the pseudoinverse of M . o RV
M = V! is n-truncated right singular vector matrix

The alignment error is

M
1
E(w) S—= IVIT L= VaV D)zl + o[ VT, ol Mof N
y 4 > .. -
" ; Error / 5
where J;, J; are Jacobian matrices y R"

yX0=Mx0 / G

X = G(X; )

Low-dimensional dynamics

Rapid singular value decrease can induce
rapid alignment error decrease!



Reproduction of the dynamics with increasing accuracy
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Main takeaways

> The rapid decrease of the singular values of adjacency matrices (i.e. low effective rank) offers a
Justification for low-dimensional mathematical models beyond mathematical and/or conceptual

convenience.

> A large proportion of real networks can be considered as having a low effective rank.

> The higher-order Interactions observed in some systems could be a byproduct of a low-

dimensional representation used to analyze them.

Challenges and open questions
> Could we measure the effective dimension independently?

> Could we design a random graph model based on observed
singular values (singular vectors)?

> Are some of the higher-order interactions inferred from time
series artifacts of coarse-grained observations?

> Could we designed more interpretable observables, perhaps
nonlinear ones?

.~ Benjamin Claveau
j Universite Laval

@\ /incent Thibeault Patrick Desrosiers
Yale University Universite Laval
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Maximally random graph ensembles

The probability, P(A), fora N x N adjacency matrix A = {a;;} €

0, 1]( ) that maximizes the entropy subjected to the L constraints
(=1,2,...,L)

S({A}) = ZP )InP(A)  F =) F(A)P(A

s (o being the [-th Lagrange multiplier)

Phys. Rev. E 70, 066117 (2004)
EPL 81, 28005 (2007)

Phys. Rev. E 68, 026112 (2003)
Phys. Rev. E 86, 026120 (2012) 19



Maximally random graph ensembles

The probability, P(A), fora N x N adjacency matrix A = {a;;} €
0, 1]( ) that maximizes the entropy subjected to the L constraints

(1=12... L)

S({A}) = ZP )InP(A)  F =) F(A)P(A

s (o being the [-th Lagrange multiplier)
L
P(A) x exp ( > QZE(A)) .

Example 1: fixing the expected number of edges

N N

— —~ —~N
:> > a

et e

i=1 j=i+1

vields the Bernouilli random graph ensemble

N N 1
:z[[l_[ proL=p)mt with p =2

Phys. Rev. E 70, 066117 (2004)
EPL 81, 28005 (2007)

Phys. Rev. E 68, 026112 (2003)
Phys. Rev. E 86, 026120 (2012) 19



Maximally random graph ensembles

The probability, P(A), fora N x N adjacency matrix A = {a;;} € Example 2: fixing the expected degree sequence
0, 1]( ) that maximizes the entropy subjected to the L constraints N
l=1,2,....L) E:Zalj:kl
_ =1
S({A}) = ZP JInP(A)  F =Y F(A)P(A) :
A forl =1,..., N yields the soft configuration model

s (o being the [-th Lagrange multiplier)

1
Yiji (1 — 1 Qij ' S
H H p 1 ng V\/|th ng 6_(04z"|‘04j) _|_1 .

1=1 9=1+1
P(A ocexp( Zqul ) =

Redefining k; = /(k)Ne* forl = 1,..., N yields the Chung-Lu

model
Example 1: fixing the expected number of edges .
_ ik
IR P I BN T N
=D > =M i
=1 j=1+l Studying the conditions for which p;; can be factorized informs us

vields the Bernouilli random graph ensemble on the degree-degree correlations observed in real networks.

N N 1
:z[[l_[ proL=p)mt with p =2

Phys. Rev. E 70, 066117 (2004)
EPL 81, 28005 (2007)

Phys. Rev. E 68, 026112 (2003)
Phys. Rev. E 86, 026120 (2012) 19



Modeling clustering

Tricky because clustering consists in three-node Interactions while our mathematical
tools rely on pairwise interactions either explicitly or implicitly.

Straightforward inclusion of triangles to the maximally random graph ensemble formalism
vields unwanted behavior (ex.: triangle agglutination in the Strauss model [6]).

Most models therefore assume
> an underlying tree-like structure

> that the networks are dense

| Phys. Rev. E 68,026121 (2003)

] Phys. Rev. E 80, 036107 (2009)

] Phys. Rev. Lett. 103, 058701 (2009)
| Phys. Rev. E 82, 066118 (2010)

] Appl. Netw. Sci. 4, 122 (2019)

] Phys. Rev. E 72, 026136 (2005)

20
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https://doi.org/10.1103/PhysRevLett.103.058701
https://doi.org/10.1103/PhysRevE.82.066118
https://doi.org/10.1007/s41109-019-0232-2

Modeling clustering

|[dea: Assume that the vertices are embedded in a metric space and that any two vertices
are connected with a probability that is a decreasing function of the distance between

them.
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Modeling clustering

|[dea: Assume that the vertices are embedded in a metric space and that any two vertices
are connected with a probability that is a decreasing function of the distance between
them.

network topology

Properties of any metric space:

[dentity of indiscernibles dlz,y) =0 & x=y
Non-negativity d(z,y) >0
Symmetry d(zxz,y) =d(y,x)
Triangle inequality d(z,y) < d(z,z)+d(z,vy)

hidden metric space
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Modeling clustering

|[dea: Assume that the vertices are embedded in a metric space and that any two vertices
are connected with a probability that is a decreasing function of the distance between

them.

network topology

Properties of any metric space:

[dentity of indiscernibles dlz,y) =0 & x=y
Non-negativity d(z,y) >0
Symmetry d(zxz,y) =d(y,x)
Triangle inequality d(z,y) < d(z,z)+d(z,vy)

Henceforth we consider that there is a distance matrix X = {z;, } where z;; is the distance
between vertices ¢ and 7 in the D-dimensional space.

hidden metric space

21



Maximally random geometric graph ensembles

Example 3: fixing the expected number of edges and the expected

total energy

N N
Fr=Y Y aj=M
1 D P azg
i=1 j=i+1
N N N N
F, — .. — Na.. = E
2 54 _ Cijtiy 54 54 f (i) a;
i=1 j=i+1 i=1 j=i+1

vields the homogeneous random geometric graph ensemble

al 1

N
P =[] I pi?=py) with py = =57 -

i=1 j=i+1

The graphs will be sparse, highly clustered and small-world Iif

f(llj'w) ~ 11"1332']' and ﬂ ~ [D,D + 2]

\N

< \\

\J
\
)
'\
14»
»
PAND

Phys. Rev. Research 2, 023040 (2020)
Phys. Rev. E 66, 016121 (2002)
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Maximally random geometric graph ensembles

Example 4: fixing the expected degree sequence and the expected
total energy

N
E:Zalj:kl (lZl,,N)
=1
- ]N N N N
Iy = S: S: ijQij = S: S: flzij)ai; = E
i=1 j=i+1 i=1 j=i+1

vields the heterogeneous random geometric graph ensemble

HHp%l—p 1=ai5\ith Dii = ! .
7’3 v 658@'-0@-0@’ _|_ 1

1=1 =141

The graphs will be sparse, highly clustered, small-world and devoid
of non-structural degree-degree correlation iif f(z;;) = Inz;; and
B e |D,D+2]7. Redefining ay = —(8/D) In(/pux;) yields

1 : Lij
P = ehle=m 1 1 With ey =1n ((lﬁlz’/ij)ll)) |

¢ No upper bound if expected degree sequence is scale-free.

Phys. Rev. E 80, 035101 (2009)
Phys. Rev. E 82, 036106 (2010) 03
Phys. Rev. Research 2, 023040 (2020)



Maximally random geometric graph ensembles

Example 4: fixing the expected degree sequence and the expected
total energy

N

E:Zalj:kl (lZl,,N)
=1
- JN N N N
Iy = >: >: ijQij = S: S: flxij)ai; = E
i=1 j=i+1 i=1 j=i+1

vields the heterogeneous random geometric graph ensemble

HHp%l—p 1=ai5\ith Dii = ! .
Z] v 6587;3'—047;—0&3' _|_ 1

1=1 =141

The graphs will be sparse, highly clustered, small-world and devoid
of non-structural degree-degree correlation iif f(z;;) = Inz;; and
B e |D,D+2]7. Redefining ay = —(8/D) In(/pux;) yields

1 : Lij
P = eBls—m 1 1 R ((%mj)é) |

¢ No upper bound if expected degree sequence is scale-free.

When the geometry is a D-dimensional sphere, S” the model can
be mapped to a purely geometric model in hyperbolic space HP+!,

Phys. Rev. E 80, 035101 (2009)
Phys. Rev. E 82, 036106 (2010)

Phys. Rev. Research 2, 023040 (2020) 23



Maximally random geometric graph ensembles

When the geometry is a D-dimensional sphere, S” the model can
be mapped to a purely geometric model in hyperbolic space HP+!,

hyperbolic disk (7’, 0) Phys. Rev. E 80, 035101 (2009)
Phys. Rev. E 82, 036106 (2010)

Phys. Rev. Research 2, 023040 (2020) 23



A powerful and versatile framework

> Amenable to many analytical calculations [1,2,3]
> Generalizable to weighted [5], bipartite [6,7,8], multiplex [2,10] and growing [11] networks
> Geometrical interpretation of preferential attachment [11]

> Parsimonious explanation of self-similarity [4]

> Generalizable to networks with community structure [12,13,14]

> Mapping of real complex networks unto hyperbolic space [15,16]

- Reproduction of additional properties than the ones used to fit the parameters [15].

- |dentification of biochemical pathways in E. Coli |8]

- Efficient Internet routing protocols [17]

- QOrganization of the human connectome [18,20]

- Self-similar architecture [19]

- Evolution of hierarchy in international trade [21]
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A powerful and versatile framework
Amenable to many analytical calculations [1,2,3]

Generalizable to weighted [5], bipartite [6,7,8], multiplex [9,10] and growing [11] networks
Geometrical interpretation of preferential attachment [11]

>

>

>

> Parsimonious explanation of self-similarity [4]

> Generalizable to networks with community structure [12,13,14]
>

Mapping of real complex networks unto hyperbolic space [15,16]

- Reproduction of additional properties than the ones used to fit the parameters [15].

- |dentification of biochemical pathways in E. Coli |8]

- Efficient Internet routing protocols [17]
- QOrganization of the human connectome [18,20]
- Self-similar architecture [19]
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. Network geometry

Maridn Boguiia, Ivan Bonamassa, Manlio De Domenico &3, Shlomo Havlin,

Dmitri Krioukov & M. Angeles Serrano

Nature Reviews Physics 3, 114-135 (2021)
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Three challenges in modeling directed networks

Properties of any metric space

ldentity of indiscernibles d(x
Non-negativity d(z,y) >0

Triangle inequality d(x,y) < d(x,z) +d(z,y)

- The model has yet
to be extended to directed networks, because it is not
clear how to reconcile the intrinsic symmetry of metric
distances with asymmetric interactions among nodes.

Nat. Rev. Phys. 3, 114 (2021)
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Three challenges in modeling directed networks

Properties of any metric space

ldentity of indiscernibles d(x
Non-negativity d(z,y) >0

Triangle inequality d(x,y) < d(x,z) +d(z,y)

Reciprocity : cycles of length 2

_— L™ _ ‘number of reciprocal |m|<g]QCQ
O O

L number of links|

- The model has yet
to be extended to directed networks, because it is not
clear how to reconcile the intrinsic symmetry of metric
distances with asymmetric interactions among nodes.

Nat. Rev. Phys. 3, 114 (2021)
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Three challenges in modeling directed networks

Properties of any metric space

ldentity of indiscernibles d(x
Non-negativity d(z,y) >0

Triangle inequality d(x,y) < d(x,z) +d(z,y)

Reciprocity : cycles of length 2

_— L™ _ ‘number of reciprocal |m|<g]QCQ
O O

L number of links|

- The model has yet
to be extended to directed networks, because it is not
clear how to reconcile the intrinsic symmetry of metric
distances with asymmetric interactions among nodes.

Nat. Rev. Phys. 3, 114 (2021)

Clustering : / cycles of length 3
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Adapted from Holland & Leinhardt. Local Structure in Social Networks. Sociol. Methodol., 7, 1-45 (1976)
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The directed S' model: A straightforward generalization

ST model
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The directed-reciprocal S' model: A new link between connections and distances

A random network model defines the probability p;; for a directed link to exist from node ¢ to node 7.

Fortuitous reciprocity

(o~ — )
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The directed-reciprocal S' model: A new link between connections and distances

A random network model defines the probability p;; for a directed link to exist from node ¢ to node 7.

Fortuitous reciprocity Deliberate reciprocity
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The directed-reciprocal S' model: A new link between connections and distances

A random network model defines the probability p;; for a directed link to exist from node ¢ to node 7.

Fortuitous reciprocity Deliberate reciprocity

O ) (G e
@/ \@ pij(1 = pji) @/ \@ P;;(1,0)
@K /@ (1 = pij)pji @\ /@ P;(0,1)
\@ @ (1—1%3')(1—1?3'0/ \@ @ Pij(0,0)/

Level of reciprocity controlled with parameter —1 < v <1

g 1.1) { (1 — v)pijpji + v min{p;j, pji } 0<rv< 1\
Pi;i(1,1) =
(14 v)pijpji + (1 —pij —pji)H(pij +pjs —1) —1<v <0
v =1: maximal reciprocity
v =0: fortuitous reciprocity
_ v = —1: minimal reciprocity y

Condition 1: Preserves marginal probabilities
P;;i(1,0) + P;;(1,1) = py;
P;j(0,1) + P;;(1,1) = pjq

Condition 2: Normalized

1 1
Y Y Pylag,ap) =1

Q44 =0 CLer'IO
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The directed-reciprocal S' model: A new link between connections and distances

A random network model defines the probability p;; for a directed link to exist from node ¢ to node ;.

Fortuitous reciprocity Deliberate reciprocity
\

OO0 ) [T e
@/ \@ pij(1 = pji) @/ \@ P,;(1,0)
@K /@ (1 = pij)pji @\ /@ P;;(0,1)
\@ @ (1—29@)(1—2?3'0/ \@ @ Pz-j((),())j

Level of reciprocity controlled with parameter —1 < v <1

g 1.1) { (1 = v)pijpji + v min{pij, pji } 0<rv< 1\
Pi;i(1,1) =
(L + v)piipji + (L = pij — pji) H(pi; +pji —1) —1<v <0
v =1: maximal reciprocity
v =0: fortuitous reciprocity
_ v = —1: minimal reciprocity y

& directed S' model with 5 = 3.2
1.04 @ directed S! model with 8 = 1.8 b
$ directed S! model with 3 = 1.2 i/
[l  directed soft CM (5 — 0) - ~ 2
0.8_ w (7 /
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Condition 1: Preserves marginal probabilities
P;;i(1,0) + P;;(1,1) = py;
P;j(0,1) + Pi;(1,1) = pjq

Condition 2: Normalized
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Fitting the directed-reciprocal S* model to real networks

The likelihood of a network in the directed-reciprocal S* model is

adj. mat. param.
~ . ~ =
1n out
IP)( A ‘ {’%z’ }7{’%75 }7{91}7 ﬂ?y) | | | | a@]7aﬂ
———— —
coordinates =1 g=u+1
likelihood

which we maximize using a combination of analytical results and
numerical heuristics.
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Fitting the directed-reciprocal S* model to real networks

The likelihood of a network in the directed-reciprocal S* model is

adj. mat. param.

p( A ({m;n},{m;?m},{ez-},’ﬁi?)—ﬂﬂ

coordinates

likelihood

which we maximize using a combination of analytical results and
numerical heuristics.
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Fitting the directed-reciprocal St model to real networksy 10°s
_9; :
o
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Challenges

Heterogeneous random geometric graph models are prime candi-
dates to model real networked complex systems.

But they rely heavily on our capacity to find high-quality embed-
dings of the original datasets.

> Difficult optimization problem

- rugged landscape
- numerous symmetries (rotation, reflection, graph auto-

morphisms)
- gradient not always well defined

> Out-of-the-box solutions do not work well

- Hamiltonian Monte Carlo
- gradient descent

> Current state-of-the-art embedding methods

- rely on heuristics
- do not provide uncertainties (loglikelihood maximization)
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éﬂ \ ‘ \ ™
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Challenges

What dimension should the embedding space have?

Puhlishad as & conference piper o ICLR 2024
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Main takeaways

> Rethinking the link between connections and distances allows the extension of the network geometry framework to directed
networks.

> Assuming an underlying geometry is a simple modeling approach that can reproduce several complex topological properties
observed in real networks.

Challenges

> Network geometry is a promising framework, but its applicability relies heavily on our capacity to find high-quality embeddings
of the original datasets, which is hard.

> We cannot power our way through this challenge using GPUs or supercomputers: we need to design smarter algorithms.

nature physics m,l“ﬁm' physics ng

M. Angeles Serrano directednecworky o erneln Symmetry-driven embeding of networks
. . in hyperbolic space

Universitat de Barcelona & ICREA SRS S —— oo

S
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Jerémi Lesage Marian Boguna
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Université Laval
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(Theoretical justifications exist for the use of “simple”

models of complex networks and of the dynamics they
ksupport.
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Simple models can reproduce nontrivial complex con-

nections patterns observed in real networks, but there
are still several challenges ahead to bridge the gap be-
tween our models and real networks.
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There's no love in a carbon atom,
No hurricane in @ water molecule,
No financial collapse in a dollar bill
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